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PREFACE 


The  following  pages  contain  solutions  to  all,  or  nearly 
all  the  problems  and  exercises  given  in  the  Author's 
Elements  of  Algebra.  In  many  cases,  two  or  more  solutions 
of  the  same  problem  are  offered,  so  as  to  afford  the  student 
additional  illustrations  of  the  best  and  neatest  modes  of 
working ;  and  of  the  application  of  artifices  employed  by  the 
experienced  algebraist  in  order  to  obtain  a  required  result. 
On  this  account,  also  nearly  every  operation  has  been 
given  at  full  length. 

The  Author  hopes  that  the  Key  will  prove  serviceable 
to  the  many  who  are  privately  prosecuting  the  study  of 
Algebra,  or  endeavouring,  without  the  aid  of  a  living 
teacher,  to  prepare  themselves  for  entrance  into  our  Univer- 
sities ;  and  that  it  may  likewise  be  of  advantage  to  those 
teachers  whose  school  duties  are  So  many  and  varied  as  to 
render  them  unable  to  devote  to  the  subject  that  time  and 
study  which  long  and  intricate  algebraic  solutions  in 
general  require. 

% 

Toronto,  October,  1864, 
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KEY 


TO 


ELEMENTS  OF  ALGEBRA. 


Exercise  IV. 

1.  I8-  1  =  1-  1  =-0 

2.  3s -3  x3  =  2? -9  =  18 

3.  1x2  +  3x4h2  +  12  =  14 

4.  =  l2x22- (3-1)  =1x4-2  =  4-2 -2 

5.  V2  +  3  +  4  =  V9  =  3 

6.  0  •.•  m  =  0 

1.  6  x  (I  ~  32)  =  6  x  (9  -  1)  =  6  x  8  =  48 

8.  (2ax42-3x0)*  =  (4xl6)*  =  (^64)2=42  =  16 

9.  (14-  2)  x  (4  -  0)2  =  3  x  43  =  3  x  16  =  48 

10.  4  {I  -  (4  -  3)fT  =  4  (1  -  1)*  =  4  x  o'7  =  4  x  0  =  0 

11.  bcd=  2  x  3  x  4  =  24 

13.  (4a-2  x3)2(33-2  x3x4)3=  (16  -  6)2  (27  -  24)8 
«  102x33=  2700 

1-H       2  6  +  1      2  +  1         3  3        6 

is.  1+1«  3  ssiifl;f7issilaasiii  =  j!=  J*2  ** 

&c.  * 

14.  14  x  1  -  (3  x  2  +  3)  -  14  -  9  -  5 ;  42  -  2  (2  +  3)  =  16  -  10 
■  6,  and  5  <  6 


O  KEY   TO  [Ex.  iv. 

15.  Each  =  0  v  m,  one  factor  of  each,  is  equal- 0 

16.  yj  x  4x27-4(2  +  4)3  =  yi08  -  4  x  6  x  3  =  y36  =  G  ■ 
^(2  +  3)x(16  +  9)  =  ^5  x  25  =  ^125  ■  5,  and  6  >  5 

1  x  4x27-2x4      108-8      100 
1  +  2  +  3  +  4     "  ~1Q~  =  "i^-  =  1°,  and  2  x  (2  +  3)  +  0 
-•2x5=10 

is.     -1  x  9  +  °  "  (4^!-  -         9-12  J,     JL 

'  #2  (16  +  9)  +  2  (3  +  4)  ~  #2x25  +  2*X~7  ~  ^64  =  4    ~   2  ; 

and  {4  x  3  -  (4  +  3  +  2  +  1)}  =  12  -  10  =  2 

10.  (2-2)(3+8-3)  +  {2  +  (12-6)}-4(6-6)-{l8-(9  +  l)} 

+  {8 -(3 +  4)  xl]  2;  =  0  x 8  +  (2  +  6)-4x0-(18- 10)  +  (8- 7)x 2  ; 

=0+8-0-8+1x2=1x2=2 

20.  (9  -  1)  (4  -  0)  +  0  +  3  {1  +  3  (4  -  3)}  =  8  x  4  +  0  +  3  (1  +  3) 
=  32  +  3x  4  =  32  +  12  =  44. 

21.  {(1  -  2)  +  (3  +  4)f  +  {(3  +0)-(2--l)f-{(0  +  4)  +  (4-3)f 
=  (  -  1  +  7)24-  (3  -  1)3-  (4  +  1)2;  =  62+  2a-  52=  36+8-25*  19 

22.  y(l  +  3)x4  +  V9x(l  +  2)  +  {2(4  +  6)2+(28-12)]^-(24+l)^ 

-  y4  x  4  +  #9x3  +  (2  x  102+  16)*  -  (25)2  =  yjg  +  ytf  +  jfiiQ 

-  (y2~5)3  =  4  +  3  +  6  -  53  =  13  -  125  =  -  112 

.        7xyp  +  3y4-(8  +  12)      36  -  28  +  {64  x  (1  +  3)}*        

*x6  +  0?  +{(2-l)+l}{4-(2  +  0)r^24-16 

0  +  6-20      36-28  +  y256        _        14      24 
''Z^T0~  + 2~x~2 -^  =  -T  +  T-2  =  -7  +  6-2  =  -3 

2A.  i{2(l  +  2)}  -  J  (6(3  +  1)}  +  I  {(3  -  2)(2  +  3)}  +  }  {(4  +  3) 
(l  +  6-6  +  4)2}=K2x3)-i  (6x4)+Hlx5)  +  }  (7  x  25) 
■■=  2  -  6  +  1  +  25  =  22 

or    3(l  +  2-3)3+ll{(3+6)(2-2  +  2)|    f(l  +  12)2-(27+10)-(3+4)}* 
-•      {(9  +  2)-y4}(4  +  3+4-0)"+  0  +  y36-l 

(4+  12-8)(4  +  3)      3x03+ll(9x2)      (169-37-7)*      8x7 
7(4  +  4)_       =  (ll-2)(ll-0)  +  6^1  +7lT8 

11x18      (#125)a     56  52 

a'97TT  +  ~l >~  /56  =  2  +  T  +  i  =  2  +  5  +  l=8 


Ex.  ix,  xii.]  ALGEBRA. 


Exercise  IX. 


1.  a  +  ?>i  -  c  +  6  +  5  -  7/1  -  a  -  e  +  c  +  3  -  5c  -  7/1  =  14  -  m  -  5c  -  < 

2.  a-b-c-b  +  c  +  a-c  +  b  +  a-a-b-c=2a-2b-2c 

3.  3a  -  4  -  6y  +  x  -  5a  +  4  +  6y  -  Sa  +  4:  -  6  =  x  -  5a  -  2 

4.  6  +  (  -  {  -  (  -  {  -  (/„.)  })})=G-{-(-{-  (m)  )  )  } 
=  G  +  (  -  {  -  (m)  }  )  =  6  -  {  -  (jr)  I  =  6  +  (m)  =  6  +  m 

5.  2a-3c+4d-5d  +  (m  +  3a)  +  5a -  ( -  4 -  d)  -  3a  +  (4  i  -  5  /  -  4) 
=  2a  -  3c  +  4d  -  5d  +  m  +  3a  +  5a  +  4  +  d  -  3a  +  4a  -  5a*  -  4 
=  11a  -  3c-  5d  +  m 

6.  m2  -  c2  +  a2  +  m2  -  2a2"  +  2a2  -  m2  -  5m2  +  c2  +  a2  -  c2  +  3m2 
=  2a2  -  to2  -  c2 

7.  1  +  1-1  +  1  +  1-1  =  2 

8.  a2+2z-a2+a2+2z2-2m2+m2  +  a2+2a;  +  7n2  +  3a2  +  3x  +  3m2 
=  5a2  +  Ix  +  2x2  +  3  m2. 

9.  a2bc  +  3c2  +  3a26c  -m-c  +  4a2bc  +  c  -  3c2  -  m  =  8a26c  -  2m 

10.  3a-2a-l+a-2+a  +  l-a-2a  +  2  +  a+l  =  a+l 

11.  -a-b  -c  +  a-c-c  +  a+  2a  -36  -2c-  36  -a-b-c-a 
=  a  -  86  -  6c 

12.  a??}  -  c  -  7  +  5  -  1am  +  c  +  3a  +  5am -  4am  -  6  +  c  ~  9 - 3c-4a 
=  -  a  -  5a7/t.  -  2c  -  17. 


Exercise  XII. 
1.  3am  -  3x  +  3?/  +  5aa;  +  15a?/  +  2am  -  2my  +  4az  +  4x 
=  5am  +  xt  3y-\-9ax  +  15ay-2my  =  5am  +  x  +  9ax  +  3y+15ay-2my 
=  5am  +  (1  +  9a)x  +  (3  +  ]  5a  -  2m)y 

2.  am  -  mx  +  my  +  3/«x  +  3ax  +  4a  -  4y  +  3ay  +  3xy  =  a7>i  +  2mx 
+  my  +  3ax  +  4a  -  4y  +  3ay  +  3xv  =  4a  +  am  +  2mx  +  3ax  +  3£y 
-  4y  +  my  +  3a?y  =  (4  +  m)  a  +  (2m  +  3a)  x  +  (3x  -  4  +  m  +  3a)  y 

3.  7a  +  76  -  1c  -  56  -  5x  +  56c  -  3m  +  3a  +  3c 

=  10a  +  26  -  4c  -  5x  -  56c  -  3m  =  10a  -  5x  -  56c  +  26  -  4c  -  3m 
=  5  (2a  -  x  -  6c)  +  2  (6  -  2c)  -  3m 


8  KEY  TO  IEx.  xn,  xvm. 

4.  ax  +  «-  Samxy  -  3c*,  +  2atf-  2cmV*+  ax  +  atf  +  ex,  +  axy 
-by2 -ft/ 

=  2«*  +  mx  -  fc^  _  2^y  +  3aya  _  2m^  +  axy  _  ^2  _  ff 
=  lax  +  mx-  3-imxy  -  2cxy  +  axy  +  3ay»  -  2cm,*  -  by*  -ft/ 
=  (2a  +  m)  x  _  (3am  +  2c  -  a)  *,  +  (3a  -  2cm  -  b  -/)  y* 

5-  3a,  -  36,  +  3cy  -  2**  +  ex  -  3am*  -  3a»y  +  Samz  -  (3am* 
+  Bamy  +  3amc  +  2c,  +  2c,  +  flcy  -  w,  =  3a,  +  36,  +  3cy  -  2*, 
+  ex  -  3a,nx  -  3amy  +  3amz  -  3amx  -  3amy  -  3am,  -  2c*  -  2cz 
-  acy  +  acz 

=  Say  -  3by  +  3c,  -  2m*  +  c*  -  6am*  -  6am,  -  2cz  -  acy  +  acz 
m  3ay  -  36,  +  3cy  -  Sumy  -  acy  -  2mx  +  ex  -  6am*  -  2c,  +  acz 

=  (3*  "  36  +  3c- 6am  -  «c),-(2m-c.f  6am)  *-.(2- a)  c,      ' 
6.  1  \amy  +  1  i6„„  _  3«*,  +  36*,  -3c*,  .  (2«q,  +  2ac*,  -  3cm 
+  6cxy  -  3c,2  -  3ay  -  3ac) 

=  Ham,  +  Ubmy  -  3axy  +  36*,  -  3c*,  -  2<*p  -  2ac*,  +  3cm 

-  6cxy  +  3cy2  +  3a,  +  3ac 

■  IMmj,  +  116m,  +  3cf  +  3a,  -  3a*,  +  36*,  -  2ac*,  -  9cxy 

-  2ac/>  +  3c7tt  +  3ac 

=  {11  (a  +  6)m  +  3   (c,  +  a))  ,  .  {3(a  .  6)  +  (2a  +  9)  . 
+  3  (m  +  a)  c  -  2acp 

Exercise  XVIII. 

1-  K*  "*)  +  '}{(«- 6) -c}  =  (a- 6)*- c*=<kc. 
[a  -  (6  -  c)}{a  +  (6  -  c)}  =  a2-  (6  _  c)2  =  &c 

la  +  (6  +  c)J{a  -  (6  +  c)}  =  a2  -  (6  +  c)i  =  &c 

2-  [4  f  (3a  -  2c)){4  -  (3a  -  2c)}  =  16  -  (3a  -  2c)*  =  <fec 
\U  -(x-  3m*)}{2a  +  (x  -  3m2)}  =  4a*  _  (x  _  3m,y  =  ^ 
\2xy  +  (2a  -  3y)}[2xy  -  (2a  -  3,)}  =  4*V  __  (2a  _  3y)2  =  &<J 

3    {(2a  -  3c)  +  (2*  -  3,)]  {(2a  -  3c)  -  (2x  .  3,)}  .  (2fl  i  3ey 
-  (2x  -  3y)*  =  &c.  J 

K^S^  +  ^^^Ca  +  s^-^c  +  ^^a  +  S^-^^m)* 


Ex.  xvra,  xix]  ALGEBRA.  V 

4.  {(3a  -  m2)  -  (2  -  xy)}  {(3a  -  m2)  +  (2  -  xy)]  =  (3a  -  m2)3 

-  (2  -  xt/)2  =  &c. 

|(2a2  -  3x2)  +  (1  +  */2)}{(2a3  -  3x2)  -  (1  +  y2)}  =  (2a2  -  3x2)2 
_  (1  +  y2)2  =  &c. 

5.  (5a6  +  6d2  -  6b2)  -  (4a3  -  IQab  +  16&2)  -  4(9  -  a2)  -  4(4a2 

-  4o6  +  62)  -  5ab  +  6a2  -  662  -  4a2  +  \6ab  -  16b2  -  36  +  4a2  -  16a- 
+  16a6  -  462  =  &c. 

6.  (24axy  -  16a2  -  BxY)  +  3(4a2  +  4axy  +  x2y2 )  -  7(x2</2  -  9a2) 
+  4(4a3  -  12axy  +  9xV)  =  24axy  -  16a2  -  9x2y2  +  12a2  +  12axy 
+  3x2y2  -  Ix'Y  +  63a2  +  16a2  -  48axi/  +  36x2y2  =  Ac. 

1.  (1  -  x2)(l  +  x2)(l  +  x4)  +  &c.  to  1  terms  =  (1  -  x*)(l  +  x4) 
(1  +x8)  +  &c.  to  6  terms  =  (1  -x8)(l  +  x8)(l  +x16)  +  &c.  to  5 
terms  =  (1  -xx«)(l  +x16)(l  +  x32)  +  Ac.  to  4  terms--  (1  -  x32) 
(1 +  **)(!+*•*)  =  (I  -  x^X1  +  x64)  ^  l-xl2S 

8.  Product  of  first  two  terms  =  a2  -  x2y2;  of  first  three  terms 
=  a4  -  x4;/4 ;  of  first  four  terms  =  a8  -  xsy9,  and  so  on. 

Now  the  index  of  each  term  in  the  product  of  the  first  two 
factors  =  2  =  21  =  22"1 

Index  of  each  term  in  the  product  of  the  first  three  factors 
.4  =  22=23"1 

Index  of  each  term  in  the  product  of  the  first  four  factors 
»  8  =  23  =  24_1,  and  so  on 

Therefore  the  index  of  each  term  in  the  product  of  n  such 
factors  -  2n  ~  l  .-.  (a  -  xy)(a  +  xy)(az  +  x2^2)   ....   to  n  terms 

9n  -  i  9n  -  i 

=  a2         -  (xt/)2 


EXBRCISE   XIX. 

4.  (a»4  b»)(a*-b3)  =  &c. 

5.  (a8)8  -  (x3)5  =  (a3  -  x8)(a<5  +  a3x8  4-  x«)  =  Ac, 
7.  (  i2  +  m2x2)(a2  -  ;/i2x2)  =  &c. 
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KEY   TO 


[Ex.  xix. 


8.  (2a)5  +  x5  =  (2a  +  *){(2a)*  -  (2a)3x  +  (2a)V2  -  2ax8  +  x*] 
=  &c. 

9.  34  -  (2c)*  =  {32  +  (2c)2}{32  -  (2c)2)  =  (9  +  4c2)(3  +  2c)(3  -  2c) 

10.  (3m)5  -  (2c)5  =  (3m  -  2c){(3wi)4  +  (3/>i)3(2c)  +  (3//i)2(2c/ 
+  (3w)(2c)3  +  (2c)4j=&c. 

11.  (a7)3  +  (x7)3  -  (a7  +  x7)(a1*-a7r7  +  a;14)  *  &c. 

12.  (a4)5  +  (m*)8  =  (a4+  7ft*)(al6  -  a12/n4  +  a8w8  -  a4/?i*2  +  m1  fi) 

13.  (c8)3+(a:8)3  =  &c. 

14.  (#**)»+  (to**)1-*  (j^0  +  m10)  (a;20  -  z10m10  +  to20)  =  &c 

15.  (,<i24+  c24)(a12+  c12)(a6  +  ^(a3  +  C»)(a?-e») 
^-•{(a8)3  +  (c8)3j{(a4)3  +  (c4)3]((a2)3  +  (c2)3}(a3  +  c3)(a3  -  c3)  =  &c. 

16.  (a32)3  +  (//i32;3  =  &c. 

17.  (a54  +  c54)(a27  +  c27)(a*7  -  c'i7)   =   {(a18)3  +   (c1*)3} 
[<*«>>«  +  (c9)3j{(a9)8  -  (c9)3}  =  («18  +  c18)(a3G  -  a>8c18  +  c™) 


(a9  +   c9)  (a1 


+  c18)  (a9  -  c9)  (a18  +  aV 


=  {(«6)3+  (c6)3]{(a3)3  +  (c3)3}{(a3)3  -  (c»)*](a3  6  -  ai8c,8  +  c3C) 
(a1 8  -  a9c9  +  c1 8)(a1 8  +  a^c9  +  c1 8)  =  (a^  +  c6)(a12  -  a«cc  +  c13) 
(a3r  c3)^6  -  a3c3  +  c6)(a3  -  c3)(a6  +  a3c3  +  c6)(a*s  -  al*c13 
+  c3«)(a18  -  «9c9  +  cls)(a'3  +  a9c9  +  c1*)  =  {(a2)3  +  (c2)3] 
(a3  +   c3)  (a3  -   c3)  (a36  -   a*8c™  +  <^6)  (ais    _  a9c9    +  ci8) 


(«' 


+  a9c9  +  c1 


;)(a12  -  a6cQ  +  c12)(a6  -  a3c3  +  ^(a*  +  a3 


+  c«)  =  &c. 

18.  (w«)3  +  (c*8)3  =  (m*s  +  c48)  (m™  -  ;/ri8c*8  +  c9*) 
=  [(</i,G)3+(c16)3}(m96-?/i<8c48  +c9<5)  =  &c. 

19.  (a2)7  +  (m2)7  =  &c. 

20.  (a27m^fr(p^)3=  (a277n27-j92-7)(a«4m54  +  ft27m.7l)o7 
+/)"4)  =  {(a9m9)3-(?9)3}(a^m-54  +  fl3.7ffl27;,n+^4)  =  (anmo_i,9;) 
(a ■  8m » 8  +  o'^9  +p'  s)(a5  <»«  «  +  a2 7m2 7p2J  +  p5  4)  =  {(<faiy 
-(p3)3](a18/MI8+tt97M>9+pi8)(a547/iS4  +a27m2>27+i>s4)=&c# 
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Exercise  XX. 

1.  a-x+x-a-a+a+a-x+a-x-a=a-2x 

2.  3(a2-  x2)  -  2(a2-  4ax  +  Ax2)  -  (12ax  -  9a2 -Ax2)  -  4(9x2-  a2) 
=  3a2-  3x2-  2a2  +  8ax  -  8x2  -  12ax  +  9a2  +  4x2  -  36a;2  +  4a3 
f  Ua2-43x2-4ax 

'     (4)  (5) 

am  +  xp  +  q  a  +  x)  an  -  xn  (an  -1  -  an-2  x  +  an~3  x2-  kc. 

a'-xm-P  an  +  an-1x 


+  ae  xP  +  i 

fjlTl  ySm  -  P  .y.771  +  3 


■an"1a:-on-axa 


+  m  +  acxP  +  2-amxm-v-xm  +  q 

(?) 

1)  1  (1  +  1  +  1  +  1,  &c. 
1  -  1 
+  1 
1  -  1 


!xz  +  aT 


xn,kc. 


1 
1  -  1 


1,  &c. 

8.  (a?  +  x9)  (a9  -  x9)  =  {(a3)3  +  (x3)3}  {(a3)3  -  (x3)3}  =  (a3  4-  x3) 
(a8  -  x3)(a6  -  a3  x3  +  x6)(a6  +  a3  x3  +  x6)  =  &c. 

9.  x2  ?/i2  (a*  x2  -  4a2  xp  +  4p2)  =  m2  x2  (a2  x  -  2p)2. 

1Q    V4(GT3")  +  ..-  _  1(2{3  4-  4}  -  l)2  +  6}  -  {12(3  +  4)  +  1} 
12-0     V  0+V4  (12+  1)  -3  -  (2  +  3  +  1) 

|5     {(14- l)2  +  6}~(34+ 1)       6       (169 +  6) -85 

ii" 


V52 


1       175-85       1 
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V49-6 


(11) 

2+3+2+1 
2  +  1 


89J 


1+2+3+2+1 
-2-4-6-4-2 


1  +  2  +  3  +  4. 
1-2-3 
1+2+3+4 
-2-4-6-8 
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KEY  TO 


[Ex.  xx. 


1+2+3+2+1 


-3-6-9-12 


1+0  +  0-2  +  0  +  0+1  1  +  0-4-8-17-  12 

a;6  +  0x5+0x4-2x3  +  0x2  +  0^+l    a*  +  0a46-4a362-8a263-l7a64-  1265 


*6  -  2x3  +  1 


a5  -  4a362-  8a263-  I7a64-  126; 


(12) 


*4  +  OX3  _  (Q2  _  6  +  c)  X2  +  (aft  +  flc)  ^  _  ^  +  ^  +   ax  _  c 

1  1  +  0  -  (a2  -  b  +  c)  +  (ab  +  ac)  -  6c 
-a     -a+  a2  -  ab 

+  CL        +  C  -«c  +bc 

=  x2-ax  -\-b. 


1-a  +  b 

13.  (a«*  _  me4)  =  (a"+  «iO)(a«-  »«)  =  (a«2+  «a«)(aie+  m,6A 
(a16  -m16)  =  &c. 

14.  (a2+c2)x  4tn factor  =  a22+c22.  (a_.c)  x  5tbfactor  =  aii_cll 
and  (a  +  c)  x  last  factor  =  a"  +  c".  Hence  required  value 
■  (a11  -  c^X*11  +  cu)(a22  +  c22)  =  (a22  -  c22)^22  +  ^  =  a44  _  c44 

15.  a  +  6  =  0  and  a  =  |  ...  6  =  _  $  ;  ft  +  6  +  c  =  o,  and  a  +  6  =  0 
•••  c  =  ° ;  J  (i  -  (  -  j)  j,  a  i  {4  _  (  _  , )}  =  ,  a  +  ,}  =  4  x  ,  =  l 

16.  a3-  63-  3a26  +  3a62  +  3a26  +  3a62  +  a3+  63-  2a3  +  eab* 
=  la  (a2  +  362) 

17.  3  (a  -  m)2  -  2  (4a2  -  9,n2)  -  (10m2  +  earn)  +  7  (a2  -  m2) 
+  (10am-  4m2)  =  3a2-  6am  +  3m2-  8a2  +  18m2-  10m2-  Sam 
+  7a2  -  7m2  +  10am  -  4m2  =  2a2  -  2am  -  2a  (a  -  m) 

18.  =  m\(m  -  2a)(m  -  26)  +  (m  -  26)(m  -  2c)  +  (m  -  2r)(m  -  2a)} 

=  ^{(6-a  +  c)(a-6  +  c)+(a-6  +  c)(a  +  6-c)  +  (a  +  6-c)(6-a  +  c)} 
=  m{c2  -  (6  -  a)2  +  a2  -  (6  -  c)2  +  62  -  („  -  c)2} 

=  m(c2  -  62  +  2a6  -  a3  +  a2  -  62  +  26c  -  c2  +  62  -  a2  +  2ac  -  c2) 

=  m(2a6  *  2ac  +  26c  -  a2  -  62  -  c2) 

=  m(2a6  +  2ac  +  26c  -  a2  -  62  ,  c2  -  4a6  +  4a6) 

=  m  ( 2ac  -  2a6  +  26c  -  a2  -  62  -  c2  +  4a6) 

=  ^{(c-a-6)(a  +  6-c)  +  4a6}  =  w{(c-a-6)(a  +  6  +  c-2c)  +  4a6} 
=  r„{(c-a-6)(m-2c)  +  4a6]  =  w{7/l(c-a-6)-2c(c-a-6)  +  4a6] 
0  8a6c  +  m\c  -  a  -  6)  +  4a6m  -  2cm(c  -  a  -  6)  -  8a6c 
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=  8abc  +  m\m  -  2a  -  26)  +  4o6m  -  2cm(m  -  2a  -  26)  -  8abc 
=  8a6c  +  m(m2  -  2am  -  26m  +  4a6)  -  2c(m2  -  2am  -  26m  +  4a6) 
=  8abc  +  (m  -  2c)(m2  -  2am  -  26m  +  4a6) 
=  8abc  +  (m  -  2c) (m  -  26) (m  -  2a) 

•  Exercise  XXI. 

36  x  6ab2m}  and  4am2  x  6a62m. 

2.  3a2m2  x  7a2,  3a2m2  x  6am,  and  3a2m2  x  5m2. 

3.  axy(8ax  +  17m  -  3am2x),  and  xy(5  +  3a  -  14a2x). 

4.  (x2  -  mx2)  +  (2x  -  2mx),  and  (x2  +  4r  +  4)  +  (ax  +  2a) ; 
that  is  of  x2(l  -  7>i)  +  2x(l  -  m)  ;  and  (x  +  2)2  +  a(x  +  2)  ;  that  is 
of  (x2  +  2x)(l  -  m),  and  (x  +  2)(x  +  2  +  a)  ;  that  i3  of  x(x  +  2) 
(1  -  7?i),  and  (x  +  2)(x  +  2  +  a). 

5.  Tha';  is  of  3a2(a  -  x)(a  +  x),  and  4a2x2(a  -  x)2 ; 

6.  That  is  of  3m3(a3-m3)(a-Hn);  4m3(a2-m2)2,  and  4m2(a2  -  ?>i2) 
{a-m);  that  is  of  3m3  (a2  -  m2)^2  +  am  +  m2)  ;  4m3  (a2  -  ?/i2)2, 
and  4m2  (a2  -  m2)(a  -  m) 

7.  That  is  of  (x  -  7)(x  +  3)  ;  (x  -  7)(x  -  5),  and  (x  -  7)(x  +  12) 

8.  That  is  of  a2(x  -  I)2,  and  a2(x  -  l)(x  -  2) 

9.  That  is  of  (x  +  4)(x  -  1) ;  (x  -  l)2,  and  (x  -  l)(x  -h  1) 


Exercise  XXII. 
(1)  (2) 


*2-x-6)x2-5x-14(l    2x3-12x2+21x-10)x4-8x3+21x2-20x  +  4 
x2-x-6  2 


-  4x  -  8  2x4  -  16x3  +  42x2  -  40x  +  8(x  -  2 

2x*-12x3  +  21x2-  lOx 


4(r  + 

h2x 


-    4x3  +  21xa-30x  +  8 
X  +  2)x2-x-6(x-3  _    4x3+24x2-42x  +  20 


-    3x3+12x-12 
-3x-6  -3(xa-    4x  +  4) 

-  3x  -  6  v 


14  KEY  TO  itx.  xxii. 

*a-4z  +  4)2x3-12x2+21a:-  I0f2a:  -  4 
2x*  -  8x2  +  8* 

-  4x2  +  13x  -  10 
-4x2+  16x  -16 

-  3x  +  6 

-  3(x  -  2) 
*-2)x2-4:c  +  4(a;.-2 

x2  -  2x 

-2x  +  4 
-2s +  4 

3.  («»  -  ax)  -  (7a  -  7*),  and  (o»  -  u2x)  -  (3a  -  3ar) 
«(a  -  x)  -  7(a  -  x),  and  a2(a  -  *)  -  3(a  -  x) 

(a  -  7)  (a  -  a;),  and  (a2  -  3)  (a  -  *) 

4.  x(x2  +  x  -  12),  and  z2(x  +  4)  +  5(x  +  4) 
*(*  +  4)(x  -  3),  and  (x2  +  5)(x  +  4). 

5.  a2-ab-  2b2)  a2  -  3a6  +  262(1 

a2-ab  -  2b2 

-  2a6  +  462 

-  26(a  -  26) 

«  -  26)  a2  -  ab  -  262(a  +  b 
a2  -2ab 

ab  -  262 
ab  -  2b2 

6.  a2  -  5a6  +  462)a3  -  a2b  +  3ab2  -  3bs(a  +  46 
a8  -  5a26  +  4a62 
4a26-a62~36» 
4a26  -  20a62  +  1668 
■  19a&2  -  196s 
1962(a  -  6) 
a  -  6)a2  -  5a6  +  462(a  -  46 

-4a6  +  462 
-  4a6  +  4ft2 
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T.  Rejecting  the  factor  2  from  the  first  quantity        (  .  ,  _  2g 

15x4-9x3+47x2-21x  +  28)60x6-36x5+48x4-45x3+42x2-45x  +  12 
60x<5  _  36cc5  +  188x4  _  Six3  +  U2x2 
-  140x4  +  39xa  -  70  a;2  -  45x  +12 


lss^-noex2 


-420x4  +  117x3 
-  420a:4  +  252x3 


210xz-  135x  +  36 
1316x2+588x-  784 


-  135a:3  ■+  1106x2  -  723x  +  820 
-1106x2  +  723a;  -  820)  15x4  -  9x3  + 47x2  -  21c  +  28(x  +  205 


135a:4  -  81a:3  +  423a:2  -  189a;  +  252 
135a:4  -  1106a:3  +  723x2  -  820a; 


1025x3 
27 


300a:2  +  631a:  +  252 


27675a:3  -  8100a:2  +  J  7037a:  +  6804 
27675a:3 -286730a:2  4-  1482 1 5x  -  168100 
218630a;2-  131178x4-  174904 
43726(5x2-3x  +  4) 
5x2-3x  +  4)135x3-  1106a:2  +  723a:  -  820(27a: -205 
135x3-      81x2-H08x 

-  1025x2+615x  -820 
-1025x2  +  615x-820 


I.  That  is  of  26(3os  -  3a2y  -  y3  +  ay2),  and  36(4a2  +  y2  -  Say) 
That  is  of  26{(3a8-  3a2?/)  +  (a?/-?/3)},  and  3&{(4a2-  4ay)  -  (ay-y2) 
2b{3a\a  -  y)  +  y\a  -  y)}}  and  3&{4a(a  -  y)  -  y(a  -  y)} 
2&(a  -  y)(Za2  +  y2),  and  3b(a  -  ?/)(4a  -  y)  ; 

Otherwise, 
4a2  -  bay  +  y2)  3a3  -  3a2ty  +  ay2  -  y* 

4 

12a3  -  12a2?/  +  4ay2  -  4y*  (3a  +  3y 
12a'-15a2y  +  3a?y2 

3a2y  +    ay2  -  4y* 

4     

12a-?/  +  4ay2-  16  y* 
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*EY  *°  [fix.  txti. 


12a2y-  15ay2  +    3y8 
litey*  -  19y* 

I9y2(a-y) 

a-y)4a2-5ay  +  y2(4a-y 
4a2  -  4ay 

-ay+y*  *'•  G-  C  Jtf".  *  6  (a  *  y) 

-  «y  +  y2 
9.  a2+12a^28)  a8+9a2  +  27a  -98  <a  -  3 
a3+  12a2  -  28a 

-  3a2 "+  55a  -  98 

-  3a2  *  36a  +    84 

91a  -  182 
91  (a -2) 
ff-2)  a2+12a-28(a+14 
a2- 2a 

14a  -  28 
14a  -  28 

10.  862  (a3  -  3a%  +  3a&*  -  63),  and  12a2  (a*  -  2a6  +  i2} 
That  is  of  862  (a  -  b)s,  and  12a2  (a  -  by 

11.  Rejecting  the  factor  2  from  the  first  quantitj  and  mul- 
tiplying the  second  bj  3 

3a*+  10a*-6a3-24a2+  ll«  +  6)3a«+  l2a«-»a*-48a«+3atf+^+2? 
3a6  +  10q5-6a*-  24a3  +  1  la2  +  Qa 
2a5  ~  3a*  -  24a3  +  2~2^T30a~r2T~ 


«a»-    9a*- 72a3  +    66^+90^81 
6a«.f-afai-'l!afa»-  48g»+23tt  +  12 

-  29a4-  60a* -f  114a*  +  68a~^~93 

29a*+60a»-114a2-68a  +  93)3a5+l0a4-6a3-24a2+Ha  +  e(3a  +  I10 

29 

87a^+  290a*  -  1 74a3  -  6»6a*+319^  +  174 
8jaM-180a*  -  342as  -  204a2  +  279a 
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3190a4  +  4:812a3  -  14268a2  +  1 160a  +    5046 
3190a4  +  6000a3  -  12540a2  -  7480a  +  10230 


5184 


-1728a3-    1728a2  +  8640a~ 
-  1728  (a3  +  a2 -5a +  3) 
a5  +  a1  -  5a  +  3)  29a4  +  60a3  -  114a2  -  68a  +  93  (29a  +  31 
29a4  +  29a3  -  145a2  +'  87a 

8k? +-81^-155*4-93 
31a3  +  31a2-  155a  +  93 


L2.  Rejecting  the  factor  2  from  the  first,  and  3c  from  the  second 
-  a26  -  8a62  +  663)  a4  -  3a36  -  8a262  +  I8a63  -  864  (a  -  26 
a4-    a36-8a262  +    6a63 

-2a%  +  12a63-    86* 

-  2a86  +  2a262  +  IQab3  -  1264 


-  2w  -    4a63  +-    46* 

-  2&2  (a2  +  lab  -  2b2) 
a2  +  2a6  -  2b2)  a8  -  a25  -  8a62  +  663  (a  -  36 

a3  +  2a26  -  2a62 
-3a26-  6a62+668 
-3a26-6a62+668 


Exercise  XXIII, 


1.  4  x  -  3  x  riBfey  ■  -  12a262x2y2 

2.  4  x  3  x  a2x2y2z2  =  \2a2x2y2z2 

3.  (*  -  y)2  (x2  -  y)2  »  {(x  -  y)  (x2  -  y)f  =  (x8  -  x2y  -  xy  +  y2)2 

4.  (x2  +  xy  +  ?/)  (x4  -  ^4)  =  x6  +  x5t,  +  x4z/2  -  x'Y  -  xy«  -  yS 

5.  x2(l  -  x)2;  (x  -  \)(x  +  1),  and  4x(l  +  x)  that  is  x2(l  -x)2; 
(1  -  x)(l  +  x),  and  4x(l  +  x)  =  4x2(l  -  x)2  (1  +  x)  =  4x5  -  4x4 
-  4xa  +  4x2 

B 


lb  KEY   TO  [Ex.  xxii,  xxiv. 

6.  a«  -  66  Contains  a3  ^  63>  and  a3  +  63  ag  factorg  _  ^     ^  ^ 

=  36  (a  ~  6)  (««  -  &«)  =  36  (a'  -  «66  -  a&6  4-  fr*>  B  36a'  -  36a«6 
-36ad6  +  366 7 

*.  *.(*  -  3)  ;  (*  -  3)  (x  -  7)  j  and  x  (x  -  7) 

•  ••  /.  c  *,  =  x  (x*  -  lOx  +  21)  a  *»  -  I0xa  +  2Lr 
3.  ("3  -  x3),  and  (a*  -  «*)  -  (a  -  *) 
a3  -  a.-3,  and  a  (a  -  x)  -  (a  -  x) 

a*  -  x*,  and  (a  -  x)  (a  -  1)  I 

.;.  I.  c.  m  =  (a»  -  x3)  («- 1)  ««•  -  o»-  o*»  +  a» 
9    G.  C.  Jtf.  of  two  given  quantities  is  a2  -  7a  +  12 
as  -  9a2  +  26a  -  24 

a2  *.  7a  +12         :  «  -  2 
(a3  -  8a2  +19a  -  12)  («  -  2)  =  «*  -  10fl,  +  35ft2  __  ^  +  ^ 
10.  3(«  -  6)(a2  +  ab  +  62)  ;  4  (a  -  6)«;  5(a  -  b)(a  +  6)(a2  +  62) 
6(a  -  6)2,  and  {(a  -  6)(a  +  6)j3 

Ov  of  3(a-bXa*+ab  +  b>);  4(a-6)3;  5(a-6)(a  +  6)(a2  +  62). 
6(a-6)a,  and  (a  fi)3(a-i)3 

A  *.  c  m.  *  3x4x  5  (a  -  6)3  (a  +  6)3  (a2  +  .ft  +  ^  (aa  +  fca) 

-  60(a- +  a?6  _  aa62 _  2fl763_  2fl664+ 2a4fi,  +  2a36?  +  ^g  _  ^ 

-  610) 


Exercise  XXIV. 

0(0-^)  m(2a+m;c-m*> 

«(*  +  »  2'~~^(3a2T^- 

3    C-^±^  ,    «26(l  +  6  +  ;«) 

«6c3  9  , 

6.  —_  axV 

6(a  +  r)  6,  - 


x{ah:m  +  ay  +  x2yzzs) 
C**»)(*-flT  10'  (a 


t     ^/2(3-5x) 

9.   C^A>fi"  ^+il>  1A  (a  -  6)r«  -  6) 


Ex.  sxm,  xxiv  ]  ALGEBRA.  ^ 

H.  ^r&) (7i"2"+  a6  +  62)  a2~m2 

(a: _  wr')  (a2  +  m2)  ,  ,      ?(*»-  3xjH>) 

(.r-T)(.r-4)  -    (2*_+ 3)(2s  +  3) 

15.  (£-7)(*  +  3)  (»*  +  3)(  x  -  4) 

x2(x-f2y  +  3?r)  ■         <*»-«*  +  **)(«-  *) 

1T-  i^S?-tof*-yj  (a2-a6  +  60(a2+a6  +  62y 

(a»-m»)  (<*  +  »*)  _  (a2  -ffl2)(a-  +  m2) 

10-  i?(a-»)-»*(a-m)  *  (a-  -»*)(<!-»  )' 

(ac  +  be)  +  (ad  +  bd)  c(a  +  b)  +  d(a  +  6) 
20'  (an +  (>*)  + {lap +  2bp)  '  m(a  +  b)  +  2jp<*  +  b) 

(c  +  J)(a  +  6)  (x_+a)(f_+6) 

=  (.n  +  2j){aTTb)  "  '  (*  +  cX*  +  *) 

(x  -  L)(2x*+3*  -  5)  (a  +  m)(a:-i+2am  +  m2-x2) 

M.        (*-!)(** -5)  23'  {x2  -  0»  "  w)2)Ka  +  m)2  -  **> 

(a  +  in)(ar  +  2a/n  +  ?n2  -  x2) 


(T27  2a»  +  m2  -  x2)  (x2  -  a2  +  2am  *  m2) 

(a*  +  x4)  (a8  -  a*x4  +  x8) 

24-  (aM^K^  -~ar' *4  +  a**8  -  ft4*'  *  +  *'  6> 


Exercise  XXV. 
a3  +  ft3  +  ft  _  a2  -  a  -  1  +  2        a3  +  1 


2. 

a-  1 

a-  1 

3ax  +  9a  -  yx  -  3  y  - 

(3a2- 30) 

3ax  +  9a- 

xy-3y 

-3a2 +30 

J. 

x  +  3 

x  +  3 

3ax  -  Zay  +  xy-y* 

-  2a  -  xy 

3ax 

-3a$ 

X 

-  2a- 

-y 

y2 

4. 

x-y 

3a2x  +  3axl  -  ay2  - 

xy2  +  am  +  mx  - 

3ax2 

-Xt,* 

b 

a  +  x 

3a2x  -  ay2  -  2xy2  +  am  +  mx 

a  +  x 


20 


KEY   TO  [Ex.  xxv,  xxvi. 


g   xyz  +  2mxy  +  mz2  +  2m2z  4-  xyz  -  z2m  -  2m2z  _  2xyz_  +  2mxy 
z  +  2m  z  +  2m~~ 

z  +  m  7-         a  +  b 

^aN-3ft26+3«624-63-(a3-3g26  +  3«62-&a)     6a26  +  268     2b(3a2+b2) 

8    a-!±_m!zi^t.!^!  .    2/^!_  ai+x2-a2+2ax-x2      2ax 

a2  +  my      ~a?+7«*  9*  a2  +  x*  =  at+x2 


a  -  x)  a2  +  x2  (a  +  x  + 

«2  _  „~  a-x 


Exercise  XXVX 
2x2 


aar  +  x% 

ax  -  xz 
2^ 


3.  x  +  y)  x2  +  2xy  +  3/2  +  x3  -  j/*  (a-  +  y  +  **  -  xy  +  ^  _  J^lll 
„2.„  ***  +  */ 


x2 

+  xy 

- 

**/  +  f 

xy  +  y2 

-y* 

Xs- 

f-  x2y 

■  *2y  - 1/4 

■  a;2y  -  xy2 
xy2  - 1/* 
xy2  +  y* 

-  2/8  -  2/4 

3 

4.  m  -  j9)  5»i3  -  5j93  +  3  (5//i2  +  5mp  +  5»a  + 

m  —  _p 
5m3  -  5m2/? 

5w2j9  -  5j»3  +  3 

5?«.2/?  -  5mp2 

tmp2  -  5p9  +  3 

5m  p2  —  6p8 

3 
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a  -  1 
a-b  -ab  -a  +  1  (a-  r— — — 


a-l  1 

5.  ab  -  b)  a-b  -  ab  -  a  +  1  (a  -  r~. —  =  a  -  -r- 

,.2k      „a  v       b(a-  1)  6 


-  a  +  1 

6(4a  +  l) 
6.  w  +  6)  m  +  ab  +  5«»i  (1  +■  5fl  ~  — — -7— 
m  +  b  _  m+* 

Dam  +  ab  —  b 
bam  +  5ab 


Aab-b 


Exercise  XXVII. 

2  (x  +  y)  3z     2(4a:  +  y)     (a:  -  y)  (2a?  -  3y)  . 
2(a?2-y2)    >  2(a:2  -  y2)  '  2(a?*-y*)        '  &c* 

fL    if    x2+1  3a?  +  2    _3a(a?2-l)    4a?(a?2-l) 

'    1  '    3  »  **-!»  and       3      )  =  ~3(^-l)'     3(a?a-l)' 

3(a?24-  1)  (3a? +  2)  (a?2-  1) 

3(a?2-l)'ancl  3(^-^0        * 

6a2(a-6)  2,r  a  -  & 


6a2(a2  -  by  6a3(a2  -  62;'  auu  6a3(a2  -  6*) 


Exercise  XXYIII. 

4am  +  3m-  25c  y(z  +  3)  a?  +  2  (a  -  6) 

2fo»  2*  y\x  +  3) 

(a'_  6)2  -  («  +  6)2        _  4ab  Aab 


a2-b*  ,    af^T*  ~  &2  _  aa 

315a?  -  18a:  +  35a;  +  63a?2 

63 
a?*  -f  y  (a?  +  y)2  -  ary  (a?  +  y)    .  j»+z2y  +  2xy2+y8-s2y-a;y* 
(x  +  y)a  =  (a?Ty7 


c  (a  -  b)  +  a  (b  -  c)  -  6  (a  -  c)         0 
6-  "  Wc =  a~bl  =  °' 


22  KEY  TO  lEx.  xxniL 

m(m-p)-  p  (mi p)     m2  -mp-mp-p2 
(m  +  p)(m  -p;         :    (m+p)(ni-p)   '  &C* 
8    3  (2g  ~  *)  ~  4  (1  -  5a)  -  7  (2a  +  1)       12a- 14       14-I2a 
4a2  -  1  -     4«*-l    =  l-4a2 

9.  Multiplying  both  num.  and  den.  of  1st  fract.  by  -  1  in 
order  to  change  the  signs  of  the  den.  we  get 

x(x  -  16)  +  (x  +  2)(2s  +  3)  -  (2  -  3x)(2  -  ar), 

4  -  x2 
b  *2-  16-r  +  (2a:2  +  7a;  +  6)  -  (4  -  8x  +  3x2) 

4 -a:*  =  &C. 

10    -t_y,  *  +  *     *  +  y    x-y    x+j     x-y     x+y^x+y 

a  b     "    a"  +     b  '    ~~  ~b~~     b     =  6  ~  &C' 

1 1 1  < m  +  J}~>  (m  "  y)  +  (P  +  x)  (P  -x)  +  (m  +  x)  (x  -  m) 

=  (»a  "  P8)  +  (P*  -  **)  V  (a?8  -  m*)  0 

(?  ~  *)(*  -  »)(«  -JO  =  (p-x)(x-m)(m~p)  =  °' 

12.  (a-6)(fr+c)  +  (fr-c)(a  +  fr)       2afr  -  2ac 

(a  +  6)(6  +  c)  ~  ab  +  be  +  ac  +  be  -bc  +  b* 

2ab  -  26c-  2a6  +  2ac 

ab  +  ac  +  be  +  bz       =  &c# 

13    i+s-O-*)  ^  3(1 +  2*)- 3(1 -2s)  2a;  12ar 

I-*2  1-4*2  "  l-**  +  F-IP 

2a:-8a;3  +  12a:-  12a3         14a: -20a:3 
(1  -  x2)(l  -  4a:2)       =  l-fce«+4x* 

14.  Multiplying  both  terms  of  each  of  the  last  two  frac.  by 
■  1  we  get 


*fc  to 


m 


a  (a  -  6)  (a  -  C)  "  6  (a  -  6)  (6  -  C)  ~  c  (a  -  c)  (c  -  6) 
b  6m  (6  -  c)(c  -  6)  -  acm  (a  -  c)(c  -  6)  -  q&w  (6  -  g)(q  -  6) 
abc  (a  -  6)(a  -  c)(b  -  c)(c-6)  "" 

.  ^^2f^3c~6cS-a2c2+2g26c  +  «c8-^g2-fl262+fl63-a6gc)      m 
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Otherwise  thus 
Multiplying  both  terms  of  2nd  fraction  once  by  -  1,  and  of  3rd 
fraction  twice  by  -  1,  we  get 

771  m  m 

a(a-b)(a-c)  ~  6~(a-6)(6-c)  +  c(a  -  c)  (6  -  c) 
whence  we  have  I.  c.  wi.  of  the  dan.  =  abc(a  -b)(b  -  c)(a  -  c) 
6ctfi(fr  -  c)  -  ac»i(a  -  c)  +  a6;n(a  -  b) 
.-.  the  given  fractions  =  abc(a  -  b)(a~- c)(b  - c) 

b2cm  -  ftc2/M  -  a2 cm  +  ac2>rc  +  a2bm  -  cr&2/n 
abc{a-  6)(a  -  c)(&  -  c) 

ac2OT  _  bc2m  -  a2cm  +  b2cm  +  a2bm  -  ub2m 
~  abc{a  -  b) (a  -  cj(b  -  c) 

c2/n(a  -  b)  -  cm(a2  -  b2)  +  abm(a  -  b)       (?m  -  cm(a  +  b)  +  abm 
e  "  abc(a-b)(a-c)(b-c)  a6c(a  -  c)(6  -  c) 

m(c2-ac-bc  +  ab)  _  m\(ab  -  be)  -  (ac  -  c2)] 
=      abc(a  -  c)(6  -  c)  a>jc(a  -  c)(6  -  c) 

?n{&(a  -  c)  -  c(a-c)|  _  m(b-c)(a-c)  _  jn_ 
*      ate(a-.c)(6-c)      ~  abc(a  -c)(b-c)  ~  abc 


Exercise  XXIX. 

2x  x  3x     3x*  2mxx2xy* 

1*  ~5  x  2a       5a  'xyx.myx.x~ 

2(a  +  b)      x(a-b)       2a  -  2ft 
3*        xy~   X  3(a  +  6)  =       3y 

3a      x  +  1       x~  1       3(j  +  1)(3:-1)  _  3x2-3 
4*  T  X  ~2a~  X  a+  b  ~  2(a  +  6)         S2a  +  26 


(a  -  x)(a  +  x)       (a  +  b)(a-b)        a_    _  a(a  -  b) 

a  +  6  a  +  a;  x(a  -  x)  x 

a2-m2        a2  +  m2        (a  +  fft)(a2  +  m2)        a8  +  ma2  +  m2a4-m8 

77iy     X "  a -vi  my  my 

(a  -  x)  (a  +  x)         4ax2  4x(a  -  x)  _  4ax  -  4x2 


e. 


7*  3tx  x     a  +  x 


01 

KEY   TO  [Ex.  xxtt,  XXS. 

8   <*-r)(z-6)     fc6)(fcj)     (*-*)(* -.4)     ^-11^  +  23* 

*(*-5;  ;r(*-6)      *  £2 = p 

abcdm  am 

lQ    0L-. 2)^+2)     rfUj     a.  3      (a.2)(a.2)  , 

11      _Jf^^+fO_       *(*  +  &)  +C(:r  + ft) 

=   (*-«>(*»«)        <|+_6)  (a:  +  C)       a:  +  a 
(x  +  b)(x-u)  X  <*  +  C)(i  +  d)  =  x~Td 

(*-8)(*-S)      (*  +  4X*-lf)  ^x-SXinnj'iCl^iis 
13.   L^fH1  x  £±a+l  a  {(«»  +  i)  _  al\(a*  +  1)  +  fl| 

1  «'  a2~ ~ 

=  ^1  ±J)2  ~  "a  __  "4  +  o2  +  1 
«J         "    ~  aT~~ 

a  ~  2>»  5(2a  +  4m)(2a  +  4m)  *  ~~T~ 

_  2Jjn-frn)(a  +  2m)        \ 
'  2(5  -  2»i)(a+2w)  =  T  s  * 


Exercise  XXX. 

i.  i  +  -i  »  i  v  1    L 

x      y      x      x  ~  x* 

a  «  a       X^^  ■  ^TJ 

3  i±i       ,(«-&)'       a-_5 
'  a-  6       (a +  6)*  =  a  +  A 

4  (^^^j     (y  +  2)(y-2)        3a 

y  +  2  X~~^ XaU^2-Ba(a+xXy-2) 

5  fJl?x  (*-»)(*  «8)       x-3 


Ex.  xxx,  xxxl]  ALGEBRA.  25 

a'  f  b2       a2  +  b2       a2  +  b2       a2  -  b2        1 

0    a*  _$a  *  a*-#  =  **-#  x  c?T&»  =  y  =  1 

(»:t -  a-3) (,73  +  a3)  1  a-x  1 

(a-*)2  a+x  u2  +  ax  +  x2       a2-ax+x2 

(a  -  a)(a2  +  '/x  +  x~)(a  +  or)  (a2  -  ax  +  x2)  1  a  -  x 

(a  -  *)(a  -  x)  ""  X  a  +x  X  a2  +  ax-  +P 

1  1 


a4*  -  cue  +  x2        l 

3(a2-  1)        2a(a  +  b)  _  3»Q>2-1)       3o3  -  3a 
8-  2(a   +  6)  X      x'-l      ~      x^T    =     x-'  -  1 

(xy  +  ?/2)  +  y2  +  x  (x  +  y)    #    (2xy  +  2y2)  +  x  (x  +  ?/)  -  xy 
xy  +  y2  xy  +  y2 

2y2  +  2zy  +  u2  xy+y2 

xy  +  y"         X  2y-  +  2xy  +  x2  ~ 

4ay     i   _4a6 4a2b2  a2  -  62  ab 

10,  a*  -  6*  v  a2  -  62  ~  (a2  -  62)(a2  +  62)  X      4a6      =  a*  +~cV 


Exercise  XXXI. 
a  -  6  7a  -  2x 


1          3         _  5(a~  *>)  „         7           7a-  2x 

Jo5  +  96       10a  +  96  '        3        =        21 

~~15~  T 

«_  21  -  12x 

3     ,  .  l =        ax  20        _  3(21  -12x) 

a  +  2x    ~    a  +  2x  4*     3x  -  1 "  ""  ~10(3x-  1) 

a  6 
15  -  6x  +  6a 


10 3 (15  -  6x  +  6a) 


10a  4-  lOx  -  6         2(10a+10x-6) 
15 
8a  -  2a 


1  -  4a3  _       4a  1  -a2 

2+  8a2  ~   1  +4a2  7'        2     ' 

1  -  4a2  l  -aa 
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KEY  TO 


[Ex.  xxxi,  xxxii. 


a»  +  b*    -  a-b         X(a  +  bXa'-ab  +  b*) 


b  + 


c 
•T"  a 

df+e  Cf 


bdf+be  +  cf  adf+ae 


10.  -   ■     J     ,„  B  aJ+e      _        rf/+g  bdf+be  +  cf 

jFr*?.  ■       -^J^l_  "  mmW=^T  =      adf-ac'1 
bdf+be  +  cf      bdf+be  +  cf       bdZ+JeTcf       bdf+b7+tf 
-  _j^  +  ag       a(df+e) 
*  adf-  ac  =  a(df^~c~j  =  &c- 
2  +  8m*         i  +  4^2 

l-4m2 


4w  +  8m2 
-  87/4  ~ 


l  +  2m 


1  +  4ma 
m(l  -  4m2)  "  m(4ma-  1) 


Exercise  XXXII. 

1.  12*  +  4*  a  84  -  3*,  or  19*  =  84,  or  *  =  4^- 

2.  10*  -  x  =  5*  +  20,  or  4x  =  20,  or  *  =  5 

3.  168*  -  28*  +  12*  =:  63*  -  231  +  84*  +  756,  or  5*  =  525, 
or  *  =  105 


Ex.  xxxii.]  ALGEBRA.  27 

4.  30a  -  105  +  9a  -  3  =  5a  +  40  -  30a,  or  64a  =  148,  or  a  =  2-& 

5.  56  -  4a  4-  20  =  84  -  7a  +  49,  or  3x  =  57,  or  x  =  19 

G.  56x  -  8x  =  21*  +  7  +  14*  +  84,  or  13a  =  91,  or  x  =  7 

7.  8a  -  65  =  35  +  2x,  or  Qx  =  100,  orx=  16] 

8.  15a  +  45-12a-48-900=-20x-20,  or  23a  =  943,  ora  =  41 

9.  80*  -  Sx  -  76  =  300  -  35a;  -  55,  or  107a  =  321,  or  x  =  3 

10.  112a-  +  480  =  3024 -39a +  84,  or  151a  =  2628,  or  x  =  l7fdlt- 

11.  208a  -  442  +  308r  +  374  =  858a  -  4433  +  143a,  or  -  485a; 
=  -  4365,  or  a  =  9 

12.  4a  +  4  -  3a  =  6  +  14  -  3a,  or  4a  =  16,  or  a  =  4 

13.  360a  -  160a  +  200  +  48a  =  2040  +  60  -  180a  +  45a  +  15, 

or  383a  -  1915,  or  a  =  5 

140a  -  60       34a  -  108 
4.  Multiplying  by  12  we  get  a  +  ^ -  -       g 
39a  +  12       36  -  23a 
160a -240        136a- 432  _ 
s  x  4  and  reduced  gives s g  -3a -36, 

or  800a -1200 -952a +  3024  =  105a  -  1260,  or  257a  =  3084, 
or  a  =  12. 

15.  60a  +  30a  +  15a  -  36a  +  252  =  120a  -  156,  or  51a  =  408, 


or  a  = 


16.  336  -  10a  +  10  -  776  +  56a  =  16a  -  3a  +  11  -  144,  or  33a 
k  297,  or  x--  9 

17.  30a  +  20a  +  }5a  +  12a  +  10a  =  60a  +  25a  +  240,  or  2a 
*  240,  or  a  =  120 

18.  12a  -  20  +  a  +  60  -  9a,  or  4a  =  -  40,  or  a  =  -  10 

125a  +  500    125a  +  500 

19.  36  +  20a  -  20a  =  86  -  9x  _  1Q    >  or  Qx  _  16  s  50>  or 

125a  +  500  =  450a  -  800,  or  325a  *  1300,  or  x  =  4 


28  KEY  TO  [Ex.  xxxn- 

120  +  70*  15*  -  65       55*  -  85 

20.  331  -  30* +  9  +  5*  =  ■ (i) 

a  iho  given  equat   x  10 

9G0  +  560* 
2720  -  200*  - =   15*  -  65  -  110*  +  170  (n)  a  (i) 

reduced  and  x  8 

945*  +  900  +  560*  =  23535  (m)  =  n  reduced  and  x  9 

1505*  =  22575,  or  *  =  15 

144*  -  432 

21.  9* +20  =      5x  _4      +  9*      (i)  =  given  equat.  x  36 

100*  -  80  a  144*  -  432  (n)  =  i  reduced  and  x  (5*  -  4) 

44*  -  352,  or  *  =  8 

22.  30*  +  20*  +  60  -  15*  +  60  =  12*  +  60  +  1900,  or  23*  a  1840, 
or  *  =  80 

23.  90*  -  35*  -  70  =  75  +  20*  +10-51  +  9*,  or  26*  =   104, 
or  *  =  4 

X^x2  +  36*  +  27 

24.  15*  +  10r2  -  10*2  +  18  =  27  +  18* (i) 

3  +  4*  w 

■  given  equat.  x  (3  +  2*) 

12*2+36*  +  27 
3*  +  9  = 3  +  4a. (n)  =  (1)  transp.  and  collected 

9*  +  27  +  12r2  +  36*  =  12*2  +  36*  +  27  (in)  =  (n)  x  (3  +  4*) 
.-.  9*  =  0,  or  *  =  0 

21*  —  39 

25.  6*  +  12  -    l  +  2x    =  6*  +  7  (i)  =  given  equat.  x  9 

5  +  10*  =  21*  -  39  (n)  =  (i)  red.  and  x  (1  +  2*)j  11*  =  44  .\  *  =  4 

c~b 

26.  ax  =  c  -  6,  or  *  = 

27.  9a*  -  362  =  36c  -  2a*.  or  11a*  a  36c  +  3b2,  or  *  =  — -ft 

'  '  11a 

28.  86*  -  6*  =  a  -  b2  +  3a*,  or  (86  -  6  -  3a)*  a  a  -  62, 

a-62 
orx  =  86-6-3a 


Ex.  xxxii.]  ALGEBRA. 
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29.  4a36z  -  6az+  lax  =  labx  -  abx  +  b2x  (i)  =  given  equa.  x  lab 

(4a36  +  2a  -  ab  -  62)x  =  6a2  (n)  =  (i)  transp.  and  bracketed 

6a2 
•'•  x  =  4a36  +  la-ab-  62 

30.  15a6c  -  lOcx  -  5ac  =  20a6  -  I5bx  -  a6cz  +  b2c  (i)  =  given 
equat.  x  5bc 

(156  +  abc  -  10c)-r  =  20a6  +  b2c  +  5ac  -  15a6c  (n)  =  (i)  trans- 
posed and  bracketed 

lOab  +  b2c  +  5ac  -  15a6c 

x  =  l56  +  a6c-10c 

31.  bdx  +  aix  +  6cx  =  bdf,  or  (6i  +  oi  +  bc)x  =  6a*/,  &*c. 

32.  abx  +  4a2  -  4a2  +  126x  -  4a6x  =  4a262  -  10a2  +  126a-  +  4a~r, 
by  multiplying  the  given  equation  by  4a ;  and  this  reduced  and 
■J-  by  a  gives  3bx  +  4aa;  =  10a  -  4a62,  or  (36  +  4a)x[  =  10a  -  4a62 

10a  -  4a62 
''•  X  =  '  36  +  4a 

33.  abx  -  a2x  -  62c  +  a6c  =  b2x}  or  (ab  -  a3  -  63)x  =  b2c  -  a6c, 

6c(6  -  a) 

or  x  =  -g s — n» 

ab  -  a*  -  62 

34.  11a2  -  3az  -  lla&  +  36x  -  (6a2  +  Zd  -  5ax  -   5bx) 

=  (a  +  6)2  4-  Ix  (i)  =  given  c-quat.  x  (a2  -  62) 

lax  +  8bx  -Ix  =  62  +  19a6  -  4a2      (n)  =  (i)  reduced  and  transp. 

62  +  19a6  -  4a2 
(2a  +  86  -  l)x  =  62  +  19a6  -  4a2,  or  *  =      2a  +  86  -  •> 

a 

35.  a2  +  2aa;  +  x2  -  4abx  =  x2}  or  (46  -  2)rr  =  a,  oris  ■    .  _  ,?- 

3a6c      bx  2ab  +  62  \  a26; 


36'  aT6  "  7  (1  "  «^6+PJ  +  (aT^?  =  3c*  ^ 


=  given  equa.  with  num.  and  den.  of  1st  term  x  3,  and  2nd  and 

5th  terms  factored 

3«6c 

a 


abc      bx  f      a2      "]  a2b2 

76~7  \(a7T72}  +  (oTl?  s  3cx  <n)  =  <x)  with  2nd  terra  red 


30  KEY   TO  [Ex.  xxxu. 

3abc  abx  a2b2 

a  +  b"  (a  +  b)'2  +  (aT+Jy'3™  (nI)  =  (")  with  2d  tei"m  further  red. 

—  Jo     .         ab      \   _  ^       1 

a  +  6  i6C  +  (a  +  byj  ~  xl3c  +  (TTbyf  (*V)  =  (m)  with  1st  and 

3rd,  and  2nd  and  4th  terms  factored 

ab  ab      } 

•-  =  — 6(v)  =  (IV),{3c+(-^ 

37.  3000  +  1720*  -  2210*  =  203*  (i)  =  given  equa.  x  1000 

603*  =  3000,  or  *  =  4/3fif 
3*  23* 

38.  —  +  6*  -  ax  =  3a  -  —     or  33*  +  594*  -  99a*  m  297a 

-  23* j  or  650*  -  99a*  =  297a,  or  (650  -  99a)*  =  297a, 

297a 

or  *  =  ■— ■ 

650 -99a 

39.  42(*  -  J)  +  35(1  -  *  -  |)  -  30(*  -  I  -  y)  .  105*  +  30*, 
by  multiplying  the  given  equation  by  105;  and  removing  the 
brackets  from  this  we  get  42*  -  14  +  35  -  35*  -  14  -  30*  +  30 
+  10*  =  135* ;  or  148*  =  37  .-.  *  =  \ 

40.  72a* -96 -756  =  180 -456 -35c,  or  72a*  =180 +396 -35c 

180  +  396  -  35c 

.*.   *  =  r 

72a 

41.  a262  +  a2*  -  62*  -  *2  -  3a6  +  3a6*  =  ex  -  ac  +  ax  -  *2 

a2*  -  62*  +  3a6*  -  ex  -  ax  =  3c6  -  ac  -  a26a 
(a2  -  62  +  3a6  -  c  -  a)*  =  3a6  -  ac  -  a?b* 
3ab  -  ac  -  a263 


*.  x- 


a?  +  3a6  -  62  -  c  -  a 
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Exercise  XXXIII. 

1.  Let  x  =  greater,  then  47  -  x  =  the  less,  and  x  -  (47  -  x) 
=  13,  or  2x-47  =  13 

2x  +  21 

2.  Let  a;  =  the  less,  then  x  +  21  =  the  greater;  =  3, 

or  2x  +  21  =  3x 

1x       2x 

3.  Let  x   =   money;    —  +  —  =  part  paid   away;   then  x 

2x       2x 

=  T  +  T  +  ®2'50 

x  —  21 

4.  Let  x  =  the  number ;  then  — ra —  =  5 

5.  Let  x  =  the  quotient,  then  2x  +  3x  +  Ax  =  54 

2x  3x 

6.  Let  a;  =  debts  ;  then  —  =  1st  payment,  and  —  =  remainder ; 

3        3x      9x  2x      9x 

.-.  -y  of  —  =  —  =  2nd  payment ;  then  y  +  —  +  192  =  x 

7.  Let  x  -  the  number  of  cattle  in  the  drove, 

xxx 
then  -^  +  ~  +  —  +  9=  x 
3        6        5 

8.  Let  x  =  the  number  of  sheep  in  each  flock  ;  x  -  19  is  twice 
as  great  as  x  -  91,  that  is  x  -  19  =  2x  -  182 

x        x 


9.  Let  x  -  the  number;  then  —  -  -=-  =  6 
4         7 


10.  Let  x  -  the  number ;  then  2x  -  -=■  of  — -  =  25,  or  2x =  25 

•          2  14 

x 

11.  Let  x  ~  the  number;  then  x  +  —  =  39 

2 

12.  Letx=  the  number;  thenx- (—  +  —)  =  17 
=  17  V2       ZJ 


X       x 

or  x  -  — ■  -  — - 
2       3 


2x  -  15  3x 

13.  Let  x  =  the  number ;  then  — = +  7  =  —  +  3 

z  4 

5(x  +  11) 

14.  Let  x  -  the  number  ;  then  -1— -z =  85 
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3x      11a; 


36 

and  — 

x 


i  k     t     i.  j.-,  ,  ,  X        ZX       6Z         iix 

lo.  Let  x  =  the  number;  then  —  +  —  +  —  = +  21 

2        3        4  8 

16.  Let  x  n  price  per  barrel;    then  —  =  number  of  barrels; 

/Of* 

5  =  number  of  barrels  sold  the  second  load  ;   (  —  -  5)* 
*  21,  or  36  -  5x  =  21 

1 7.  Let  x  =  distance  in  miles,  then  ±x  =  half  distance ;  }x  v  \ 

x  x 

-  y  =  times  in  hours  A  travels ;  \x  -f  4  =■  —  -  times  in  hours  B 

2Q1 

travels;  then  \x  -  J*  *  -^  =  £§,  on  =  26| 

18.  Let  a;  =  the  time  in  hours,  and  since  the  three  runs  of 
stones  severally  require  72,  84  and  90  hours  to  empty  the 
granary,  they  will  in  1  hour  empty  respectively  -7^,  -/4-  and  -fa 

of  it,  and  in  x  hours  they  will  empty  ~,  ~  and  *- ;  similarly 

x  x 

the  teams  will  respectively  fill  in  x  hours  —    and   — ;  then 

x_       x        x        x        x 
72+84  +  90"60~78Ssl 

19.  Let  x  -  date  of  abolition  of  slavery  in  Canada;  then 
3(x  -  1780)  +  1620  =  year  of  massacre  of  Lachine.  Therefore 
x  +  3(x-  1780)  +  1620 

2 +  11G  =  1862 

20.  Let  x  -  J*s  share,  then  x  -  120  =  ITs,  and  x  -  106  =  C's. 
Therefore  x  +  x  -  120  +  x  -  106  =  7400 

21.  Let  x  ■-  price  in  cents  of  a  music  lesson,  then  — — ^ ° 

1  32 

/24a;  —  30  0\ 
=  price  of  a  drawing  lessson ;  therefore  32a;  =  24  ( — —  )  +  1000 

22.  Let  x  =  the  number  of  volumes  on  science  ;  then  3a; 
=  number  on  travels,  3a;  =  number  on  biography;  A\x  =  number 
on  history,  and  9a;  =  number  on  general  literature.  Therefore 
x  +  3x  +  3x  +  lx  +  9x  =  14?'&;  whence  x  =  70 
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23.  Let  x  =  length  of  Niagara  river,  wherefore  4x  -  6  =  length 
of  Rideau  canal ;  then  2(5x  -  6)  -  100  =  230 

24.  Let  x  -  days  required  to  finish  the  work.  Then  since  A 
does  -fV,  B,  -J,-,  and  C,  -f8-  of  the  work  in  1  day,  A  and  B  work- 
ing 1  day,  and  B  and  C  working  2  days  will  finish  -fc  +  -ft  +  ft 
=  iV0-  of  it,  and  the  part  remaining  to  be  done  =  £§§ ;    in  x  davs 

x  a;  # 

A  does  —  tt*. ;  B,  —ths.  and  C,  —Ms.   of  the  work,    therefore 

xxx 

12  +  15  +  18  =  i*°'  or  15x  +  Ux  +  10x  =  109 

25.  Let  x  =  greater  part  j  then  n  -  x  the  less ;  and  x  -  (/i  -  a:) 
=  a-  c 

26.  (i)  Let  x  =  minute  divisions  the  hour  hand  passes  over : 
then  since  the  minute  hand  travels  12  times  as  fast  as  the  hour 
hand  it  will  pass  over  12x;  but  the  minute  hand  also  passes 
completely  round  the  circle  (60  minutes),  and  then  in  addition 
over  the  x  minutes.  Therefore  60  +  x  is  also  equal  to  the 
number  of  minute  divisions  passed  over  by  the  minute  hand  ; 
then  12*  =  60  +  r,  or  11*  =  60,  or  x  =  5-fr ;  hence  the  hour 
*W*1**I  h.  5-frm.    . 

(n)  To  be  opposite  the  hands  must  be  30  minutes  apart ;  then 
letting  x  a  space  in  minutes  passed  over  by  hour  hand,  and 
remembering  that  the  minute,  hand  travels  12  times  as  fast,  and 
also  goes  over  30  +  x  minutes,  we  have  Ux  =  30  +  x,  or  11* 
=  30,  or  x  =  2 -ft  and  2,*-  x  12  =  3  2 -ft'  past  12 

(in)  By  similar  reasoning  to  the  above  12x  =  15 +  x,  or  11* 
=  15,  or  x  =  l-ft,  and  1-ft  m.  x  12  =  16-ft  m. 

27.  Let  x  =  price  in  dollars  of  first  field ;  then  x  +  90  -  25 
=  price  of  second  field,  wherefore  (x  +  90  -  25)  +  90  =  2x 

28.  Let  x  =  days  required  by  A  and  C  to  finish  the  remainder ; 
then  &  -  G<0-  +  -6'5)  =  T^o  =  part  C  does  in  1  day,  ...  in  11  day* 
C  does  ft  fa  and  B  and  C  together  in  5  days  do  fa  +  A  =  fA 
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=  -g6.    Hence  part  remaining  to  be  done  =  1  -  ($&  +  <?0) 

x         19x 
SHM  -  -iWo  =  111 ;  then  in  x  days  A  and  C  will  do  —  +  — 

'*•    50  +  1300  =  3II7  or  2Gx  +  19a:  =  896,  or  x  =  19#  days 

3a 

29.  Let  a;  =  C's  snare  in  cents  ,then  -=-  -  2540  =  Ds  share; 

2/  a;  4c  3a: 

"6  ^~30~  ~  2540)  +  400°  =  T  +  2984  =  B'a  share' and  ^  +  T  "  254° 

4a:  3x  Ax 

+  y  +  2984)  =  2x  +  444  ■  ^'s.  Then  x  +  y  -  2540  +  --  +  2984 

+  2x  +  444  a  718900,  or  4a:  +  888  *  718900,  or  4a:  =  718012  .-.  x 
3x  538509 

T 
&c. 

30.  Let  x  =  the  number  of  days  required  ;    then  since  4  men 

can  do  it  in  9  days,  1  man  can  do  -3\r  of  it  in  1  day;  similarly  a 

woman  can  do  -7L0,  and  a  child  -^  of  it  in   1  day.     Hence 

x       3x         x 

36  +  70  +    ~30~    =  *>  or  35a:  +  54a:  +  42a:  =  1260,  or  131a:  =  1260 

31.  Let  x  =  right  hand  digit,  then  14  -  x  =  tiie  left  hand  digit 
and  10(14  -  x)  +  x  =  the  number.     Hence  -/V  (140  -  9a:)  =  gx 

32.  Let  x  =  value  of  the  property  ;  then  8600  -  x  =  gain  had 
the  note  been  good,  and  x  -  (8600  -  640)  =  x  -  7960  =  loss 
when  note  proved  worthless.     Hence  x  -  7960  =  §(8600  -  x) 

33.  Let  x  =  weight  of  head;  then  x  +  9  =  weight  of  body. 
Hence  x  =  9  +  \ (x  +  9),  or  2a:  =  x  +  27,  or  a:  =  27  =  weight  of 
head ;  and  body  =a;  +  9  =  27  +  9  =  38.  Hence  fish  weighs  9  +  27 
+  36  =  72  lbs. 

34.  Let  x  =  his  capital ;  x  +  $x  -  1000  =  capital  at  end  of  1st 

year;  %x  -  1000  +  \{%x  -  1000)  -  1000  =  capital  at  end  of  2nd 

I6x  -  21000       16a:  -  21000       1  /16a:  -  21000X 
year= _ .    _ +  _^ _ J  _  1QOn 
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_  64*  -  84000 

27  ~  100°  a  capital  at  end  of  3rd  year.     Hence 

64a:  -  84000 

27 1000  -  2x 

35.  Let  x  =  the  distance  in  feet,  then  —  =  number  of  revol- 
utions of  the  fore-wheel,  and  -j  =  revolutions  of  the  hind-wheel. 

xx 
nence  —  =  -j  +  n  .-.  ox  =  ax  +  abn,  whence  bx  -  ax  =  c6;i  .\ 

x   =  I 

o  -a 

36.  Let  x  =  number  of  minute  divisions  the  hour  hand  passes 
over  before  the  minute  hand  overtakes  it;  then  the  minute  hand 
must  pass  from  XII  to  XII,  i.e.  60  minutes  plus  x  minutes  in  order 
to  overtake  the  hour  hand,  that  is  while  the  hour  hand  passes 
over  x  minute  divisions  the  minute  hand  passes  over  60  +  a: 
minute  divisions,  but  the  minute  hand  moves  through  twelve 
times  the  space  the  hour  hand  travels  in  a  given  time.  Hence 
12x  =  the  space  travelled  over  by  the  minute  hand,  while  the 
hour  hand  goes  over  a;  minutes.  Hence  12*  =  60  +x  .-.  Ux  =  60 
and  consequently  x  =  5-fr;  that  is  the  hands  will  be  together 
for  the  first  time  after  XII  when  the  hour  hand  has  passed  over 
5-,\  of  the  minute  divisions,  i.  e.  in  5-/y  x  12  =  1  h.  frft  ni  and 
similarly  they  will  be  together  again  1  h.  5t\-m.  afterwards'  and 
soon.  Hence  they  will  be  together  at  1  h.  5£-  m.,  2  h.  10}'$  m. 
3h.  16-A-  m.,  4  1k  21-arm.,  &c,  and  they  will  be  together  &s 
often  as  1  h.  5-*,-  m.  is  contained  times  in  12  h.,  i.e.  11  times. 

37.  Let  x  =  the  greater  part,  then  96  -  x  =  the  less.     Hence 
x 
y  +  3(96-ar)  =30;  clearing  of  fractions  we  have  x  +  2010  -  2\x 

=  210,  whence  x  ■=  90,*,-  =:  the  greater,  and  96  -  x  =  96  -  90 -/\- 
:  the  les3. 
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Or  3x      9a: 

38.  Let  x  ■  jB's  share,  then  —  -  J¥&  share,  §  of  —  =  —  =  Cs 

3x     9x  ' 

share,  consequently  x  +  —  +  —  =  25(50,  whence  by  clearing  of 

fractions  ix  +  Gx  +  9s  a  10240  ;  that  is  19a:  =  10240,  whence  x 
=  $533-94-;  |  =  B's  share,  .-.  Jta  share  =  I  of  JS's  v  $808-42f,r,  and 
Cs  share  =  \  of  ^'s  s  $1212-63^ 

39.  Let  x  -  rate  down  .-.  28a;  =  distance,  and  x  -  5  =  rate  up 
the  river,  and  x  -  3  =  rate  up  the  lake  ;  length  of  river  =  ?  of 
28a:  -  12a:,  .-.  length  of  lake  =  16a: 

12a:         16a:        19/  28a?  \  3  4  19 

Then    z~5  +  x^3  =  27\a7^5/  ''-  a7^~5  +  x~^3  ~  3(x-5) 

(i^i) =  z£h)  •••  12*  - 60  s  10x  - 30'  *s  15>  ^5  =  10} 

a-  -  3  =  12,  and  28a:  =  420 

40.  Let  x  =  the  whole  property,  then  $1800  +  J6(ar-1800) 

e  $1800  +  —  -  $300  =  —  +  $1500  =  share  of  the  eldest ;    also 
o  b 

x  -  (y +  $1500)=  —  -  $1500  =  part  remaining,  and  $3600 

—  -  $1500  -  $3600)  =  $3600  +  —  -  $850  =  —  +  $2750 

*  share  of  the  second,  but  these  shares  are  equal.     Therefore 

X  *>x  x 

—  +  $1500  =  r-  +  $2750,  whence  x  =  $45000  and  —  +  $1500 
6  36  o 

fe  $9000  =  share  of  each ;  also  $45000  -r  $9000  -  5  =  number  of 
children; 

41.  Let  x  =  the  left  hand  digit,  then  x  +  7  =  the  right  hand 
digit ;  also  10a:  +  x  +  7  =  the  number,  and  x  +  x  +  7  =  2x  +  7 

10a:  +  x  +  7  7 

*  sum  of  the  digits.     Then  — 2x  +  7    '  =2+  2x  +  7  whence 

11a:  +  7  =  4a;  +  14  +  7,  and  \  x  =  2,  x  +  7  =  9,  consequently  the 
number  is  29. 


Q 
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42.  Let  x  =  B's  share,  x  -  20  =  C's,  and  f  (2a:  -  20)  +  80  =»  A?9. 

2(2a:-20) 
Then  as  +  a;  -  20  + - +  80  =  2100  ;  whence  10a:  -  100 

+  4x  -  40  +  400  =  10500  .-.  14a:  =  10240,  and  x  =  $731-42$  =  JB's 
share  ;  also  $731-42?-  -  $20  =  $711-42?  =  C's  share,  and 
K$731-42f  +  $711-42$)  +  $80  =  $657-14?-  =  A' a  share. 

4.3.  Let  x  =  the  number  of  rows,  then  x2  +15  =  number  of  trees 
also  x  +  6  rows  each  containing  a:  -?•  5  trees  =  x2  +  a: -30  +  5=  the 
number  of  trees.  Then  x2  +  x  -  30  +  5  =  x2  +  75 ;  whence  x  =  100 
.-.  x2  +  75  =  10000  +  75  =  10075  =  number  of  trees. 

44.  Let  x  =  one  part,  then  a  -  x  -  the  other ;  and  x  -  -^(a  -  x} 

.-.  tox  =  na  -  nx,  or  ?fta:  +  nx  =  wa  .-.  q;  ■  ;   also  a  -  x 

na  ma  +  na-  na  ma 

m  +  71  ?n  +  n  m  +  n 

45.  Let  x  and  60  -  x  =  the  two  parts,  x  being  the  less  ;  then 
•x(60  -  *)  =  3x2  .-.  60  -  x  =  3x,  and  x  =  15  =  the  less  ;  whence 
60  -  x  =  45  =  the  greater. 

46.  Let  x  =  the  growth  in  acres  of  one  acre  of  grass  for  one 
week.     Then  the  growth  of  3J  acres  for  4  weeks  *  xx*$  x  4 

40* 

-  -j- ;  and  the  growth  of  10  acres  for  9  weeks  =  ixl0x9  =  90a\ 

Therefore  the  whole  quantity  of  grass  eaten  in  the  first  case 
40a:  40a:  +  10 

-  — 3~  +3i  =' acres,  and  the  quantity  eaten  in  the 

second  ca3e  =  90a:  +  10 
Hence  in  the  first  case  the  quantity  of  grass  eaten  by  one  ox 
403  +  10  20a:  +  5 

3~         x  i  x  tV  =       ^2      »  an(*  *n  ^e  secon(i  case  the  quan- 
tity of  grass  eaten  by  one  or  =  (90a:  +  10)  x  \  x  -2V  =  — - 

189 

Bat  by  the  question  an  ox  in  the  first  case  eats  as  much  as  an 
ox  in  the  second  case 
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20*  +  5     90* +  10 
Therefore  — ^ —  =  — — — ;  whence  *  =  -fa  of  an  acre 

20*  +  5     M  +  5  80 

Hence  — ^ —  =  ~~~f2 —  =  12  x  7'>  =  ~5^~  =  ^rac^ona^  Part-  °f  an 

acre  of  grass  eaten  by  one  ox  in  one  week,  .-.  one  ox  in  18  weeks 
will  eat  ?\  x  18  =  §  acres. 

Now  since  each  acre  increases  at  the  rate  of -^  of  an  acre  per 
week  24  acres  will  increase  2  acres  per  week,  and  in  18  weeks 
the  24  acres  increase  by  36  acres,  and  therefore  become  equiv- 
alent to  60  acres 

Then  60  acres  *  |  acre3  =  36  oxen. 

47.  Let  *  =  the  first,  then  nx  =  the  second,  and  mx  =  the  third. 

Therefore  *  +  nx  +  mx  =  a,  whence  *  =  — — — —  =  first:  second 

na  ma 

and  third  =  mx  = 


I  +  in  +  » *  1  +  m  +  n 

mx  px 

48.  Let*  =  the.  first,  then  —  =  the  second,  and  —  =  the  third. 

mx      px 
Therefore  *  +  — —  +  —  =  a,  whence  nqx  +  jnqx  +  npx  =  nqa,  and 


<1 
anq 


nq  +  mq  +  np 


-  the  first  part 


_                         mx         m  anq  amq 

becond  part  = =  —  x 


n  n        nq  +  mq  +  np         nq  +  mq  +  np 

■    .  px       p  anq  anp 

Third  part  =  —  =  —  x 


q         q         nq  +  mq  +  np         nq  -t-  mq  +  np 

49.  Let  *  =  the  number  thrown  by  the  first  after  the  second 

commences ;  then  *  +  36  =  whole  number  thrown  by  the  first ; 

7* 
-  =  the  number  thrown  by  the  second.     But  every  4  charges 

of  the  first  consume  as  much  powder  as  everv  3  charges  of  the 
second,  and   they  are  to  consume  equal  amounts   of  powder, 

*  +  36       7.i; 

'•    —7—    =  -7 : ;  whence  *  -  216  =  balls  thrown  by  the  fir^t 

4  24'  ' 
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after  the  second  commences.     Therefore  \  of  216  =  189  =  balls 
thrown  by  second. 


Exercise  XXXIV. 


10. 

4x  +  6y  = 

2a] 

15* 

-6y  = 

36) 

19*  = 

2a  +  36 

x  - 

2a +  36 
19 

3y  = 

a  -  2x 

3y  = 

4a  +  66 

■"   19 

3y  = 

19a  -  4a  - 
19 

|6 

3y  = 

15a  -  66 
19 

5a -26 

11.  12*  +  4ay  s  4m 

12x  +  36y  =  3n 


4ay  -  36y  =  4m  -  3fl 

(4a  -  36)j/  =  4m  -  3/i 

*  4/n  -  3/i 


3x  =  m.-  ay  -  m  - 

3x 
3x 


4a  -36 

4am  -  3an 


4a-  36 
4am  -  3b m  -  4am  +  3an 

4a -36 
3an  -  3bm 


4a -36 
an  -  bin 
~  4a-  36 


12.  2a6x-4a6y  =  262  13.  #  -  y  =  a 


} 

x  +  y)  =  6| 
z  +  y)  =  6J  ' 


2a6x  -  uby  -  ac  x2  -  y2  -  b 

3aby  =  00-26*"  (r  .  y)  (a.  +  y) 

y         3ab 

ax  +  ay  =  b 

2ac-  462 
ax  -  6  +  2ay  =  6  + rr 

362  +  2ac  -  462 
nx  = __ 

%ac  -  b2 

ST~ 
2ae  -  62 

3a6~~ 


ax  - 

■  ay  =  a? 

lax 

=  a2  +  6 

X 

a2 +  6 
2a 

2ay 

=  6 -a2 

y 

6 -a2 

On 
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14.  cx-ay-  acm  "] 

(m  -  c)x  +  (m  +  c)y  =  acmj 

c(m  -  c)x  -  a(m  -  c)y  =  acm(m  -  c) 
c(m  -  c)x+_c(m  +  c)y  =  achn 

~~m~Sy~T?y  +  amy  ^Tcy  =.  ac'm  -  </cm2  +  ac2,n 
acm(2c  -  m) 


„„     ,  2a2c2m  -  a2cm* 

acm  +  ay  =  ttC//i  + 


mc  +  c2  +  am  -  ac 

^OgfJlfltf!^"  gc> +  2g2c/ft  -  a2"*2 

«ffl2c  +  a/ttC2  +  g*m2  -  a2cm  +  2a2cm  -  a*m2 


MC  +  C* 

am2c  +  amc2  +  a2cm 

+  am  -  ac 

15, 

mc  +  c2  +  am  -  ac 
bm        bn 

— +  7  =  ^ 

bm          mq 
~x~~  ~  ~y  ~  s  bm 

bn         mq 

J  +  —  =  ab  -bm 

(ab  -  bm)y  =  bn  +  mq 

bn  +  mq 

y  =.  -i 

*      ab  -bm 

n                  n 

y         ~~  >bn  +  mq 

ab  —  bm 

abn  -  bmn 

-  a r 

on  +  mq 
abn  ±a?nq  -  abn  +  bmn 

16.  (x-y)(x  +  y)  =  55°) 
x  +  y  =  11     J* 

ll(a:-y):=  55 

7/J 
X 

x-y  =  5 

x  +  y=  11 

2a:  =  16 

*  =  8 

2y  =  6 

y  =  3 

17.  459a:  -  463y  =  -  495") 
-  5a;  +    19y=  131     J 

m 

X 

m 

2295a:  -  2315y  ■  -  2475 

-  2295a: +  8721y  =  60129 

6406y  =  57654 

X 

1 

X 

X     a 

bn  +  mq 
aq  +bn 
mq+bn 
mq  +  bn 
aq  +  bn 

y  =  9 
5z=  19J/-131  =  171-131 
5x-40 
x  =  8 
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ex  -  ay  =  acp 
ax  -  cy  =  a2  +  c3 
acx  —  azy  =  a2c/> 
acx  -  c*y  =  a2c  +  c8 


a2q?  -  a2c  -  c3 

*  =  — z~2— 

a2c2p  _  a2c2  _  c* 

ix  ~  a2  +  c2  +  cy  =  a2  +  c2  + 5 2 

c*  -  a4  +  a2c2p  -  a2c2  -  c4  ac2p  -  a3  -  ac2 

c2  -  a2  "~  *'•  x  ~         c2-a2 

(19) 
35*  -  126  +  2Sxy  +  49j/ =  28xy  +  *I6y  "J 

72*2 -  90xy  -  \4£x  +  42 y  -  ^  =  ?2*2-  90*y  +  930i/ - 1002*  +  2666J 
35a:-      21  y  =    126" 
3293*  -  2960y 
115255*-    889117/  =  414918 
115255*  -  103600/y  =  312095 
14689?/  ^~102823 
35*  a  126  +  2ty  =  126  +  189  =  315  ,\  X  ■  9 

(20) 

3 (a2  -  62)*  +  5(a2  -  62)y  =  8a26  -  2a62 

3(a2  -  b2)x  +  3(a  +  6  +  c)6i/  =  3a26  +  6a62  +    g     ft 

5(0^"^)?/  -  3(a6  +  P+  6c)?/^  8a26~2a62  -  3a26  -  6^ - 

,       ,„         ,  5a36  -  3a262  -  8a63  -  3a62c 

(5a2-862-3a6-36c)y= — r 

a  4-  0 

,       x.         ,  (5a2  -  862  -  3ab  -  3bc)ab 

(5a2  -  8b2 -  3ab  ~  3bc)y  = 


=    1261 
=  8917J 

18 

95 

.-.  y  =  t 


3a62 


y 


a& 
a  +6 


(a +  6) 


8a2fi-2afe2  8a26-2a62      5a6  _  8a26-2a62-5a26  +  5a62 

3x  ~  —tf-  W"  ~  &  *  ~aT-  b2     "  a~+~b  =  a2^ 

3a26  +  3d62       3ab(a  +  b)  3ab  ab 

**  =      a2 -ft2"   =      a2  -  62     '    3x  =  a~^b  '''  x  =  a~^b 
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Exercise  XXXV. 


i.  !  -  1 

x  y    ~    6 

.1  J_  _  JL 

a-  -    z    ~    4 


(6)  (7) 

r  +    y  =    xy' 


x  +  z  =  2xz 
2y  +  2z  =  Zyz, 
1         1 


J_       J_       £       _3.        1  —  + 

y'z^T'A'u  y 

1         1  7  i+l= 

y       z  12 


=  77;  8y  =  24;  y  =  3       * £ 

: —        2        2 


1 
—  -  I 


1         1         7 

1         7         1 


—  +  —  =  —  z         y 

3    ^    z        12  * 


2         2 

2  ~   3   C   4  • '  Z  =  4     *       y 


J_    JL  _  5 

a;    +    3"  ~  T 
15        11 


4        *  4 

T  =  5  ...  z  -  - 

4 


1  1 

¥  +  7  =  1 

1         1  4 

—  +  -r  =  1  .•.  a;  =  — 
x         4  3 

(8)  (10) 

a  +  3y  +  2z  =  b    1         Add  all  four  equations  to* 
ox  +  5y  -  2z  =  m  V     gether  and  then  *  3 
8a:-  2y  +  2z  =  2nJ  v+a;  +  y  +  ;r=23 

v  +  x  +  y        =13 


Ax  +  8y  = 

b  +  »n 

llx  +  3y  = 

m  +  2nj 

12z  +  2  Ay 

=  36  +  3/n 

88a  +  24y  s 

=  8/n  +  16ti 

76a 

=  5m  +  16»- 

-36 

x  - 

5m  +  16n- 

-36 

10 


76 
+  8y  =  6  +  m 


z=  10 

v  +  a: 

+  z  =  17 

2/      =6 

p  +  y 

+  2=  18 

a; 

=    5 

a-  +  y  +  a  =  2 1 
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8y  =  b  +  m 


ALGEBRA. 
5m  +  16?i  -  36 
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19 

226  +  14m  -  16/i 
19 


116  +  1m -8n 
76 


5m  +1671-36      116  +  7m  -  8m 


a  =  H-4r  +  y;  s  =  n- 


19  T  76 

76^  -  20m  -  64n  +  126  +  116  +  7m  -  8n 

236  +  An-  13m 
"76 


a6x  +  b2y  =  6c 
a6x-  +  acz  =  a2 


b2y  -  acz  =  be -a* 

c2v  +  acz  =  6c                     26c  -  aa 

(62  +  c2)y  =  26c  -  a*'  *  ~  62  +  c2 

26c2  -  a?c 
az^b-cy-b-    fc2  +  ^    ; 

63  -  6c2  +  a2c 

i  ~      ab2  +  ac2 

262c  -  6a2 
ax  -  c  -  by  -  c  -     p  +  c2    J 

c3  -  62c  +  a26 

x  ~      ab2  +  ac* 

(11) 

ax  +  ay  +  tic  =  a-  +  ab  +  ac 

bx  - 

V  cy  +  az  =  a2  +  62  +  c2 

(<'- 

-  b)x  +  (a  -  c)y  =  ab  +  ac  -  6a  -  c3 

6x- 

1-  6?/  +  6c  =  a7J  +  62  +  6c 

. 

f  ay  +  6c  a  a2  +  62  +  c2 

(6- 

(6  -  a)y  =  ab  +  6c  -  a2  -  c3 

63  +  6c2  -  26c2  +  a2 


62  +  c2 

c62  +  c3  -  262c  +  «'*'& 
fc^Tc2 


(a  -  6)x-  +  (a  -  c)y  =  ab  +  ac  -  b2  -  c2T 
(6  -  c)x  +  (6  -  a)y  =  a6  +  6c  -  a2  -  c2J 

n.'/6-6--«2)r+(a-c)(6-a)y  =  2tf62  +  a£c-63-6c2-a26-a2c  +  ar2 
*)  c  l  (a  -  e)(6  -  a)|  =  a26  -  a3  -  ac2  -  be2  +  «2c  +  c3 
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^  =  ft^j^^^aft^a^  +  2a?b  +  2a*c  -  a&c 

b2  +  a2  +  c2  -  ab~^~Tc =b  +  c-a 

(*-c)y  =  ab  +  ac-b*-c2-(a~b)(b  +  c-a) 
(*-c)y  =  a*-ab-c2  +  bc.'.y  =  a  +  c-b 

(12) 

ax  ±  a2y  +  a?z  =  am] 

ax+    y  +  az  =  7i    !■ 

oa;  +  ay+    z  ~  p    J 

«2y  -  y  +  azs  -  a-  =  aw  -  n\ 

ay  -y+    z  -  az  =  p     _  n J 

(a2-l)y+(a2-a>=am-n1 

(a  -l)y-(a  -1>*«J>     -  n J 

O2- l)y +  («"-«)*  =  am - 


(2a2  -  a  -  l)y  =  ant  -  n  +  qp  -  «,  ...  y  ^  _«»  -  w  +  «P  -  «t_ 
(a-l)za(a_i)2,_p  +  n  **-a-l 

(        l)Z*  2a +1 ~P  +  n 

(a  -  1)*  =  a^l!^^-^-2ap+2anj:^  +  n 
2a  Tl  ; 

2a+l  ••  *  *  — ^^^ry- 

*  =  m  -  a(y  +  z)  a  ro  _  fl^ZZLtgg^g?L+  gw  -  tfi°  +  «»  -PA 
V  2a2-"a~^l  -) 

x^m.afeJLlfV,^     2a*TO-a»-a„ 

^^n-a^^-^^^  ^-am  +  «n.TO 

2a*-a-i  A*»--^— _ 
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Exercise  XXXVI. 

[x  +  y)  +  4y  -  50,  and  2(x  -  y)  +  3x  a  16 

2.  x  +  y  =  a,  and  bx  -  cy  -  0 

3.  Let  x  =  price  in  cents  of  hay  per  ton,  and  y  -  price  of 

its  per  bushel :   2x  +  35y  =  4400,  also  -r-  =  reduced  price  of 

4x  8x 

its  and  -j  =  increased  price  of  hay  ;    then  y  +  28y  =  5120. 

8x 

lence  the  equations  are  2x  +  35;/  =  4400,  and  —  +  28y  -  5120 

4.  Let  x  =  length,  and  y  =  breadth ;  then  xy  =  area.  Then 
(x  -f  20)  (y  +  24)  =  xy  +  4180,  and  (x  +  24)(|  +  20)  a  xy  +  3860, 
which  two  equations  when  reduced  give  6x  +  5y  =  925,  and  5x 
+  6y  -  845 

5.  Js  +  iyxll;  Jx-.l  =  £y 

6.  x  +  y  =  144,  and  fa:  -  ly  =  1J 

7.  *  +  y  a  48,  aud  4  =  ~ i  or  ^  =  16x»  or  dividinS  h?  *  we 
get  y  =  16 

8.  x  a  5(77  +  s)  ;  *  a  J(x  +*)  +  6;  *  =  K*  +Jf)  -8 1  whence 
by  reduction  we  get  4x  -  5y  -  5z  =  0  ;  -  x  +  2y  -  z  =  12,  and 
-x-y  +  3c:  =  -9 

9.  Let  x  =  sulphur,  y  =  saltpetre,  and  i  =  charcoal 
x  +  t/  +  z  =  4000  ;i/  +  :-x=  3240  ;  a;  +  y  -  2  -  2760 

10.  x  +  y  +  C  =  72  |  \x  a  §y  ;  \x  =  |s 

11.  Let  x  -  space  occupied  by  one  shilling,  and  y  *  space 
filled  by  a  ten  cent  piece ;  then  16x  +  27y  =  1,  and  llx  +  13y 
a  fgl  whence  x  =  TJfj,  and  y  =  &i  wherefore  the  purse  would 
hold  i\\  I  *  40*  J  shillings,  or  s^  ■  44|  ten  cent  pieces. 


KEY  TO  m  xmti 

12.  Let  x  =  number  of  lines,  and  y  =  number  of  letters  in  a 
line ;  then  xy  =  number  of  letters  on  a  page.  Then  (x  +  3)0,  +  4) 
-  *y  +  224,  and  (x  -  2)(y  -  3)  .  ^  -  145 ;  or  4a;  +  3y  =  212,  and 
3*  +  2y  s  151 

13.  Let  x  =  left  hand  digit,  and  y  =  right  hand  one  ;  then  the 
number  will  be  represented  by  10*  +  y.    Whence       1Q*  +  y 
r  ^  and  y-x+  5  =  13 »  or  4*  -  5y  =  -  12,  and  23*  -  12y  =  65 

14.  Let  x  .  number  of  ten  cent  pieces,  and  y  =  number  of 
twenty-five  cent  pieces;  then  10*  +  25y  =  8160,  and  -'-e, 
•*i  or5y-12x  =  8,and5y+2a;=1632  2 

15.  Let*  =  rate  before  the  accident  .-.*--  =  ?^_zJ) 
a  rate  after  the  accident  a  a 

Let  n  «  the  number  of  miles  from  Kingston  at  which  the  ac- 
cident  occurred. 


n  -c 


a 


From  (i) 


From (ii) -^A      n-c 


(a  -  1)  *   *    s  *(a  -  1)  =  6  (m) 

'(«  -  1)  "     *     =  i(a  -  l)  =  rf  (Iv) 

.'.  From  (iy)  — — ^ _  c        _  ,     ^   .  ,    .         n 

>  *(a  -  1)       *(a  -  i)  -  *    But  (m)  ;^— j  n  b 

'''  b  "  aT(^Ti)  =  d>   or  6*  -  ^~-  s  tfx 

whence  *(&  -  d)  = •   r c 

a-*i-x-(^riXb~dj 
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16.  Let  x  -*the  number  of  inside  passengers,  and  y  =  the  fare 
in  dollars  of  each 

Then  x  +  4  =  number  of  outside  passengers,  and  4(4y  -  |) 
=  fare  of  each 

Then  xy  +  (x  f  4)  x  $(4y  -  i)  =  45  J  or  22x2/  +  32y  -  x  =  634 
Also  \y  =  fare  of  inside  passengers  for  half  way,  and  -f4-(4i/  -J) 

-  fare  of  outside  passengers  for  do.,  and  the  whole  fare  was  in- 
creased by  yV  of  $45  =  6 

Then  lg  +  -,\(4!/  -  f )  =  6 ;  or  38y  =  171 ;  or  y  =  $4£,  and  this 
substituted  in  the  first  equation  for  y  gives  us22xfx  +  32x| 

-  x  ■  634,  or  98x  =  490  ;  whence  x  -  5  =  inside  passengers 

17.  Let  x  and  y  =  the  digits  ;  then  the  number  will  be  lOx  +  y 
Then  lux  fya  2xy  (i)  and  lOx  +  y  =  4x  +  4y ;  or  6x  -  3y  =  0  ; 

or  2x  -  y  =  0  (n) 

Adding  equations  (i)  and  (n)  we  have  12x  -  2xy  =  0,  and 
dividing  this  by  2x,  and  transposing,  we  have  y  =  6 ;  whence 
x  =  3,  and  the  number  =  36 

18.  Let  x,  y  and  *  be  the  digits,  then  the  number  will  be 

lOOx  +  lOy  +  z 
lOOx  +  lOy  +  z.     Then  y  =  1(*  4-  z)  ;   — g  +  y  +  g       =  48,  and 

lOOx  +  lOy  +  i  -  198  =  lOOz  +  lOy  +  x.     These  reduced  give  the 
equations  -  x  -h  2y  -  *  =  0,  52x  -  38y  -  4?;s  s  0,  and  «-««?,  &c. 

19.  Let  x  *  the  oz.  of  A,  and  y  -  oz.  of  J5;   then  x  +  y  =  p  (i) 

b 
Since  />  oz.  of  .4  lose  6  oz.  in  water,  1  oz.  will  lose  — ,  and  .-.  x 

bx  cy        .  bx      cy 

oz.  lose  —  ;  similarly  y  oz.  of  B  lo3e  —  oz.  in  water  /.  —  +  — 

=  a  (ii) 

From  (n)  bx  +  cy  =  ap  (in)  and  multiplying  (i)  by  b  we  get 

bx  +  by  -  bp  (iv);  then  (in)  -  (iv)  gives  nscy-by-ap-bp 

(a-b)p      .  (c  -  a)p 

,-.  y  =    c_6    ;  similarly  x  -  -y^y- 
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Exercise  XXXVIII. 

I.  (2a  +  3)*  =  (2a)6  +  6(2a)53  +  15(2a)432+  20(2a)333  +  15(2a)234 
+  6(2a)35  +  36 

8.  (3  -  2m)5  =  35  -  5  x  34(2/»)  +  10  x  33(2w)2  -  10  x  32(2z»)a 
+  5  x  3(2m)4  -  (2»i)5 

9.  (3a  -  2y)5  =  (3a)5  -  5(3o)*(2y)  +  10(3a)3(2y)2-  10(3a)2(2y)3 
+  5(3a)(2^  -  (2]/)5 

•  10.  (26  -  5c)3  =  (26)3  -  3(26)2(5c)  +  3(26)(5c)2  -  (5c)3 

II.  (3x  -  4y)4  =  (3*)«  -  4(3.t)3(4j/)  +  6(3x)2(4y)3  -  4(3x)(4y)3 
+  <4y)* 

12.  (aft  +  3c)5  =  (aby  +  5(a6)4(3c)  +  10(a6)3(3c)2  +  10(a6)2(3c)s 
+  5(a6)(3c)4  +  (3c)5 

13.  (2ac  -  xyzf  =  (2ac)3  -  3(2ac)2(x?/s)  +  3(2ac)(x^)2  -  (zys)3 

14.  {(a  +  6)  -  c]3  =  (a  +  6)3  -  3(a  +  6)2c  +  3(a  +  b)<?  -  c3  =  a3 
i  4-  3a62  +  63  -  3c(a-  +  2a6  +  63)  +  3^(0  +  b)  -  c3 

15.  {2a  -  (6  +  c)}4  =   (2a)*  -  4(2a)3(6  +  c)  +  6(2a)2(6  +  c)2 

-  4(2a)(6  +  c)3  +  (6  +  c)4  =  16a4  -  32a3(6  +  c)  +  24a2(62  +  26c  +  c2) 

-  8a(63  4-  362c  +  36c2  4-  cs)  4-  64  4-  463c  4-  66V  4-  46c3  4-  c4 

16.  {2(a  +  6)  -  3c}8  =  2s  x  (a  +  6)5  -  5  x  24(a  +  6)4(3c)  +  10 
x  23(a  4-  6)3(3c)2  -  10  x  22(a  4-  6)2(3c)3  4-  5  x  2(a  4-  6)(3c)4  -  (3c)5 
=  3 2 (a5  4-  5a46  +  10a362  +  10a263  4-  5a64  4-  65)  -  240c(a4  +  4a36  +  6a262 
4-  4a63  4-  64)  +  720c2(a3  +  3a26  +  3a62  +  63)  -  lOSOc^a2  +  2a6  4-  62) 
4-  810c4(a  +  6)-243c6 

17.  {(1  +  *)-  x2)±  =  (I  +  x)4  -  4(1  4-  x)3(x2)  +  6(1  4-  x)2(x2)2 

-  4(1  +  x)(x2)3  +  (x2y  =  1  +4x  +  6x2  +  4x3  +  a:4-4x2(l  4-3x  4-3z24-x3) 
+  6x4(l  +  2x  +  x2)  -  4x6(l  +  x)  +  xs 

18.  {(a  -  6)  +  2c}5  =  (a  -  6)5  +  5(a  -  6)4(2c)  +  10(a  -  6)3(2c)3 
+  10(a  -  6)2(2c)3+  5(o  -  6)(2c)4+  (2c)5  =  a»-  5a46  4-  10a362-  10a263 
+  5a64  -  6s  +  10c(a4  -  4a36  4-  6a262  -  4a63  +  64)  +  40c2(a3  -  3a26 
+  tab2  -  J»)  +  80c5(a2  -  lab  4-  b2)  +  80c4(a  -  6)  4-  32c5 


50  KEY  TO  [Ex.  xxxix. 

Exercise  XXXIX. 

(1)  (2) 

4  +  2x-12x2  x3  +  2x3-2x4 

\x2  -  3x8  x4  -  2x5 

+  9x*  +  x6 

(3)  (4) 

4x2- 12x3-2x4  l-a  +  4a3-2a3 

9x4  +  3x5  \dz  -  2a3  +  a4 

+  is  6  4a*  -  tofl 


l  +  2x 

+  a6 

(5) 

-  x2  -  x3  +  2x* 

x2-x3-    x4  + 

2x6 

Jx4  +  £x5  - 

x6 

Jx6 

-X7 

+  X8 

4,r 

(6) 
-  4a2x  +  8a2x2 

0) 

1  +  26x  - 

•  2cx2 

a'~x2  - 

-  4a3x3 

62x2  -  2&cx3 

a2  -  2«&x  - 

+  4a2X* 

(8) 
■  2acx2  +  2adx3 

+  c2x4 

62x2  +  2bcx*  - 

2bdx* 

c2x4 

-  2cdx* 

+  ^x6 

1  - 

(9) 

2a  +  262x2  -  2c8x3  +  2<Z4x4 

a2  -  2a62x2  +  2ac3x3  -  2ad4x4 

64x4  - 

2&W 

!  +  262d4x6 

c6x6  -  2t,3i4x7 

+  d8x8 

L. 

..,,• 
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(10) 
{(a  +  b)f  =  (a3  +  Ztfb  +  3ab2  +  63)2  B 
a6e+  6a5  b  +  6a462  +    2a3b3 

Pa462  +  18a363+6a264 

9a264  +  6a65 
+_66 

(ID 

{(a  -  c)2f  =  (a2  _  2ac  +  c2)4 
=  {(a8  -  2ac  +  c2)'f  =  (a4  -  4a3c  +  SftV  -  4ac3  +  c4)3  = 
a8  -  8a7  c  +  12a* c*  -    8a6  c3  +    2a4c4 

.  16a6c2  -  48a5  c3  +  32a4c4  -    8a3c5 

36a4c4  -  48a3c5  +  12a2c6 

16a2c6  -  8ac7 
+c8 

(12) 
(u?z2  -  4ax  +  4)2  -  a*x*  -  8a3x3  +  8a2x3 

16a2x2-32ax 

+26 

(13) 
4-12r+16x2-    2x3+Ux* 

9x2-24x3  +  3x4  -  2x5 

16x4  -  4x5  +  §*« 

*x6  -  $x7 
+$s8 

(14) 
1  -  4x  -  2x2  +  4x3  -  2x* 

4x2  +  4x3  -  8x*  +  4x5 

x4  -  4x5  +  2x6 

4x«  -  4x7 

+  x8 
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Exercise  XLI. 

(3) 

4x4  +  12x3  +  5x2  -  6x  +  1  (2x2  +  3x  -  1 
4x4 
4a;2  +  3x\12x3  +  5x2 
12x3  +  9x2 


4x2  +  6x-l\      -4x2-6x  +  l 
-  4x2  -6x+  1 

(4) 
This  may  be  worked  by  the  rule  or  it  may  be  bracketed  so  as 
to  show  the  sq.  root :  thus  x4  -  2x2(y2  +  1)  +  (y2  +  l)2 

(6) 
9a4  +  12a3  +  34a2  +  20a  +  25(3a2  +  2a  +  5 

9a*  

G«2  +  2a  \     12a3 +  34a2 
12a3  +    4a2 


Ga2  +  4a  +  5\  30a2  +  20a  +  25 

30a3  +  20a  +  25 

(12) 
(x  -  yY  -  2(x2  +  y2){x  -  y)2  +  2(x4  +  y*)  =  a;*  -  4x*y  +  6**ya 
„  ^  +  yi  _  (2a;4  -  4x3y  +  4*  V  -  4x>/3  +  2y*)  +  2x4  +  2y4 
=  x*  +  2x  V  +  y*  ;  and  V*4  +  2x  V  +  y4  =  x2  +  y2 

(13)  (a2  -  62  4-  c2  -  d2) 

a4-2aH*  +  64  +  2a2c2-262c2+c4-2a2d2+262d2-2c2rf2+d4 


2;t2_i2\  _2a262  +  64 
-2a362  +  i4 


2a2-2b2  +  c2\  2a2c2-262cs+c4 
2a2c2-262c2  +  c4 


2a2  -  262  +  2c2  -  a*2  )  -  2aU2  +  262d2  -  2c2d2  +  d4 
-2a2d2  +  2i2d2-2c2d2+d4 
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(14) 

j • 

;X\        -fX  +  V** 


x  +  x2\   2x' 

2x2  -  -Jx3  +  x4 


I  -  lx  +  2x2  -  ix3)  -  *x3  +  £x4  -  |x6  +  -^x 

-  js3  +  fo*  -  ix5  +  y-jx 

(15) 


X3        X2  3T  XT/ 

i*4 


y  / 


x*      x- 

X3        X2 

7**1 


X2  + 


2x_V\ 


y- 

xy  -  2  +  — 

3  x- 

1* 

zy  -  2  +  "7 


Exercise  XLII. 

(2) 
a6  +  Ga^  -  40a3  +  96a  -  G4(a2  +  2a  -  4 


3a'  ♦  <>«'  +  4.' 

6a*  -  40a3 

3-t4  +  6a5-  +  4a2 

6a15  +  1 2a4  +  8a3 

3a*  +  12a3  +  12a* 
-  12a 

!  -24a 

+  16 

-  12a4  -  48a3  +  9Ga  -  64 

3a*  +  12aJ 

-24a+  1G 

-12a4  -48a3  +  96a  -64 
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(4) 


«6  _  Qas  +  15a*  _  20a3  H-  15az  -  6a  +  l(a2  -  2a  +  1 


3a4 


-6a3 


+  4a: 


3a4  -6a?  +  4a- 


6a5  +  15a4 -20a3 


-  6a5  +  12a4  -    8a3 


3a*-  12a3  +  12a2 

3a2  -  6a 


3a4-  12a3  +  15«2- 6a  +  1 


+  li 


3a4-  12a3  +  15a2- 6a  +  l'j    3a4-  12a3  +  15a2- 6a  +  1 

(G)  |2x2-3az  +  4a2 

8x6-36ax'  +  102a2x'4-l7la3x3+ 204a4*2 -144a5z  + 64a6 
8x* 


12a:4 


-18ax3 


+  9a2f 


12x4-18ax3+9a2a: 


12x4-36aa;3+27a2x2 

24a2z2-3Ga3.r 


-  3Qax  «  +  1 0  2a2x4  -  1 7 1  a3x: 


-  36aa:8  +  54a2x4  -  2 1a3x3 

48a2a-4-144a3:r?-f204a4r2-144a,:r 
+64a6 


+  16a4 


12x4  -  36az3  +  5  laV2-  36a3.r  +  16a4 


48a2£4-l  44a8a-3-2  0  4a4#2-]  44a '  x 
+  64a6 


(8)  (a  +  b  +  c  +  d  +  e 

a3  +  3a26  +  3a£2  +  &*  +  3(a  +  byC  +  3(a  +  b)c*  +  &c. 
a3 


2a- 


+  3ab 


+  62 


3a2  +  3a&  +  62 


3(^)2+3(a+6)c 


3a*b  +  3ab2  +  63 
3a26  +  3ai3  +  53 


+  C5 


3(a  +  6J2c  +  3(a  +  6)c2  + 


3(a  +  by±  +  3(a  +  b)c  +  c* 

3(a  +  b  +  c)2    ,    .,     ,    ,    ,     N  , 
v  7     +  3(a  +  b  +  c)i        „ 


3(a  +  Z>)2c  +  3(a  +  b)c*  +  c 


3(a  +  b  +  <•)*  +  3(a  4-  6  +  55  +  * 


3(a  +  b  +  c)*d  +  &c. 
3(a  +  b  +  cyd  +  &c. 


6*v« 

a 
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Exercise  XLIII. 

/       3  «\-3     /       S  —  tx-J     /    _ia\-3       ra     . 

6.  («-*x«  -»)      =(a  -'"')      «(« -«)      =  «»  =V'<19 

(«ix«~}x«i)~*=(o1~f  +  *)'"*  =  a  "is 

,(3-f-Jac)4=(B-?+ic-i+i)4=(«-5c3)4=«-^=^ 

!(;11-!)JxaM"2={(a1)Jx«J)"2={«Jxa,}-2=(a8)'3=,-5 
8.    {  (a'i'  )  J  (JbV  )  J  x  a3^  [«&•'}*  C«)J  XO-»J  ~  *c"  *«1}  ':'" 
-    {<!•[>*  all,A4c5  aftfc3  a*b'2c3  a~1  b     2c     *  )  8 

/   -        -       ;  y*  /    . 

\xr  XXs  XX*   /  xmtr«       \xr 


w         p  \  r*f 


/  :      :      t  p     if     (  - 

\ys  x  yq  x  j/    •  Vy* 


2/4sr«     /  :  +  _L  +  iVw    xm,q 


I     H,t  +  mrt+prs\rst 

•X         rsf  /  ?/4*r2  -j-nst  +  mr«  +  j;rs 


.v 


B  xmtra  -  "2;  +  (nt  +  jw;«»4M(q  - 1;  -  g-in  +  7»J 

(10)  (11) 

t$  -  Sab*  +  3ah  -  6*  (<r  +  J)  -  (ax)* 

&*  (a*  f  x5)  +  (ax)* 


a2~3aM  +  3a£-aM  (a*  +  x?)*  -  (ax)? 

-    «m|  +  3ab  -  3aM  +  b*  =  a*  +  2aM  +  *>  -  a*** 

B*~ioM+6ai-4aM  +  b*  =  a*  +     aM+*t 
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(12) 

2x*  +  y  ""  *  _  ai 


Sx^-^y-^ +4^-2^-1  +  2^^-0 

i»'  -  4x^y  - l + e^ir  M + ir  %* -f  -  *  -  a*M -y  *  V 

(13) 

9a:~  9y  +  6a:-8 

-  6x~8  -4a;-Jyi     ' 
-6a:-8  -4r~7y-i 

(14) 

«l  +  aV«  +  aVW£-3+aV*  +  6-n 


a«6~8  -£-i 


a'4-*-a«6-^fln"*-a^-« 
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(15) 
x~*  +  l  +  a:i)x-1  +  x"i-  1  +  x*  +  x(x~$  -a""*  +  1-xhx* 
x'1+x"^  +  x~3 


-x" 

1 
-  3 

-  1  + 

■  X*  +X 

— x~ 

1 

-  X~ 

*-l 

X~ 

3  +  X*  +  X 

X~ 

'  *  + 1  +  X3 

-  1  +x 

x*  +  x3 
x3  +  x3 

+  x 
+  x 

(16) 

(//*-a  +  a*+ 1-a    *-«-*  +  a     2) 
a  a3  -  2a^  +  2a2  +  2a2  _  2a  -  2a*  +  2 

a2  -  2a*  -  2a  +  2a*  +  2  -  2a"* 


a  +  2a*-2-2a'"*  +  2a*1 

l-2a"i-2a~1  +  2a~2 

a-^+2a"2-2a"2 

a-3-2a~* 
a-  3 


aa»_2a*+3a*-3a+Ja*  +  3-6a~* +a-l  +  4a~*-a-*-2a~2, 

-fa-3 

(If) 

a3  f  2a3-l-2a""3  +  a~3(«i  +  l-<Z~^ 
J 


!a3  +  l) 


i 

2a* +  1 


2a3  +  2-a~3)-2-2a~3  +  a""3 


-2-  2a"~3  +  a~* 
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(18) 


^-4x  +  10x*-lGx5+19-ie*~*+10x'"*-4x-l+< 


_;! 


2a    -  2x  '  )  -  4x  +  10x* 


-  4x  +    4a:' 


2a:5  -  ±xh  +  3) 


6x*-16x*  +  19 
6x5-12x*  +    9 


•4x^  +  6-2x     s)  _4a:*  +  10-16x*~i  +  10x~* 
-4x*  +    8-12x~*  +    4x~* 


2x*-4*i  +  6-4*"'i+7-5)      2-    4x~  *  +  6x~§  -4z"i  +  .r  "  » 

2-    4x~^  +  6a:~5-4a:-1  +  a:~^ 


(19) 


"V  >+*V^^V-^"V+to*y-1-*r»(*"*f*-,»*y- 


a?~Y 


rf 


3x     *y  +  3x'y_1-xy 


xy 


-  3x      Jy  +  3o;'i 
(20) 

|x*  -  2x*y°  +  3^ 

^-e»*jf*-f21ar^y*-44a:y*+63»V-M«M+27y 


3*3 


6xy< 


+  4xM 


3a?J  -  &ry°  +4xsya 


6xV  +  21x^-44xy* 

£   1  4    1  1 

-Ga?3yg  +  12a;V-   8xy* 


3x*«-ltoy«<f  ISjtM 


9ary   -  18x^ 


r3  -  12xy6  +  21a:sys  -  lSx^y2 


+*r 


9x*yJ-  36x^+63x^-54x^+2  7y 


9x*y*~  3&ry*+63arV-54*M+27i 
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Exercise  XLIV. 

1.  2§  =  (22)*  =  4*  ;  t*  =  (Is)'  =  343*  i  2*  =  (**)*«  W  J  (i)S 

■rot**'®*!  (vr'-cft^-ci'AJ*! 3§=9*; -<«*)"* 

•{©!}•'  ■{©'}' -©'-(i)' 

2.  a  =  a1-  (<*)! ;  3?  =  9S  ;   (f)-~  =  (V)1 5   (2")*  -  (^*)*  J 
(3a-bf  =  (9a*62)!  ;    (4j'V)?'  .  (16*y )J 

•  -^-Oi-V*-(p)"*s  e»-"»'*V(W"*«  Kir1?"1 

i(4l¥).srJ^_J_j-i 

a  -a*  =  (a*)1;  S*  =  (81)J  j  (#  =  pf|*>*  ;-  (2«)*  =  (!««»>* ; 
(3a»)*  =  (81o»6*)5  ;  (4xV)^=  (256xsv12)1 


=  raiwr  '  -  (If)" 4  -  mt>r%  (*-v  *>« ={ J)" 
=  {SO  }   =  tv) 

©■.-©'•(MD*--©' 

2  /3a&\*  f — .     „  , a/6\l      a 

^  =  !(¥)1  =  1  x  iVH  *  W"i4 1  1(A)*  =  Kitef^  =  M20-; 

3a/6\-l      3a/2\§      3a/4M      3a/46\J      3a 

TIT)      s7(j)   -T^PJ   =TU-J   =i6^ 
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/200\*  /9a\-i 

1  fi*^  *  „  A  f  J^!A  *        /  32        9?7i2  \  i      /18to«\  § 

~  5\ie)    =  ^3i25xT6~;  "\ii5y 

nat  v  ffllL^V  .  r> ^ ™  -pql  I 


+  «Jvr1'^^      w  v  v      am-pq-)-. 

*«>    XV^^J    BK««-HM)(««i+M)xsri^j- 

"*.  (135)*  =  (27x5)*  =  3^/5 ;  Vl62  =  VsTxT  =  9V2  ; 

V80  =  Vl6~x~5  =  2V5;    7^=7^02  =  7x3^12  =  21^12; 

i/704^U      /704m«\*      /»i\£      i  , 

8  J_J*!_1  *  _J"62  *  6a(a  tf)l  i    r_>  1  , 

b        

(az  -  -2)2 

3V2  and  3^/3,  or  18*-and  81*,  or  18^and  81*;  or  (5832^ 
and  (6561)* 

or(*f*)l|  (44)* -and  (5103)*;  or  (^P)*  (85184)*  and  (5103)* 
or  (3528&)*  (85184)*  and  (5103)* 


fi1 
Ex.  xht.]  ALGEBRA. 

W.  12V2  *  It*  -  ^  '  <*  *  35V2  =  «**  T  *£■ _«J» 

8V(3)  +  4^5  -  wis  +  *r  -4V3  *  *vi5  -  vvn  ♦  i^ 

11.  2V  +  W  +  3\/3  "  4^3  =  W  -  V3 ; 

3riV£  *  «V«  -  ?  V"  ■  (3*  +  2a° "  t)V*  __ 

13.  6V200  -  6VI001T3  -  60V2  ;    3*60  =  3*4  *  ^  "  ***"! 
(3  x  6?)  X  (4  X  60§)  =  (S^x  (216*  X  3600* 
3  12^64x12150  =  24^12150  __ 

u  16ix8i  =  Vi^w^3^^  =  **'  *  32  =  4V3V' 

mi  x  „*  .  28.'  =  28aV<.  |  2  x  3?  x  73*  -  2  x  (27  *  «>• 
,  2V1944i  'P4  x  JV5  =  14^3  X  j^/5  =  7^15 

-  «rf<«>**  (£>*  x  (£)*]  -  ******** 

(  ie  (2V3  +  WDOV51  -  V3)  -  (W3  4-  ft****  -  •*> 

=  3V30  4-  WIW  -  8V3  -  A**  -  3V3°  +  V«  -  24_"  W« 

it  3VJ  ■  i(i),-Wei4a)*=KW,"AVMi_ 

M  ♦  ,)»  -  2V?  =  WW  ;  3(5  *  ^  -  Wl  '  WW  "  **» 

^(£)4(P4(^4(^)^- 
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4V'3  _  5^/4     6VT  _  4V9      5^256      6'^/49 
2V3-2V3  +  2V3  =  2^3-2^-  +  2^ 

=  2#3  -  &(*##  +  3(^)iV=  2V3  _  |^503^+ ^Jwi^i 

fU~\t   J      "  «3^  =    ( a^~)° 


ao  .         =     &C. 


20.  Multiplying  by  V*  -  6  we  have  (<Jiy  -  62  =  7  -  36  =  -  29 
Multiplying  by  V3  +  V2  we  have  (V3)2  -  <y2)2  =  3-2=1 
Multiplying  by  4V3  +  6V2Twe  have  (4V3)2-  (6V2T)2=  48  -  90  =  -  42 
Multiplying  by  ry|  -  gV?  we  have  GV*1)2-  (?V2)2  =  fr-if*  2,^ 
Mul  tiplying  by  §  VI  +  IV*  we  have  Q  V£>2-  (5  VD3=  "A  -  £  *  -  J?  ° 

(V3  +  2V5)(V3  -  2V5)     (V3)^T(2V^  =     3^20"  =  ~Tl~ 

(2V5   -   3V6)(2V5   +   3V6)  ~     20  .  ffr ~ 

a  2^10  +  2/15  +  6V3  +  9V2 

(V3JlVTl)W8_iL8AA)        14V24  +   7V88  +   16^21  *  8^77 

(V8  -  8^7)(7V8  +  8V7) 392^448 ~ 

=  28^/6^14^22  4-  16^/21  +  8^/77 

(V3-V^)(V34-V^)-      3_-a:     J  W^£^^ 
=  (<y  w-j»ya)»  _  a2^  -  2flmywa  +  m2a      «  -  2a/^  +  ft 
a2m-m2a  d'm-l^  =  T^n 

jg±jVj)(.w*  +  §v?>_    wi  +  Mg + v^  +  2V1 

_  W2  +  -,Wl5-HV3  +  fVio 

-I*  "  "■ &G 


Ex.  xliv,  xlv.]  ALGEBRA 


(VxM^T~l  -  V*2  -  x  -  l)(V-r*  +  x  +~1  -  V*2  -  x --J1) 

3*  (V*2TF+~i  +  V**"-  *  -  i) (V*2  +  «  +"i  -  V**  -  *  - ~i) 

(Vx3  +  x  +  l    -    Vx*-x-l)2 
=  (V^4-X+l)a-(V^-x-l)a 

X2  +  j.  +  x  _  2(Vj^  +  x  +  l)(Vx3  -  x  -  1)  +  x2  -  a:  -  1 
=  (x3  +  x  +  1)  -  (x2  -  x  -  1)  ~ 

2x3  -  2a/x*  -  x3  -  2x  -  1  _  x3  -  a/x*  -  x3  -  2x  -  1 
2x  +  2  =  *  +  1 

V3-V2-V5 
U'   (V3  -  V2  +  V5)(V3  -  V2  -  V5) 

V3-V2-V5  _    V3  -  V2  ~  V5 

"  |(V3  -  V2)  +  V5}{(V3  -  a/2)  -  V5}  ~  (V3  -  \W  -  5 

V3  -  V2  -  V5     __  V3-V2-V5  _  (V3  -  a/2  -  V5)  x  V6 
=  3^176  +  2-5  -  2V6  -  2a/6  x  V6 

VT8-aA2-V30  _  2V3  +  V30  -  3V2 
=  -12  ~  12 

(1  -  3V2)(1  +  3V2  +  V3)       _  V3  -  3a/6  -  IT  =  V3  -  3V6  -  IT 
(IT3V2  -  V3X  1  +  3V2  +  V3)  "  "(1  +  3V2)3  -  3  ~        16  +  6\/2 

(V3  -  3V6  -  1T)(16  -  6V2)  _  26a/3  -  2TV6  +  51V2  -  136 
-  ~(r6  +  6V2,)(16-6V2)  92 

•      (2  +  3V3)(l  +  2V3  +  V2)        _  20  +  1</3  +  2a/2  +  3^6 
(1  +  2a/3  -  V2)(l  +  2V3  +  V2)  "  11  +  4V3 

(20  4-  T\/3_+  2V2  +  3V6)(11  -  4V3)       136  -  3a/3  -  14a/2  -f  25V6 
"~(11  +  4V3)(11-4V3)  T3 


Exercise  XLV. 


6.  Let  V42  +  3VH4|  =  \Jx  +  V 
Then  V42  -  3ylT4l  =  Vx  -  Vy 
Or  V1T64-1568  =  Vl96  =  14  =  x  -  y 
Also  42  +  3yiT4l=_g_+_2Vgy-  +  y  or  42  =  s  +  y 
.-.  2x  =  56  or  x  -  28  ;  2y  =  28  or  y  =  14 


.-.  V42  +  3V1T4J  =  V28  +  V^  =  2\H  +  <fU 
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KEY  TO 


lEx.  xlv. 


9.  Let  V<z  -  2Va  -  1  =  ^/x  -  *Jy  (i) 

then  Vg  +  2^0  i-  l  -a-  y^  +  Vy  (n)j 

or  V«a  -  4oT~4  =  x  -  y 
or  a-  2  =  x  -y 
Squaring  (i)  we  get  a  =  x  +  y  ,».  2a  -  2  =  2a;,  Ao. 

10.  Let  V2a  +  2Va*  -  P  =  J*  +  Vy 

V2a  -  W"a*~£gj^j/s-  Vy 
Via2  -  4a2  +  462  =  V4&2  =  2b-  x-y 
And  2a  =  a;  +  y 


11.  Let  V8  +  V39  =  v*  +  Vy 
Then  V8  -  V39  =  *Jx-<Jy 


2x  -26  +  2a;    or  *  -  a  +  6 
2y  =  2a  -  26  j    or  y  =  a  -  6 


Or  V64  -  39  =  V25  =  5  =  a;  -  y 
Also  8  =  .Z+  ?/ 
.*.  2a;  =  13  or  x  =  ^»,  and  2y  =  3  .-.  y  m  § 
.'.  V8T39  =  VV  +  VI  =  iV^S  +  iV3 

62  -  v#  +  Vy 


12.  Let 


la* 
V  4   +  W«s 


I"*  

VT  ~  W«2  -  &2  =  V*  -  Vy 


K      ,„  .     o      l«4    <?&    ^   &   &2 


Then  2a; 


T'or^  =  l 


2y* 


6* 


a3 
And  —  =  x  +  y 


■;  ory  = -^-  .\&a. 


Ex*  Si VI,  XL VII.] 


ALGEBRA. 
Exercise  XL VI 


1.  V32  -JU  =  V8(2  -  V3)  •••  VV32  -  y24  ■  VV8(2  -  V3) 

-  Vsyr-"^  -  V3(W6  -  iV2)  =  V^V3^"-  W±)  =  KV288"-  t/S2) 

=  yis-v2  i; 

2.  3V'5  +  V40  =  V5(3  +  2V2)  .'.  Vsy5  +  V^O  =  VV^(3  +  */*) 
=  V5V3 TV2  *  #5(^2  +  1)  =  V5(V4  +  1)  =  #20  +  ty5 

3.  3V0  +  2VH  =  V<K3  +  2^2)  ,\  V3  y6  +  2y  f2  =  W6(3  +  2V2) 
=  V6V3  +  2Vi  =  V6(V^  +  1)  =  V6(V4  +  1)  -  #24  +  #6 

4.  yis  -  4  =  yis  -  V*«  '*  v2(V9  -  V8)  =  V'2(3  -  V8) 
;.  VyTs  -  4  -  VV2(3-V8)  =  VWC3  -  V8)  =  V2(V2  -  i> 

=  V2(V4  -  1)  =  V8  -  V2 


Exercise  XL VII. 

1.  4V^27  -  2v'":ri2  =  12/^3-  4/^lJ  *  8/^ 
(a  +  V"-"5)  +  (a  +  V"-^)  =  2a  +  (V&  +  VOV"-"! 

2.  y^~B  +  V^J  +  y^nn  =  (V5  +  v?  +  yiov"3"* 


3.  V7  +  6V  -  2  =  v*  +  Vy ;  V7-6y-  2  ^  y^- y.y 

V49  +  72  =  11  =  *-f 

And  7  =  :c  +  y 
,\  x  -  9,  and  y  =  -  2 

4.  (4V"^3  +  7y— )(4v^3  -  7y— 2)  *  (4/^3)*  -  (T/^)» 
=  (10  x  -  3)  -  (49  x  -  2)  =  -  43  -  (  -  93)  =  -  43  +  98  =  50 

5.  (v^^2  -  3V~r"3)2  =  -  2  -  6VG(y^T)2+  (9  x  -  3)  =  -29+  oVG 

V2  -  V^B  y/2-yr^5       V2  -  y^B 

'  (y2+y^5)(y2-y"^5>     2  -  ( - 5)  ? 

7.  a1-3  x  -  y^l  =  -  a12V^1" ;  +  1 ;  y~  .  _  |    [See -Algebra 
Art.  193  (m)] 

8.  (a  -  y^a)2  =  a2  -  2ay"^"a  +  (  -  a)  =  a2  -  2ay^a  -  a 
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9.  (V2  -  Vr4)*=  (V2)3  -  3(V2)2(V"::r4)  +  Z<J2(<{=1?  -  (V"1^)* 
=  V8  -  6V4fH  +  3</2(  -  4)  -  (V4V^H[)3  =  2V2  -  12V^T-  12V2 
+  8V~rl=-4v,":rT-10V2 

10.  Let  V  -  2  -  2V"-r15  =  *Jx  ~yy-  then  V -  2  +  2y  "^~15 
=  V*  +  Vy  •'.  V*-4(-15)  =  V64  =  8=a;-y,  andx+y  =  -2 

•■•  2x  =  6  ;   a:  =  3 ;    2y  =  -  10  ;   and  y  a  -  5.     Hence  V*  -  V!/ 
=  ^3-/^5 

11.  We  are  to  find  the  square  root  of  0  ±  V"^I 

Let  Vo  +  y~  =  y*  i  Vy 

then  Vo  +  V^l  =  V^  T  Vy 

or  Vu-(-TI>«  VI  =  1  =  *  -  yf  and  a;  +■  y  a  0. 

.-.  »■«  j,  and  y  =  -| 

Hence  Vo  +  V  *Tj ;  that  is  of  ±V~  =  Va  ±V  H? 
*  1V2  +  il/F2  ;  or  }ya  -i/^2 

12.  Letv/31+42V^2  =  V^  +  Vy;  thenVsi-42V^2  =  <fx  -  v'y 
.  •  V9UI-  1764(  -2)  a  y9til  +  3528  =  yi489  =  61  =  x  -  y 

and  31  =  x  +  y  .-.  2x  =  98,  and  x  =  49  ;  2y  =  -  36,  or  y  =  -  18 
Hence  y*  +  Vy  =  ^49  +  yTTTs  =  7  r  3V^2 

13    1±VZJ  _  (4  +  V":r2)(2  +  y^2)     8  +  4V^2  +  2V^2-  2 

'  2  - y~2  ~ (2  - y^2>(2  +y~2> ""         4- (-2)" 

6  +  6y~^lT  

'-  6 =   1  +  V  -  2 

14.  ?~V~)  14-yl5-7V"::3-2y^-"6/2-.v/*r3 

14  -  2V^~g 

-  7V^3  -  V 15 

-  y~^3  -  V 15* 

15,  (a  +  bf=l)(a,-b<f=l)  =  a2  -  (V=~l)2  =>a3  -  (fc3  x~  1) 
*  a2  -  (  -  62)  =  a2  +  62 

♦Thus  -  Aj'~b  x  -  y T3  a  -  y5y"^l  x  -  V3V^T  =  yl5(V^l)3 
=  yi3x-i  =-yi3 
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Exercise  XL VIII. 

1.  12  +  x<=  4  +  4V*  +  x  ;  or  ijjtyfc  «  8  ;  or  V*  =  2-r  or  *  =  4 

2.  3x-6  =  2a;;  or  x  =  6 

3.  x  -  24  ^  x  -  4V*  +  4 ;  or  4V*  =  28  ;  or  *Jx  m  7 ;  or  x  =  49 

4.  x  -  2Vxy  -  +  ax  "  x  =  a  +  x,    or  -  2V<*  +  ax  - «  =  a; 
*  2  +  --Va;or^-=V.+  2;  ory-  a^.^-£_j 

5'VV^x^PI^^+^4;or 

or  *j\Qx+  123  +  4  +  5  =  3;  or  W*  +  123  +  4  +  5  =  9;  or 

VV^  +  123  +  4  =  4;   orV^+123+4-  16;   or  V^+123  s  12  5    or 
x+  123  =  144;  or  x  =  21 

6.  y«x"  -  V*  =  Va  5  orV^(V^"-i)  =  Va;  mV*bt~t; 

1  2x  +  Vx4  -  x*  =  x2+  2x  +  1 ;  ot  aJx*  -  x2  =  x3-}- 1 ;   or  x* -  z2 
***  +  2*»+lj  or3x2  =  -l;  orx2=:-$;  0r  x  =  ±  /-$  -  ±  W"1^ 

8.  x  +  34Vx  +  168  =  152  +  42Vx  +  x-,  or-8Vx=16;  &)fx*Z. 
or  x  =  4 

4  

9.  V*+V*  +  2  =  ■  . ;  orV*V*  +  2+*  +  2  =  4;  orV*V*  +  3 

y  x  +  2 

=  2-x;  orx(x  +  2)  =  4-4x  +  x3;   or  x2+  2x  =  4  -  4x  +x2-   or 
6x  =  4  ;  or  x  =  § 

10.  a  +  x  +  2yV  -  xl  +  a  -  x  -<tx  ;  or  2^  -  x2  =  ax  -  2a ;  01 

4a-  -  4x2  ■  a2x2  -  4a2x  +  4a2 ;    or  a2x2  +  4X2  -  4a2*  j    or  a2x  +  U 

4a2 
■  4a2;  or  x<a2  +  4)  =-  4a2;  or  x  -  -j — - 

a4 +  4 
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11.  a2  +  2ax  +  x2=  a2  +  z<Jb*  +  x*;    or  lax  +  x2  =  ^V^^Tx7; 

or  2a  +  x  =  V62+x2*,  or  4a2+ 4ax +X2- i2**2;  or  4ax  =  62 -  4a2 ; 

62  -  4a2 

or  X  =  — ; 

4a 

12.  V^2  +  ax  +  a;3  =  a  -  &  -  x ;   or  63  +  aa?  4-  x2  =  cP  -  2a&  -  2ax 
+  i2+  26a;  +  x2 ;  or  dux  -  2&x  fc  a2-  2a&;  or  xf3a-  26)  =  a2-  2a& ; 

a2-  2a6 

13.  x  +  2a\/x  +  3&V*   +  6a6  =   4a6  4-  &^/x  +  4aV*  +  *J 

a&  a262 

or  2&V*  -2aVx  *  -  2a&-j   or  V*  =  "J^  I  or  x  =  (g  __  ^ 

2a  

14.  a/x  +  V4a  +  x  =  ;  or  *Jx  +  x2  +  V4«  +  4ax  +  a:  +  x2 

*J1  +  x 

=  2a ;  or  <\/4a  +  4ax  +  x  +  x2  =  2a  -  V#  +  a:2 ;  or  4a  +  4ax  +  x  +  x2 

-  4a2  -  4a  ^x  +  a:2  +  x  +  x2 ;  or  4a  +  4ax  -  4a2  =  -  4a  *Jx  +  x2  ; 

or  1  +  x  --  a  =  —  tfx2  +  x ;  or  1  +  2x  -  2a  +  x2  -  lax  +  a2  =  x2  +  a- ; 

2a  -  a2  -  1 

or  a;  -  2ax  =  2a  -  a2  -  1  :  or  x  -  — z — = 

x  —  ja 

15.  x  -  32  ■  256-32  *Jx  +  a:  j  or  32  V*  -  288  ;  or  V*  -  9 ; 

or  x  =  81. 

6  /    be    \i        c        {    Abe    \\  b  c 

lG'aTx  +  *{aT-x-*)    +a~x*\jr^)    f^^^J^i 

«=   0  ;   or  a&  -  £x  +  acr  +  ex  =  0 ;   or  fix  -  ex  =  ah  +  ac ;    or 
a(b  +  c) 

X-   — T 

b  -c 

3*Jx 

17.  x  +  -/x  -  Vx^  -*  -  ~o~   a   given  equation  multiplied  by 

Vx  +  Va'  i  or  V*  +  1  ~  Vx  -  1  =  I  (dividing  by  «Jx)  ;  or  2\}x  4-  2 
=  2V^— 1  +  3  ;  or  2Vx  -1  =  2  V^  -  1 5  or  4*  -  A^x  +  1  =  4x  -  4  ; 
or  4  V*  -  5  5  or  16a:  ■  25  j  or  *  =  i6- 

18.  x  -f  a  =  c2  -  2c  Vx~+~6  +  x  +  b  ;  or  -  2c  *j~x~\~b  =a-b  -  c2  ; 
or  4c2  (x  +  6)  =  (a  -  b  -  c2)2;    or  4c2x  -  (a  -  c2  -  b)-  -  Ac2b  J 

(a-C2-6)2-4C2ft  /a_C2_&N2 


or  x  = 


4c2 


/a-c2-&y 


Ex.  xlvih,  xnx.] 


19.  15  +  —  +  —  =  -^  + 
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V  a2x2  +  ~x~± ;  0r  x  +  a  "  Va2  +  x2 


14        4        4       9  14       9 

-^  +  —  +  —  =  —  +  —  ;  or  —  +  —  =  —  :    or  a  +  4x  =   9a  :    or 
ar      ax     a*      <r      xl  '        a;       a       x  ' 

Ax  =  8a  ;  or  x  =  2a 


dx  +  a  +  *Jx  -  a     m        2  a/^  +  a     m  +  1 
20#   v         — v  =  -  or     v = ; 

'  <Jx  +  a-<Jx  -  a      l        2  a/x  -  a     m  "  l 
\/x  +  a     m  +  1  x  +  a     m2  +  2m  +  1 

^VxTi3*17!'  °r ^^a  =  m^^T+1 '' 

2x     2(m2+l)  x      m2+l  a  (m2  4-  1) 

0r2^  =  ~^T~   ''  0r^  =  "2^r'0rX"        2;* 


Exercise  XLIX, 

1 .  x2  =  9  ;  or  x  =  +  3 

2.  18-18x+18  +  18x  =  100-100x2;  or  100x*s64}  OM^SjVlfi 

i  3 

3.  U2  -  3x2  +  9 ;  or  x2  =  9  ;  or  x  =  4  3 

Iz3  -  8  -  1  ;  or  4a;2  =  9  ;  or  x2  =  f  ;  or  * sc  ±| 

5.  a-  -  6x  +  9  =  13  -  6x  ;  or  x2  =  4 ;  or  x  =  +  2 

6.  3  (*»+  lOx  +  25}  -  7x  =  23x:  or  3x2=  -  75;  orx2=-25;  or 

X  =  £  6  V~l 

216a;2  +  36  216r2  +  36 

7.  10x2  +  17  -  10x3  +  8  =  -lla2_8    5  or  25  -     llg2_8~  5    or 

2  75*»  -  200  =  2 16x2  4-  36  ;  or  59x2  =  236  ;  or  x2  =  4  ;  or  x  =  +  2 


8.  V9  +  2x2  =  9  ;  or  9  +  2x2  =  81 ;  or  2x2  =  72  ;  or  x2  =  36  ;  or 

9.  *J(x  -  3)(x  +  3)  =  3a ;  or  x2  -  9  =  9a2 ;    or  x2  =  9a2  +  9  ;   or 
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10.  y«a  -  x2        x  a  a2  -  x2     x2      2ft     a* 

ft2  x2      2ft     a2  x2     2ft 

or  it  «-  l=r¥^-r  +  -?;  or  r^  = 


=  t^1j    or  a;2  =  2ab  -  b'z ;   or 


JC  s  ±  y2ft6  -  62 


ft2  Ift4  ft2  2a2  /a4 

n-  x->  +  b2~2h-b*  +^-*2  =  62;  or-^-ft^V^-* 

4ft4      4ft262  4ft4  4ft262 

4ft2  4ft2  2ft  2ft 

or-i-=562;   orx2=  — orx  =  +xV^  =  i7lV5 


12.  3ax2  -  ex2  =  d  -  1  -  b  j    or  x2(3ft  -  c)  =  d  -  1  -  b  j    or  *3 
d  -  1  -  6  I  fd-l-V 

~3ft^7"5  ora::=±V(-^r7 


13.  v«2  -  *2  =  «Vi  -  x2  -  x*Ja2  -  l ; 

ft2  -  x2  =  ft4  -  ft4x2  -  2ft2xV(l-x2)(ft2-l)  +  <*2z2  -  *2  J 


or  2xV(l  -  a:2)(ft2  -  1)  =  ft2  -  ft2x2  -  1  +  x2 ;  or  2xV(l  -  x2)(d2  -  1) 
=  (ft2-  1)(1  -x2);  or  to  =  V(«F-  1)(I  - x*};  or  4x2  =  (ft2-  1)(1  -x2) 

»      '  «2-l 

=  aJ  -  ft*x2  +  a;2  -  1 ;    or  3x2  +  a2x2  =  ft2  -  1 ;    or  x2  =  .    -  ^ :    or 

o  t  ft 

'ft2  -  1\ i 
x  =  +[ 


-  V  3  +  ft- 


14.  xi/b2+x2  +  b2  +  x2=cb2;  x*Jb2  +  x2-cb2~b2-x2\  or  62x2+x* 
=  c2b*~  2c64-  2cb2x2+  fc4+  2&2x2  +  a;4;  or  2ci2x2-  62x2  =  c264-  2c64 
+  64 ;  or  2c*2  -  x2  =  c2b2  -  2cb2  +  b2  =  (c2  -  2c  +  1)62 ;  or  (2c  -  l)x3 

,  •     ,*«*  2     (c~1)262  ,(izi>_6 

r (c  ~ 1}  b  > or  x  =  ,2*1.1  J or  x  =  ±  ^jri 

V2x  /2x    

— V3  +  ix  +  §x=  |x-3;  or-2y—  V3  +  Jx 

2x  Rx   x  2x  xy 

=  -6-y;   or  V"^V3  +  {x  =3+  —  ]  or  —  (3  +  -Jx)  =  9  +  2x  +  - 

x2  x2  x2 

18 
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16.  a  +  x  +  Z(a  +  xf(a  -  x)*  +  3(a  +  x)^(a  -  x)*  +  a  -  a;  =  I3 ; 

or  2a  4-  3(a2  -  x2y(^/a  +  x  +  %Ja-x)  =  o3;  and  by  given  equation 
\Ja  +  x  4-  %Ja  -  x  =  b  ;   substituting-  this  in  the  last  equation  we 
aave  2a  +  3btya2  -  x2  =  63 ;  or  3o^/a2  -  x2  =  b3  -  2a ;  or  \ja2  -  xz 
b3  -  2a  fb3  -  2a\8  /63  -  2a\  3 

= -3T-5  ora2-x2=  (,-^r-J  J  or^=a2- (-3T-; 

/  7b3-  2a\3 


Exercise  L 

1.  2x2  4-  8a;  =  90 ;    or  x3  +  4x  =  45  ;    or  x2  +  4x  +  4  --  49 ;    or 
r  4-2  =  4  7;  x  =  5;  or -9. 

2.  x2  -  19  =  8*  -  10  j  or  x2  -  8x  =  9  ;  or  x2  -  8x  +  16  =  25  j  or 
or  x  -  4  =  4  5  ;  x  =  9  ;  or  -  1 

3.  x2  -  8x  =  20  ;  or  x2  -  8x  4-  16  =  36  ;  or  x  -  4  =  4  6  ;  x  =  10  ; 
■or  -  2 

4.  x2  4-  12a:  =  45  ;    or  x2  4-  12a:  4-  36  =  81 ;    or  x  4-  6  m  4  9 ; 
x  =  3;  or-  15 

5.  3x2  4  2x  =  85  j  or  x2  4-  §x  =  ^  ;  or  x2  +  $2  4-  \  =  *$*  4-  £  -  *$*  ; 
or  x  4-  J  -  +  l36  ;  x  =  5 ;  or  -  5§ 

6.  3x3  -  14x  =  -  15  ;    or  x2  -  \*x  =  -  5  ;    or  x2  -  \*x  +  ** 
=  -  5  4-  A9a  =  a.;  or  x  -  ^  =  4  §  ;  or  x  =  3  ;  or  1 J 

7.  5x2-236x  =  -47;  or  x2-»^x  =  -  #  ;  or  x2-  *§*«  +  HV4 

•;  or  x-  4~l~  ±i>3i;  or  x  -  s*  -  or  j  ;  that 
I 

8.  4 ./ ■-  -  8x  =  320  ;    or  x2  -  2x  =  80  ;    x2  -  2x  4-  1  =  81 ;    x  -  1 
■  4  9  :  x  =  10  or  -  8 

:  -  2x  =  -  a2 ;    or  x2  -  2x  4-  1  =  1  -  a2  ;  or  x  -  1  =  Vl  -a2; 
or  x  =  1  4  V1  -  <& 
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10.  5z2  +  4x=273;    a:3  +  4x  =  *u  .    *•+  $**.£.»  J|fft:#  ^ 

1 1.  7xa  -  20a:  =  32  ;  a;2  -  »i*  =  »J  ;  x*  -  -2,°x  4.  W  ■  MJL  xijio 

'  '     '  7  •"    <      4  i)  4  9      '      4  J 

B  Wi  *-*? "iy;  *  =  4or-if 

12.  ^-Txi-lii  ^-7x  +  \a  =  -v  +  44a=  |j   ,-jV.j  |; 
x  =  4  or  3 

13.  3x2-  11a:  =  -  6;    or  x*±  -'/*  =  -  2;    or  x2  -  ^x  +  1# 

=  "  2  +  W  =  If  I  a:  -  V  =  ±  g  ;  *  =  3  or  § 

14.  act3  +  ftcx  -  adx  =  bd  ;  or  x2  +  &<?  ""  ^  *  =  —  • 

ac  ac' 

ac  ^    2ac    y      ac  4a2c2       > 

or  X2  +  &c-^    fb_!Lz^£\  2=  4g&'ci  +  62c2 "  2"°^  +  "^ 
ac         ^  .  2ac    ^  4aV* 

62c2  4-   2a6aj  +   aW      /bc  +  ady  be  -  ad        be  +  ad 

4«V  —  %~2^^J'or^  +  -^a7-=±-2^-J 

pcn-aa*     6c  -  ad  2ad      d  26c  6 

"V*"**  2^"i   X  =  2ac  =T5°r^  =  -2a7  =  -T 

1  x  -  <]x 

15'  a;  -  V^    =        4         bjr   divi(JinS   the   given   equation    by 

it+  V*  J    or  4  =  x2  -  2xVx  +  x  ;    or  4  =  x(x   -   2V*   +    1)  ; 

4  (  2 

or  -  -  (Vr  -  l)2 ;    or  p  =  +  <yx  -  1)  (i)  ;  or  2  -  x  -  <]x ; 

or  *  *  V*  +  i  ■  \ '  *  i  *  t  J    or  V*  -  £  =  ±  | ;    or  *Jx  =  2  or  -  1 

.-.  x  -  4  or  1 

2 
Taking   the  minus  sign  in  (i)  we   have  ~j~  =  -  */x  +  1  ; 

or  2  =  -  x  +  V*  ;  or  x  -  V^  =  -  2  ;  or  x  -  <Jx  +  {  =  -  *  +  \  =  -  {  -, 

or  V*  -  J  =  +  V^1!';  or  v*  -  £  ±  i  V3"?  =  i(i  i  V~) ; 

or  *  -  i  (1  ±  2  V'^l  -  ?)  =  i  (-  6  ±  2  *f=l)  =  H-  3  +  V*T?) 
The  rejected  factor  x  +  </x  =  0  gives  us  a:  =  0  or  1 
16.  x2-x=210;   x2  -  a;  +  i  =  »$*  +  *  =  8|*j   *-|  -*  $  ^j 

x  =  15  or-  14. 


is.  l.1  ALGEBRA.  73 

17.  4a:2   +    36   =    3x2  +    48   -    113TJ     or    x2  +    llx.  =    12  ; 
oixt+  :ix  +  ^  =  is  -fii1=  4*5  *  +  ¥  =  ±Vi  *  =  lor-13 
x  -  2     x  +  2     x  -  3     X  +  4      x2  -  4x  +  4  +  x2  4-  4x  +  4 
i8,  x~+~2  +  x  -  2  =  x~T~3  +  x^~4  '  x3  -  4  ' 

a-  -  It-  +  12  4-  x2  4-  7x  4-  12  2x2  +  8       2x3  +24    # 

c  -12  ' 
2x  -  1 


x2-  x  -  12 

;  ' 

x"  -  4 

x2  - 

as*  +  4        x3  +  12 

2  x2 

2x2-x 

X 

orT 

x2  -^  x2-x  -  12' 

or    g    - 

x  +  24  ' 

x  +  24  ' 

or  x2  4-  24  x  =  8x  -  4  ;    or  x3  +  16x  =  -  4 ;    or  x2  +  16x  +  -64  =  60 ; 
or  x  4-  8  =  V60  =  i  2  VT5~;  or  x  =  4  2  Vl5  -  8 
The  rejected  factor  x  =  0  gives  us  the  other  value. 

19.  49x2  +  42x  4-  9  =  10(2x2  4-  4x  -  6  -  2x2  4-  3x  4-  9) 
=  10(7x  +  3)  ;  or  49x2  4-  42x  4-  9  =  70x  +  30  ;  or  7x2  -  4x  =  3  ; 
x3-i;  x=?x2-ix  4-^=^4--^  =  ^  5  *-f  =  i?  5  *=lor-2 

20.  ax3  -/x2  -bx  -ex  -  -b  -  c;  or/x3  -  ax2  4-  bx  +  ex  =  b  +  c 

fb  +  c\        b  +  c 
(f-a)x2+(b  +  c)x  =  b  +  C)  x2  +  (/Z-^  )*  =/T"^ 

b  +  c\         / b+c \2     b  +  c      /  b  +  c  \2 


"y 


/&  +  c       /  6  +  c  \2        6  +  c^ 


1  111  1  mx  -  ax  4-  am, 

"      a  •—  »  +  *  "  a  ~  m      x  '  a-  m  +  x~  amx 

amx  -  3amx  -  a-x  +  a2m  -  m2x  -  am3  4-  mx"  -  ax2;    ax2-  mx2 

4-  a2x  -  2a/?JX  +  m2x  =  a2m  -  am2  =   am(a  -  m) ;    (a  -  ?n)x2 

-r    (<r  -    2am  +  m2)x   =   a?n(a  -  m)  ;    x2  4-   (a  -   m)x   =   am.) 

(a  -  m)2                  (a  -  in)2       4am  +  (a  -  »)f 
- =  am  +  —  =  j 

+   wi2        (a  +  m)2  a  -   m  a   +   m 

x  +   — g —  =   +   — = — : 


x-  4-  (a  -  m')x  +  - — : =  am  + 


4  4 

a  +   m        a  -  m 


=  m  or  -  a 
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22.  afcr*-  2z(a  +  byfifi  =  (a-*)2;   x^^^  x  =  ^^ 

*Jab  «6 

^  _  2(<* +^)  +  («  +  &)2  _  (a  ~  b)2       (a  +  by    ..  2(«2  +  62) 
V«6  «&  «6        +        a/>  ~~~ab 

__  a  +  b  =     V2(a2  +  b2)  i      _  fl  +  6  iV2(oi8+  62) 
Va6.  y^6        '  ^ 


Exercise  Li. 

1.  3*2+2x  =  85;    36*2 +  24*  =  1020  ;   36x2  +  24*  +  4=  1024  • 
6*  +  2  =  ±  32  ;  6*  =  30  or  -  34  ;  *  =  5  or  -  5§ 

2.  4x2  -  4*  s  840  ;  4**-  4*  +  1  =  841  j  2*  -  1  =  +  29  ;  2*  =  30 
or  -  28  ;  *  =  15  qr  -  14 

3.  64*2  -  48*  =  1360  ;    64x2  -  48*  +  9  =  1369  j    8*  -  3  =  ±  37  ; 
x  =  5  or  -  4| 

4.  x3  -  26*  =  -  25 ;  4*2  -  104*  +  676  =  -  100  +  676  =  576  ; 
2x :  -  26  -  ±  24 ;  2*  =  50  or  2 ;  *  =  25  or  1 

5.  5x2+4x  =  273;  100x2+  80*  =  5460  ;  100*2+  80*  +  16  =  5476  ; 
lux  +  4  =  i  74 ;  10*  =  70  or  -  78  ;  *  =  7  or  -  1i- 

6.  4x2  +  8*  =  21 ;  *2  +  2*  =  ^  ;  4x2  +  8*  +  4  =  21  +  4  =  25, 
2x  +  2  =  +  5 ;  2*  =  3  or  -  7 ;  *  =  1|  or  -  SJ 

7.  llx2  +  7*-4=14x;  llx2-  7*  =  4 ;  484x?  -  308*  =  176; 
484x2  -  303*  +  49  =  176  +  49  =  225;  22x  -  7  =  ±  15;  x  =  1 
or  -  ■£[■ 

be 

8.  a2x2+  (ab  -  ac)x  =  be ;  ax2+  (b  -  c)x  =  — ;  4a2*2  +  4a(b  -  c)x 

+  (6-c)2-45c  +  (6-C)2=(6  +  c)2;    lax  +  6  -  £  =  4  (6  +  c)  ; 

c  6 

2a*  =  2c  or  -  2Z» ;  *  -  —.or 
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9.  12x3  +  120  =  16x  +  135  ;  12x2  -  16*  ■  15  ;  3a;2  n4tc  ^  ; 
36x2-  48x  =  45 ;  36x2-  48x  +  16  =  45  +  16  =  61 ;  6x  -  4  =  +  ^tfl  ; 
6x  =  4  4  V6l ,  x  =  i  (4  +  a/61) 

10.  7x2  -  4x3V3  +  (2  -  V3)x  ■  2  j  (7  -  4V3)xz+  (2  -  a/3)x  =  2  ; 

x2  +  r^V3 =  rn^i [since  7^ 4V3  =  (2  -  ^ 

4  18  19 

4x2 


I  -  -J3    T  7  -  4V3  ~  7  -  4V3  T  7  -  4V3  "  7  -  4V3 
13  4  2 

2,r  +  2^V^  =  ±  2  -W3  '  2*  =  ""  2~^V3  °r  2  -V3 
1  2 


-  2  -  V3  2  -  V3     . 

11.  x2  -f  6ax  =  62;    x2  +  6ax  +  9a2  =  62  +  9a2  j    x  +  3a 


=  ±  <j9a2  +  &2  ;  x  =  4  V9a2  +  62  -  3a 

45  -  9x  63  +  36x     19(45  -  9i) 

12.  —^-3*  =  *  — 3^— ;         3+x     -=40x-63; 

855  -  I7lx  s  40x2  4  57x  -  189  ;   10x2  4-  57x  =  261 ; 
400x2  +  2280x  +  (57)2  =  10440  *  3249  =  13689  ; 
20x  +  57  =  ±  117;  20x  =  60  or  -  174 ;  x  =  3  or  -  8-/0- 

13.  x2  -  5x  =  -  mz ;    4x2  -  20x  +  25  =  -  4m2  +  25 ;    2x  -  5 


-  4  V25  -  Am1  ;  2x  =  5  ±  a/25  -  4/»2  ;  x  =  J  (5  ±  V25  -  4«») 
14.  ?nx2  -  nx%  -  2mx«Jn  =  -  mn  ;  (m  -  n)x2  -  (2mrfn)x  =  -  mn 
2m*Jn  mn  a      8m*Jn  Amn 

m-  n  in  -  n 


x-  - 

■ X 

n  -  n 

m  - 

n' 

4x2 

Sm^/n 

in  -  li 

-!- 

4  in 

*n 

(7/1- 

") 

4m2n  Amn  Amn2 

(m  -  n)2       m-n       (m  -  n)2 

iV«         2«V//l  2/i\f//»  +  2m<*Jn        2m*Jn  -  2n*Jm 

—  =  +  •  2x  = or 

—  n        in  —  ii  m  -  n  in  —  n 

n(*Jn  4  a/w)       *Jmn(*Jm  -  Vn)  *J'nn  A//7171 

• —  —    /|T* •     £    —    — — _ Qr»  ,_ 

"*  -  »  m-n         '         a/"1  -  Vn       V,/l  +  V7' 
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\a-lj  \}+x  +  x-J    [a-lj\     1+x  +  x*     J 

\a  -1J\        I  +  x  +  *a       y 

"  \a  7  v  V  1  +  x  +  x2  ~~ ) 

1+*  +  x.=^_j| _____ |^___J(1-.x+,2) 

1  +  x  +  x2       a  +  1     2  +  2x2       2a     1   +  x2 

1  -  *  +  x2  =  a~^T  »  2*  =  T  '  ~x  =  a  »  *  +  *2  =  aX  ; 
x2  -  ax  =  -  1 ;  4x2  -  4crx  +  a2  =  a2  -  4  ,  2x  -  a  =  ±  ^/a2~^A ; 
op*  _(a±Va2-4) 

16.  x*  +  3a;3  +  6  ■  a;4  +  3a;3  +  13a;2  +  7x  -  60  ;  13x2  +  7x  -  66  ; 
676x2  +  364a;  =  3432  ;  676a;2  +  364a:  +  49  =  3481 ',  26x  +  7  =  ±  59  j 
26x  =  52  or  -  66 ;  x  =  2  or  -  2-fr 


Exercise  LII. 

1.  a;  +  2  =  0,  and  x  +  1  =  0  .-.  (x  +  2)(x  +  7)  =  x2  +  9x  +  14-0 

2.  (x-  4)(x  +  2)  (a;-  l)x  =  0;  or  x4  -  3a;3  -  6x2  +  8x  =  0 

3.  (a;  -  2)(x  +  2)(x  -  3) (a;  +  3)x  =  0  ;  or  (a;2  -  4)(x2  -  9)x  s  0  ; 
or  x5  -  13x3  +  36x  =  0 

4.  (x-5)(x  +  5)(x-2)(x  +  2)(x-3-V2)0-3  +  V2)  =  0  ; 
or(x2-25)(x2-4)((x-3>>2-(V2)2}=(x2-25)(x2-4)(x2--6x+7)^0; 
or  x6  -  6x5  -  22x*  +  l7lx3  -  103x2  -  600x  +  700  =  0 

5.  (x  -  l)(x  -  2)(x  -  3)(x  -  4)(x  -  5  -  V6)(x  -  5  +  V6)  =  0  ; 
or  (x2  -  3x  +  2)(x2  -  7x  +  I2)(x2  -  lOx  +  19)  =  0  ; 

x6  -20xr'  +  154x*-590x3  +  1189x2-  1190x  +  456  =  0 

6.  (x  -  5)(x  -  4)(x  -  l)x  (x  -  2  -  <J^3)(x  -  2  +  "J~~3)  =  0  j 
or  (x2  -  9x  +  20)(x2  -  x)(x2  -  4x  +  7)  =  0  ; 

x6  -  14x5  +  76x*  -  206x3  +  283x2  -  140x  =  0 
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7.  (as  -  5)(x  +  2)  =  0  ;  or  x2  -  Zx  -  10  =  0,  and  (x4  -  6a;3  4-  5x2 
4-  12x  -  CO)  v  (x2-  3x  -  10)  gives  us  x2  -  Zx  4-  6  =  0  ;  then 
x2  -  Zx  =  -  6 ;  x2  -  Zx  4  |  =  |  -  */  =  ~  V  J  *  ~  2  =  ±  2  V^5  ; 
x-  K3  ±  V-  15) 

8.  (x  -  1  -  V"^6)(*  ~  1  +  V"-6)  =  °  I  or  x2  -  2x  4-  7  =  0 ;  and 
therefore  (x4  -  4x3  4-  8x2  -  8x  -  21)  4-  (x2  -  2x  4-  7)  gives  us 
x2  -  2x  -  3  =  0.  Then  x2  -  2x  =  3  ;  x2  -  2x  +  1  =  4  ;  x  -  1  =  ±  2  ; 
x  =  3  or  -  1 

9.  (x3  +  6x2  -  3920)  v  (x  -  14)  give3  us  x2  4-  20x  4-  280  -  0  ; 
x2  4-  20x  =  -  280  ;  x2  +  20x  4-  100  =  -  180  ;  x  4-  10  =  4  6  V~^5  5 
x  =  -  10  4  6V  ~5 

10.  x  =  0  i3  evidently  another  root,  then  (x4-  6x34  13x2-  lOx) 
4  (x2  -  2x),  gives  us  x2  -  4x  4-  5  =  0  ;  x2  -  4x  =  -  5  ;  x2  -  4x  4  4 
=  -  1 ;  x-2  =  i  V"1  I  x  =  2  ±  V^ 

11.  (x-3)(x  +  4)x  =  0;  therefore(x5-2x4-25x34-2Gx24-120x) 
f  (x34-  x2  -  12x)  gives  us  x2  -  3x  -  10  =  0  ;  x2  -  3x  =  10  ; 
4x2  -  12x  4-  9  =  49  ;    2x  -  3  =  4  7  ;  2x  =  10  or  -  4  ;  x  =  5  or  -  2 

12.  x  =  0  is  obviously  another  root.  Then  (x  -  V  -  2)(x  4  V  -  2) 
t  x2  +  2  =  0 

.-.  (x4-  x3-  2x  -  4)  4  (x24-  2)  =  x2-  x  -  2  =  0  ;  that  is  x2-  x  =  2, 
whence  x  =  2  or  -  1 

13.  Alg.  Art.  206,  when  the  roots  are  equal  42  =  4  x  2  x  c; 

cr  1 6  =  8c ;  or  c  =  2 

6  c        3+7         b 

M.  Alg.Art.208(CorO,/B  +  7  =  ^-and£7  =  - /.—  =  -- 

c  I         \       \  b       ., ,  c     1       a      • 

■?  —  =  ___.-.  —  +  —  s  -  — ;  Also  since  &y  =  — .  -rr  =  — 
a  c         )8        7  c   '  '       a    £7       c 

b  a 

Hence  —  =  the  sum  of  the  roots  and  —  =  their  product  and  the 
c  c 

b  a 

equation  is  x2  4-  -  x  4-  —  =  0  that  is  ex2  4-  ox  4-  a  -  0 
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15.  Alg.  Art.  208   0  +  y  ■  -  p  and  ,87  =  ? 

-  2^  =  P2  ~  2<7  (i) 

(0  -  yy  n  fl*  -  2^7  +  7*  i  (iS2  +  ?2  _  2/37)  =  p2  _  2q_  2qfTQm 
(I).-.  =^2  -4q  (ii) 

02  -  72  =  (£  +  7)  (0  -  7)  '  -  J>  (±  V72"^),  since  from  (ii) 
#-7  =  ±V/>2-4</): 


J_      J_  _  0_+  y 
/8   +  7  ~     07~ 


03  -  73  •  (03  +j7_+_72)  (0  -  7)  =  (*«  +  72  +  ft)  <£  -  y) 
(p*  -  2?  +  5)  V  l>2  -  4j)  =  (pa  -  2)  <Jp~^Tq) 


Exercise  Lin, 

1.  *-6V*+9=25;  V*  -  3  =  ±  5  j  V*=  8  or- 2  .-.  x=  64  or  4 

2 .  V*  -  4 yx  +  4  =  1 ;  V*  -  2  =  ±  1 ;  */x  =  3  or  1 , .  • .  x  =  8 1  or  1 
x4  -  14x2  +  49  =  9  ;  x2  -  7  =  ±  3  ;  x2  =  10 


3.  x4  -  14x2  =  -  40  ; 
or  4,  .•.  a;  =  ±  2  or  +  yio 

4.  x3+ 14^=1107;  x3  +  14Vx* +  49  =  1156;  x*  +  7^±34; 
x2  =  27  or  -  41 ;  x2  =  3  or  #"^41;  .-.  a:  =  9  or  ^1681 

5.  x-2VxT6  =  2;  (x  4-  6)  -  2  VxTe  =  8  ;  (x  +  6)-2VxT6  +  l  =  9  ; 
V*  +  6  -  1  =  ±  3  ;  <Jx  +  6  =  4  or  -  2  ;  a:  +  6  =  16  or  4,  .-.  x  =  10 
or  -  2 

6.  x4  -  ^x2  =  248  ;  **«■§**+  -^  =  248  +  -fr  s  *f  §*  j  a:2  -  4.  =  ±  £3  . 
x2  =  16  or  -  *ft  »%  x  =  +  4  or  +  j^TT® 

7.  x6-8x3=513;  x6~8x3+16  =  529;  a-3  -  4  =  ±  23  j  x3  =  27 
or  -  19,  .-.  a:  =  3  or  y^Tl9 

8-  (*  +  5)  -  V*  +  5  -  6  ;  (a:  +  5)  -  <Jx  +  5  +  \  =  6  +  \  =  ^  j 
Vx+5  -|;<±f ;  V^+~5  =  3  or  -  2  ;  x  +  5  =  9  or  4,  .-.  x  =  4  or-  1 
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9.  <Jx(x-  +  x  -  6)  =  0,  .\  <Jx  =  0  and  .-.  a;  =  0 

Also  x3  +  a:  -  6  =  0,  .-.  x2  +  x  =  6  ;  x2  +  a:  +  J  »  54*-  j  a?  4-  J  =  ±  ii 
.-.  x  =  2  or  -  3 

10.  Clearing  of  fractions  2x  +  2yx  =  16  -  x  ;  3x  -  2^  =  16  ; 
36x  -  24V*  +  4  =  192  +  4  =  196  ;  6<Jx  -  2  =  ±  14 ;  6Vx  -  -  12 
or  16,  .*.  Vx  =  -  2  or  f,  .-.  x  =  4  or  7| 

11.  Vx  +  21  +  */x  +  21  =  12  ;  yx  +  21  +  \Jx  +  21  +  J  =  *»  ; 
^*  +  21  +  J  =  ±  |j  tyx  +  21  =3  or-  4;  a-  +  21  =  81  or  256 ; 
r  =  60  or  235 

12.  <Jx(x-2-jx)  =  0,  .\y*  =  0,  .\x  =  0.  Also  x-  2  -  </x  =  0, 
...  X-V«  =  2;    x.-V**'i*ti   V*~|  -±li    V*  =  2  or  -  1, 

.'.  x  =  4  or  1 

x5  +  x4  +  2       x3  ■$  x2  -  2 
13>     x5-x4     =     X3_^    ■     Then  (by  Art.  106  -  vn) 

2x3  +  2       2x3  -  2     x5  +  1       x3  -  1 

2xM^2  =  &=%}  x*Tl  =  x^Tv  X"  "  x*  +  x*  "  1  =  x"  "  *4 
+  x3  -  1,  or  x2  -  x5  =  x3  -  x4  ;  x5  -  x4  +  x3  -  x2  =  0  ; 
x*(x  -  1)  +x2(x-  ])  =  0  ;  (x  -  l)(x4  +  x2)  =  0,  .-.  x-  1  =  0  or  x  =  L 
Also  x4  +  x2  *  0,  .-.  x*  +  x*+  \  s \  j  x*  +  i  =  ±  |'j  x2  =  0  or  -  1, 
k\  x  =  0  or  ±  \/  -  1 

9(6  -  Vx)  _        7x2  -  3x  +  4  23(x~2Vx) 

14-  ~x  +  2Vx    ~  (6  +  V^)(^  +  2Vx)  +  ~6~+Vx~"»  ^ultipljing 
by  the  denominator  of  the  2nd  term  we  get 
9(36  -  x)  =  7x2  -  3x  +  4  +  23(x2  -  4x) 

or  324  -  9x  =  7x2  -  3x  +  4  +  23x3  -  92x ;  30x3  -  86x  =  320  j 
or  x»  -  \*x  =  V  .  x2  _  tff  +  (<g)3  a  w  +  Woa  =  iiais  . 
^-ju-i1^;  x  =  5or-2-fr 

15.  x3  -   3x2  +   3x   -   9    =    0;    x2(x   -  3)  +  3(x  -  3)    =   0  j 

)(x2+  3)  =  0,  .-.  x  -  3  a  0  or  x  =  3;    also  x2  +  3  =  0, 
.-.  x2  =  -  3  ;  or  x  =  i  <J~^~3 
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16.  (x  -  3) (x  -  4)  =  2  -  2V2V(*  -  l)(x  -  2)  +  (x  -  l)(x  -  2)  ; 
or  xz  -  1x  +  12  =  2  -  2V2Vx*  -  3x  +  2  +  x2  -  3x  f  2  ; 

or  -  4x  +  8  =  -  2V2Vxa  -  #3x  +  2  ;  2x  -  4  =  VW-**- 3*  +  2  ; 

4x2-  lGx  +  16  =  2(x2-  3x  +  2)  =  2x2-  Gx  +  4  ;  or  2x2-  lOx  =  -  !  2, 
.-.^-SxfSirM.M^i,     nence  x  -  £  =  +  J,  .-.  x  =  3  or  2 

17.  x3  -  1  -  3x  +  2  +  1  =  0;  or  x3  -  1  -  3x  +  3  =  0; 
or  x3  -  1  -  3(x  -  1)  ^  0  ;  or  (x  -  l)(x2  +  x  +  1)  -  3(x  -  1)  =  0  ; 
or  (x  -  l)(x2+  x  -  2)  =  0,  .-.  x  -  1  =  0  or  x  =  1.  Also  a?3+  x  -  2  =  0, 
.-.  x2  +  x  =  2  ;  or  x2  +  x  +  $  =  a  ;  or  *  +  i  ■  i  |,  .-.  x  =  1  or  -  2 

18.  Since  h/aP+ax  +  b  +  V**  -  ax  +  6)  (Vx^aT+6  -  ^x--::x  \- 1) 

-    2ax,  dividing  these  equals  by  the  given  equation  we  Lave 

__ __        2  ax 

Vx^+  ax  +  6  -  V*  -  ax  -f  6  =  — -,  and  adding  the  given  equation 

,  .  __        2  ax 

to   this  we   get  2yx2  +  ax  +  b  =  — -  +  c;    or,  by  squaring, 

,       4a2x2  4a2x2 

4x2  +  4ax  +  46  =  -—=-  +  4ax  +  c2,  .-.  4x2  -  — ^-  =  c*  _  46 ; 


c     /  c2  —  46 
or  x2(4c2  -  4a2)  =  c2(c2  -  46),  .-.  x  =  ±  ~ y  ^--—^ 

19.  Reducing  the  terms  of  the  first  member  to  a  common  deoo- 

,     ,,.  .  ^x^x^/a-x  +  x^/x  +  X'j'a^x       6 

minator  and  adding  we  get : . . 

x-(a-x)  ~Vx! 

2x^fx  b  Gj 

0r  2x~~a  =   V^"5    0t   2X2  "    26X   "   a6'    °r  *  -  hx    =    ~   T  5 

62     62     a6      62-2a6  6 

x2  -  6x  +  —  =  j  -  —  =--  — - —  ;  whence  x  -  y  =  ±  J  V^  -  2«i>, 

or  x  =  i  (6  +  V62  -  2a6) 

20.  Clearing  of  fractions  we  get 

(«/x  +  60  +  V*2+  9)2=  2Vx3  +  60x2  +  9x  +  540  +  89  ;  that  is 
x  +  60  +  2Vx3  +  60x2+9x  +  540  +  x2+  9  =  2Vx3+  60z*T9x  "+540  +89; 
or  x2+  x  =  20 ;  x2  +  x  +  J  =  20  +  \  =  y ;  ar '+  J  s±f ...  x  =  4  qr-5 
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21.  x13-l  =  0;  or(a;6,+  l)(x5-l)  =  0;  or  (x*  +  l)(x3  +  l)(x3-  1) 
=  0  ;  or  (x2  +  l)(x*-  x2  +  l)(x  +  l)(x2-  x  +  l)(x -  l)(x2  +  x  +  1)  =  0 
,\  we  have,  separately,  x2  +  1  =  0  ;  or  x2  =  -  1,  .•.#  =  +  ^  -  1 ; 
Also  x*  -  a;2  +  1  =  0  ;  x4  -  x2  +  |  =  -  §,  .-.  x2  -  £  =  +  £V"~3, 
.-.  x  =  +  VJC1  ±  V~-~3)  ;  Also  x  +  1  =  0,  .-.  x  =  -  1  ;  Also 
x2  -  a:  +  1  =  0  ;  or  x2  -  x  =  -  1,  .-.  x  =  |(1  ±  V^3)  ;  Also  x  -  1 
=  0,.\x=l;  Alsox2+x  +  l  =  0;  orx2  +  x  =  -  1,  .\x  =  *(-  1  ±  V^3) 

22.  x3  -  6x2  +  llx  -  6  =  0;  multiplying  by  x  we  get 
x4  -  6x3  +  llx2  -  6x  =  0 ;  or  x4  -  6x3  +  9x2  +  2x2  -  6x  =  0 ; 
or  (x2  -  3a:)2  +  2(x2  -  3x)  =  0,  .-.  (x2  -  3a:)2  +  2(x2  -  3x)  +  1  =  1  ; 
or  x2-  3a;  +  1  =  ±  1,  .•.  x2  -  3x  =  0  or  -  2;  x(x  -  3)*  =  0, 
.*.  x  -  3  =  0,  or  x  =  3.     Also  x2  -  3x  =  -  2  ;  whence  x  =  2  or  1 

23.  x3  -  4x2  +  x  =  0  ;  or  x(x2  -  4x  +  1)  =  0,  .-.  x  =  0.  Also 
x2  -  4x  +  1  =  0  ;  whence  x  =  2  ±  V3 

24.  x3  -  8x2  +  llx  +  20  =  0;  multiplying  by  x  we  get 
a.-4  -  8x3  +  llx2  +  20x  =  0  ;  or  x4  -  8x3  +  16x2  -  5x2  +  20x  =  0  ; 
or  (x2  -  4x)2  -  5(x2  -  4x)  =  0  ;  (x2  -  4x)2  -  5(x2  -  4x)  +  */  =  ff, 
.-.  x2  -  4x  -  §  =  +  J)  ;  or  x3  -  4x  =  5  or  0  ;  x(x  -  4)*  =  0,  ,\  x  =  4. 
Also  x2  -  4x  =  5,  .-.  x  =  5  or  -  1 


x  +  a-b  +  b       fix  +  a  +  c  +  b  -  b\2  x  +  b  +  a 

-  J    ;    or 


x  +  6  ^       2x  +  6  +  c       J    *    m  x  +  b 

a-b      \2 


1  + 


2x  +  b  +  c 


f1x  +  b  +  c  +  a-b\2  a-b       f 

=  {        1x  +  b  +  c       )    'orl+,H=( 

a-b  2(g  -  b)  (a  -  b)2 

orl+  x  +  b~  1  +  2x  +  6  +  c  +  (2x  +  6  +  c)2'  ( 
a-b  2x  +  b  +  c  -  2x  -  2b 

B  Clx  -!   b  +  e)8'   or  "(i  +  6)(2x  +  6  +  c)    =  (2x  +  6  +  c)2j 

c  -  6  a  -  6 

or  x  V  b  =  2*+T+c ;  or  2cx  "  26z  -  &2  +  c2  =  ax  -  6x  +  ai  -  62} 

c2  -  aft 
fc-2c)x  =  c2-«6;  orx  =  a  +  6_a<? 
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26.  3a;3-  14x2  +  21x  -  10  =  0 ;  multiplying  by  3x  we  have 
9a;4-  42x3  +  63x2-  30a:  =  0  ;  or  Ox4-  42x3  +  49a;2  +  14x2-  30a;  c  0  ; 
or  adding  a;2  -  5a;  to  each  side  (9a;4-  42x3  +  49x2)  +  (15a;2-  33a) 
=  x2-  5x;  or  (3a;2  -  7x)2  +  5(3x2  -  1x)  +  *£  =  x2  -  5x  +  *£, 
.'.  3x2  -  Is  +  |  s  £  (*  -  |) 

Or  3a;2  -  7a;  +  £  =  $  -  a; 


Then  3a:2  -  7x  +  $  =  x  -  a 
that  is  3a;2  -  8x  =  -  5 
whence  x  =  1§  or  1 


that  is  3a;2  -  6x  =  0 
whence  x  =  2  or  0* 


27.  Assume  $te  +  %/a  -  tyn,  then  cubing  each  side  we  have 

2     J  1       "2  

x  +  Sx^a3  +  3a;3 a3  +  a  =  »;  or  a;  +  a  +  3tyax(fyx  +  (fa)  =  ft; 
or  a;  +  a  +  3fyanx  =  n  since  %Jx  +  ^/a  =  tyn.  But  comparing  this 
with  the  given  equation  we  see  that  n  =  b}  .-.  fyn  =  */& 
.-.  y*  +  V«  =  ^  ;  or  tyx  =$b  -  tya,  .-.  *  =  (#6  -  ^«)3 

28.  (4a;2  -  9x)  -  (4a;2  -  9x  +  11)*  =  -  5,  or  adding  11  to  each 
side  we  have  (4a;2  -  9a;  +  11)  -  (Ax2  -  9x  +  11)*  =  6  ;  or  com- 
pleting the  square  (4a;2  -  9a;  +  11)  -  (4x2  -  9a;  +  11)*  +  |  =  *£  ; 
.-.  (4a:2  -9x4-  11)'  -  \  =  ±  \  ;  or  (4a;2  -  9x  +  11)*  =  3  or  -  2, 
.-.  4x2  -  9x  +  11  =  9  or  4,  Then  4a:2-  9a:  =  -  2,  whence  x  =  2  or '  J  ; 

Also  4a;2  -  9a;  =  -  7,  whence  a;  =  —  (9  +  V  -  31) 

29.  Completing  the  square  we  have 

(x  +  6)2  +  2x*(x  +  6)  +  x  =  138  +  x  +  a:*,  and  taking  the  square 
root,  x+  6  +  V*  =  iV038  +  x2  +  x);  or  (x  +  <Jx)  +  6  a  ± Vx  +  x*  +  138  ; 
squaring,  we  have  (x  +  Vx)2  +  12(x  +  *Jx)  +  36  =  (x  +  **)  +  138  ; 
or  (x  +  Vx)2  +  ll(c*V*)-«  102  5  or  (x  +  Vx)2+ ll(;c  +y*)+igl 
3  102  +  iM  =  A|9;  ...  *  +  V*  +  V  =  +  Vi  •••  x  +  V*  =  6,  whence 
a:  =  4  or  9,  or  x  +  <Jx  =  -  17,  whence  *Jx  =  |(  -  1  ±  ^  _  67),  arid 
.-.  x  x  £(-33  J  V-67) 


*We  throw  away  the  root  x  =  0  because  it  arises  from  the  x  by  which 
we  multiplied  each  side  of  the  equation  in  the  solution,  and  is  conse- 
quently net  a  root  of  the  given  equation. 
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30.  x*  -  4x3  +  6x2  -  4.x  +  1  -  6,  or  extracting  the  square  root 
x-2  -  2x  +  1  =  ±  ^6  ;  and  again  taking  the  sq.  root  a:  -  1  =  +  VTV^j 
whence  x  =  1  4-  V  ±  V*> 

31.  Squaring  we  have  4b3  -  4**-  a2  -  2a2x4  +  ale8,  and  divid- 

4        4x2       1  4        4a:2 

ing  bjaM  we  get,  --  _ --s  _  + 2 +**;  or  -5-5  -  -3-  -  4 


0     *                   °    '  a-x-       tr       x* 

■  -  >  -  fl-x2       a* 

1       0                   /                 1\       Z4*2 
^-4--2+^;or^-2  +  -j,^, 

-a4)=-4; 

°r(^-^)"  +  ^(--^)=-4' 

/      iy    4/      i\     4     4 

or     a;2  -  —      +  —  [  x-  -  — 7     +  — -  =  — -  - 

4  -  4a*      4 
■4=       a*      =a«<] 

12             9                                 1 

2 

•••*'-Ji+F"±^Vi-«*.-.^-^^ 

-^(i  +  Vi-«4) 

2 

Let  -p(l  +  V1  -  «4)  be  represented  by  262,  then  we  have 

„      1 

ar  -  -j  =  262;    or  x*  -  262x2  =  1 ;    or  a;4  -  262x2  +  64  =  1  +  6*  • 


or  Xs-  62=  4  V1  +  b*,  •••  a;2=  62+  Vl  +  6*     (A) 


But   26*  -    -  -;(1  +  Vl  -  «4),   .'.  *  =  -^(1  +  Vr^l*) 


'4  =  {  "  ^  +  ^  ~  fl4>)    =  ^(1  +  2V1  ~  «4  +  1  -  «4) 

1  1  

=  -t(2  +  2V1  -  «4  -  «4)  .-.  fi*  +  1  =  1  +  ^(2  +  2V1  -a*-  a*) 

■?  1  +  -j(2  +  2V1  -  a*)  -  ^  =  -4(2  +  8Vr^?)  •'.  1  +  6* 


=  nC1  "F  V1  -  «4)     Substituting  these  values  for  b2  and  1  +  6* 


in  equation  A,  and   then  extracting  the  square  root  we  have 


/         1 


*  TV    -  JlO  T  Vl  -  O  ±  V^C1  *  VI  -  «*)  or  using  only 

:?n=5 

£  ±  -  { V  - 1  i-  vi  -  «4  +  ^TTvfr^) } 
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or  x  =  ±  —  {    -  1  +  Vl  -  a*  +  V2  -  2V1  -  a4 1  * 

=  ±  —  {   -  1  +  Vl  "  a*  +  V(l  +  a2)  -  2Vl~:ra*  +  (1  -  fl2) } 


a 


•••   *  =   +  —  {    -   1  +  Vl  -  a*  +  V(V"l  +  a2  -  Vl  -  «2)  J 

=  ±  —  { -  1  +  Vl  -  a*  +  V1  +  <?  -  Vl  -  azi* 

lf   ,1 

=  ±   — JVl  -  a*  -  Vl   ~  ?  +  Vl  +   ft2   -    ll3 

-  ±  -{(Vl   +  a2  -   1KVV7?  +    1)1" 

32.  {(x   -   if  -  *}'  -   {(a;   -   2)a   -    x}   =    90 

...    f(*   _   2)2  -  x}2  -   {(x   -   2)2  -   x}   +    I    =    *f* ; 

or  {(x  -  2)2  -  x]  -  £  =  ±  *£,  .-.  (x  -  2)2  -  x  =  10  or  -  9 
that  is  x2  -  4x  +  4  -  x  =  10,  whence  x  =  G  or  -  1  ; 
or  x2  -  4x  +  4  -  x  =  -  9,  whence  x  =  ^(5  ±  3V  -  3) 

b       a 

33.  Dividing  through  by  x2  we  have  ax2  +  bx  +  c-\-  —  +  -5  »  0  J 

('asH^I  +  (6*  +  lT  J  +c  =  0;  oraf  x2+-j  )  +6(  x+  —  Uc .=0 


or 

V 


1  x 

Let  x  +  —  =  y ;   then  x2  +  —  =  y  -  2,  and  substituting  these 

values  for  x  we  have  a(y2  -  2)  +  by  =  -  c  ;    or  ay2  +  oy  =  2a  -  c, 


-  b  ±  V8a2  +  62  -  4ac               1       -  b  ±  V8a2  +  b2  -  Aac 
whence  y  =  ^ .'.  x  +  ~  =  ^ 


that    is    2ax2  +    (0    +    V8a*  +    oz  -   4ac)x   =  -   2a,   whence 


±  V§a2  +  o2  -  Aac  -  b  +  V  -  8a2  +  262  -  4ac  +  2oV8a2  +  b*  -  Aac 
x  a  = _  , 

Note. — An  equation  such  as  the  above,  in  which  the  coefficients  follow- 
ing the  middle  term  are  the  same  as  those  preceding  it  but  reversed  in 
order,  i3  called  a  recurring  equation.  The  above  solution  affords  a  general 
method  for  solving  such  recurring  biquadratic  equations. 


1 
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/  /         u4\      x2  /  /        a4\ 

34.    y   I  x2 i)  ~  —  =  -  V  i  "2  ~  ~^  I >  squaring  both  sides 


we    have    x2  - 

a4 

X' 

X4 

a- 

2x*/ 

04> 

\*        / 

or  x- 1  x"  — 

a    \ 

**, 

)  +( 

2x 

i 

x4  -  a 

a4\  J  a 

-    a2  -    —. 
x 


or  x-  -  —  (x4  -  a4)2  + g —  =  °  5  or  taking  the  square  root  we 


V(x4  -  a4) 
get,  x =  0  ;  or  transposing  and  squaring,  ar 


ir 


a4 :    or  x4  -  a2x2  =  a4 :    or  x4  -  a2x2  +  — •  =  — 


'.  x2  =  —  (1  +  Vo),  whence  x  =  ±  aVl(l  +  V5) 

2((2x  +  4)  -  4(2  -  x)} 


35.  V2x  +  4  -  2V2  -  x  =  -* == ;    or  factoring 

V9xB+16 


the    second   member,    we    have   <</2x  +  4   -   2<\/2    -    05 


!{(V2x  4-  4   -    2V2    -    r)(V2x  +  4   +    2V2    -    x)} 


Then  dividing  each  side  by  *j2x  +  4   -  2a/2    -    x  we  have 


\(y/2x  +  4  +  2V2  -  x) 


1  = 5=5= ;  or  V9x2+  16=  2[v/2x  +  4  +  2\/2  -  x| 

Now  squaring  each  side,  we  get  9x2  -f  16  =  48  -  8x  +  16\/8  -  2? 
.-.  x2  +  8x  =  32  -  8x2  +  16V8-2X* ;  or  x2  +  8x  =  4(8  -  2x2)  +  l6Y&-2xa 
or  x'-  f  8r  +  1G  =  4(8  -  2x2)  +  16^/8  -  2x2+  16  .\x  +  4  =  +  (2V8^2x2-f  -1) 
.-.  x  =  2V8  -  2x2,  or  x2  =  4(8  -  2x2)  ;  whence  x  =  ±  \*J2 

Also  x  =  -  2V8  -  2x2  -  8,  or  x2  +  16x  +  64  =  4(8  -  2x'-')  ; 
or  9x2  +  16x  ■  -  32,  whence  x  a  -  « ■  ±  J^-14  =  -  £(2  +  V~*4) 


And  by  equating  the  rejected  factor  V2x  +  4  -  2V2  -  x  -  0 

2 

we  obtain  the  remaining  root  x  =  -- 

b  3 
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2x'+  1  -t-;rV4x*+  3        a 

36.  =  — ,  whence  Algebra,  Article   lno 

2a;2  +  3  +  x*jAx*  +3        I 

2  l-a  m  -— 2 

-— T-  =  1  -«,  .'.  2x2  +  3  +  xV4x2+3  =  ; 

2  3a  -  1 


or   aV4x2  +  3  =  = -  3   -   2x2  =   — -   2a;58;  squaring 

i  —  a  i  —  a 

/3a  -  1\2  /3a  -  1\ 

each  side  we  have  4a,'4  +  3x2  =  /  -   _      J    -  4x2/  q  J   +  4x* 

,  3a  -  1\         /3a  -  1\2  /  12a  -   4 

.-.   3.x2  +  4x2(  -; :  ]   =   (  — :  )   ;    or  x2(  3  + 

.3 


1  -  a  J        y  I  -  aj   '  \  l-a 


9a   -    1\        (3a    -    l)2  _  (3a    -    1) 


l-a/        (l    - 

3a 


!(9a    -    1)    = 


V(l  -a)(9a-  1) 

37.  {(x-l)(x-4)}{(x-2)(x-3)}  =  8;  {x2-5x  +  4j{x2-5x  +  G}  =  8 
.'•.  {(x2  -  5x)  +  4}{(x2  -  5x)  +  C},  that  is  (x2  -  5x)2+  10(x2-  5x)  +  24=8 
or  (x2  -  5x)2  +  10(x2-  5x)  +  25  =  9,  .-.  x2  -  5x  +  5  =  +  3 
.-.  x2  -  5x  =  -  2,  whence  x  =  |(5  ±  yl7).  Also  x2  -  5x  =  -  8, 
whence  x  =  J(5  +  V  -  7) 

38.  {(x  -  l)(x  -  8)}{(x  -  2)(x  -  7)}{(x  -  3)(x  -  6)}{(x  -  4)(x  -  5)} 
-  {(x2  -  9x)  +  8}{(x2-  9x)  +  14j{(x2  -  9x)  +  18j{(x*  -  9x)  +  20} 
=  (x2  -  9x)(l7x2  -  153x  +  230)  +  401.  For  x2  -  9x  write  y,  then 
we  have  (y  +  8)(y  +  I4)(y  +  18)(i/  +  20)  =  I7y2  +  230y  +  401  ; 
that  is  ?/4  +  60*/3  +  IZOSy2  +  12l7Gy  +  40320  =  lly2  +  230y  +  401, 
subtracting  from  each  side  8y2  +  l7Gy  +  320  we  have 
y±  +  GO;/3  +  UOOij2  +  12000(/  +  40000  =  9y2  +  54y  +  81,  or  taking 
the  square  root  of  each  side  y2  +  30y  +  200  =  ±  (3y  +  9) 
.-.  y2  +  27y  =  -  191,  whence  y  =  |(  -  27  ±  V  -  35) 

Also  yl  +  33y  =  -  209,  whence  y  -  ^(  -  33  ±  ^253) 
But  y  =  x2  -  9x,   .-.  x2  -9x=|(-27±V-  35)>  whence 
x  =  1(9  ±  V27  ±  V-33  - 

Also  x2-  9x  =  i(  -  33  ±  V253),  whence  x  =  |(9  ±  Vl5  ±  2  V253) 
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39.  Multiplying  as   indicated  we    have  x3  ~  6x3  +  llx  -  G 
=  xs  +  6.t2  4-  llx  +  6,  whence  12x2  +  12  =  0,  .-.  x  =  ±  if*\ 

40.  Reducing  as  indicated  by  the  question  we  have 


*  +  1  -  5V*  +  1  +  6  4-  5Vl  +  x  -  6a/x  +  1  +  V*  +  *  -1  =  0; 
or  (x  -  5^/x  +  l)  +  5Vx  -  5a/x  +  1  =  -  7  ;  or  completing  the  square 
O  -  5V-r  4-  1)  4-  5(x  -  5^/x  +  1)*  +  ^  -  _  |f  whence  (a;  -  5V*  +  1)* 
-51 V~3  

■  2 •  ■'•  x  ~  5Va:  +  1  =  H11  i  5V  -  3)  =  a,  suppose  : 

Thena-5V-r  +  1-a;  or  x  -  a  =  5^x  +  1 ;  orx2-2ax4-a2=25x4-25 ; 
or  a-2  -  (2a  +  25)x  =  25  -  a2,  .-.  x  =  }(2a  +  25  +  5<j4a  +  29) 
But  a  =  |(11  i  5V"^3)  by  supposition 
•••    x    =    ifll    f    5y   -   3    +    25   j   5V22   ±    10V~^~3   +    29} 

■  18..  1   i(V   -   3   4-   V51    ±    10V~^1) 

41.  Arranging  the  given  quantities,  we  have 

(4i-4_  8x3_  4a.2+  ?x  _  ^  _  2(2a.2_  2x  +  i)vr4a..4_8a;3_4x.2+3a._1 

+  (4x4-  8x3  +  8x2-  4x  +  1)  =  0,  and  taking  the  square  root 
V4x*  -  8x3  -  4x2  +  3x  -  1  -  (2x2  -  2x  +  1)  =  0  ;  or  transposing 
and  squaring  4x*  -  8x3  -  4x2  4-  3x  -  1  =  4x4  -  8x3  +  8x2  -  4x  4-  1 
.-.  12x2  -  7x  =  -  2,  whence  x  =  ,/4(7  ±  V  -  47) 

42.  Multiplying  through  by  ax  to  clear  effractions 
u'2bx-l-y  2a3c~1x2~  2ab  4-  2a2c'1x3-  2bx  =  ac  ***(**-«"*&«  +  a3) 
multiplying  now  by  c  we  have 

albcx-x  +  2  \2  -  Inhc  +  2a2x3  -  26cx  =  ax4  -  a~lbcx2  4-  a4x ; 

or  transposing  and  changing  signs 

ax4  -  2crx3  -  2a3x2  +  a4x  -  a~lbcx2  4-  2icx  +  2o6c  -  a2bcx~l  ■  0 

dividing  through  by  ax  we  now  have 

j  ''  -   J..-X2-  2a2x  4-  a8-  Jc(a"2x  -  2a"1-  2x_1  +  ax'2)  =  0; 

or  alx'l{a~  2x-2a~1~2x~1  +  ax~2)-  bc(a~2x  -  2a'1  -  2x~l  4-  ax  "2)  =  0 

.-.  (a2x2-6c)(a-2x-2a"1- 2x"1  +  ax-2)  =  0,  or  factoring  the 

first  member  (a2x2  -  6c)(a"-'x_1  4-  a_1x~2)(x2  -  3ax  fr  a2)  =  0 

.*.  a2x2  -  ic  -  0,  whence  x  =  f  a~x^b~c 
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A\soa-2x-l  +  a-1x-'i=  0;  or  ~ir  =  - — ;,-;   or  ax2  =  -  air, 
'       a'x  ax*  '  ' 

whence  x  -  -  a 

a 
Also  x2  -  3a#  +  a2  =  0  ;  or  x2  -  Zax  =  -  a2,  whence  x  =  —(3  ±  V5) 

43.  Add  x*  to  each  side,  then 

z4  +  8x3  +  22a:3  +  24*  +  9  =  x\  and  taking  the  square  root 
x2+  4x  +  3  =  4  x2,  .-.  4x  =  -  3,  whence  *  =  -  f  }  also  2*2  +  4*  -  -  3, 
whence  x  =  -  \  (2  +~  V~-~2) 

44.  Changing  signs,  adding  (4  -  2s4)  to  each  side,  and 
arranging  we  have  x*  -  ix2  +  4  =  4#4  -  4s3  +  IZx2  -  6#  +  9,  and 
now  extracting  the  square  root  +  (x2  -  2)  =  2x2  -  x  t  3, 
\  2#2  -  x  +  3  =  a;2-  2  ;  whence  a;2 -  x  =  -  5,  and  .-.  %  *  |(V±  V  -  19) 
Also  3s2  -  a:  =  -  1,  whence  x  ~  \(\  \  y  -  \i) 

x2  +  2a:(V3  -  V5)  +  (8  -  2V15)     x2-  2j(V3-V5)  +  (8-2V15) 
a:  -  ^3  +  V5  "S+V3-VS 

=  x2-8~  V15 

i,       .    (S+V3-V5)3     (S-V3  +  V5)8  — 

That  l3   *-V3  +  V5  -   S+V3-V5  =^+8"2Vl^  or  clear- 

ing  effractions 

(x  +  V3  -  V5)3-  (Jf  -  V3  +  V5)3  =  (**  +  8  -  2V15)(^2  -  8  +  2V15)  ; 

or  6*2(V3  -  V5)  +  2(V3  -  V5)3=  1*2+  (V3  -  V5)2i{*?-  (V3  -  V&)2}  J 

Let   V3   -  V5  =  a>    then   **  -   6a*2  =    a4  -    2a3,    whence 

*  =  i  V3a  ±  ay  a2  +  2a  +  9  where  a  =  V3  -  V& 


Exbrcish  UY, 

1.  (#  -1-  y)(x  -  9)  ■  45,  but  £  -  y  -  5  ,%  5(a;  f  y)  a  45, 
or  #  +  y  =  9  and  a:  -  y  =  5  .-.  1x  -  14,  &c, 

2.  (x  +  yXx-y)  --=  105,  but  3:  +  y  =  21  ,♦.  2l(s  •  y)  =  XQ5f 
qt  x-y  =  5  /,  2a?=  26,  &c* 
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3.  x3  -f  2ty  4-  y2  =  81,  but  x3  4-  y2  -  41  .*.  2xy  =  40,  and 
.-.  a2  -  2xy  +  y"  =  1,  whence  »  —  y  *  ±  1,  •'•  2x  =  10  or  8,  &c. 

4.  x3  -  2xy  +  f  =  225,  but  a:2  +  y2  -  113  .-.  2xy  -  -  112 
.-.  x2+  2xy  4-  y2  =  113  -  112  =  1,  whence  x  4-  y  =  4  1  and  x  -  y  =  15 

.«.  2x  =  16  or  14,  Ac. 

40        402 

5.  x24-y2=89andx  =  —  .-.  -j-  4-  y2^  89  ;  or  y4-89y2--;  -  1600  ; 

y4-  89y24-  (82a)2=  -  1600  4-  **£*  =  1541L  .%  y2-  82a  *  ±  ^',  whence 

40       40  40 

y  =  4  8  or  +  5.     And  x  -  —  =  7— ;  or  7—^  =  +  5  or  4  8 
*     -         -  y     ±  8 '       ±  5     - 

12      24       242 

6.  x2-y2=55,andx  =  — =  —  .-.  — g--y2  =  55;  ory44-55y2=576 

whence  y2  -  9  or  -  64,  and  .\  y  -  +  3  or  4  8V  -  1 

24      24  24  , 

Andx  =  —  =  7-^;  or         ,— =  +  8  or  +  3V-l 

V      +  3  '        +  8V  -  1 

7.  x2  4-  3y3  a  143,  and  y  =  24  -  2x  .-.  x2  4-  3(24  -  2x)'£  =  148  ; 
or  x3-  1728  -  288x  4-  12x2  =  148;  or  13x2  -  288x  =  -  1580, 
whence  x  =  12-,a3-  or  10 

And  y  =  24  -  2x  =  (24  -  24-43)  or  (24  -  20)  =  -  3%  or  4 

2  4-  3M  [2  4-  3?y\2 

8.  3x2-2y2^  115,  and  x  =  — —  .-.  3( — - — J   -2y»  =  115; 

or  19y2  4-  36y  =  448,  whence  y  ~  4  or  -  5 1 £ 

2  4-  3y       2  4-12            2  -  1712 
And  x  =  —Y-  =  — y-;   or y 


2// 


9.  4x3  4-  3y2  =  511,  and  x  =  9  -  y  /.  4  f  9  -  y  J    4-  3y2  =  511, 

or  43y2  -  432y  =  1683  ;  whence  y  =  13^-  or  -  3 

2y      /        26-/A 
Anlx  =  9-y  =  f9--g- J  or  (9  4-  |)  =  £f or  11 

10.  x3-y3  =  26;  also  from  2nd  cquat.  x3-  3x2y  4-  3xy2-y3  =  8 
.-.  by  subtraction  3x2y  -  3xy2  =  18  ;  or  xy(x  -  y)  =  6,  but  x  -  y  =  2 
.-.  2 ./ -w  =  6  or  xy  =  3.  Then  xy  -  3  and  x  =  2  +  y  .-.  y{2  4-  y)  -  3 
or  y2  4-  2y  -  3,  whence  y  =  1  or  -  3.     And  x=24-y-3or-l 
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11.  X  +  y  x  4  .-.  (x  +  ?/)2  =  16  .-.  xs  h  if  =  16,  and  from  1st 
equat.  x3  +  Zx^y+Zxif+y*  =  64, .-.  by  subtraction  3x'y  +  3xy2  ^  48  ; 
or  xy(x  +  y)  =  16,  but x  +  y  =  4  .-.*y  =  4  .-.  y(4-y)  =  4 or y2-4y  =  -4, 
whence  y  a  2,  and  :r=4-y  =  4~2  =  2 

12.  Squaring  the  1st  equat.  fyx  +  2  Vxy  +  tyy^  9,  but  4  y^y  =  8 
.-.  subtracting  we  have  V^-2V^"+Vy=lj  whence  ■/*'-■/* -±  1 
and  "/a:  +  »/y  =  3,  .-.  by  addition  2  tya;  =  4  or  2,  .-.  8/a;  =  2  or  1, 
whence  x  =  256  or  1,  &c. 

13.  */2  +  4z-2y=ll,andx=14-4y.-.y2  +  4(14-42/)--2y=ll, 
or  y2  -  18y  =  -  45  ;  whence  y  =  15  or  3,  and  x  =  14  -  4y  =  -  46  or  2 

14.  2r2  +  zy  -  5y2  =  20,  and  x  =  ^LLi 

*  '     V~2~y    +y[—J—J   ~  %2  =  20;    or  2y*  +   1y  =   39, 
whence  y  =  3  or  -  6|  and  x  -  ~^  =  5  or  -  91 

15.  9*  +  5y-4*y==0,and*  =  2  +  y^9(2  +  y)  +  5y-4y(2+y)  =  0, 
or  2y2  -  3y  =  9  ;  whence  y  =  3  or  -  f ,  and  x  =  2  +  y  =  5  or  J 

16.  *y+4^  +  4=100.%*y  +  2=:ti0j  whence  xy  =  8  or-  12 
From  second  equation  x  =  6  -  y  .-.  7/(6  -  y)  =  8  or  -  12 
That  is  y2  -  6y  =^-  8,  whence  y  *  4  or  2  5  and  y2  -  6y  =  12, 
whence  y  =  3  +V21  .-.  a>  =.6  -  y  •  2  or  4,  or  3  +V21 

17.  9x2  +  3Gxy  -  85y2  =  0,  and  x  =  2  +  y 

.-.  9(2  +  y)2  +  36y(2  +  y)  -  85y2  =  0.     That  is  10y2  -  27y  =  9  ; 
whence  y  =  3  or  -  fm  and  a:^2+y  =  5or  1-fo 

12  +  y2 

18.  From  second  equation  x  =  ■  -  and  substituting  this 

for  x  in  the  1st  equat.  we  get  ( —J    +  ( -^-^y  =   77- 

144  +  24y2  +  y*  \       y      /  \       V      J 

or  __ +   12   +  y2  =    n.    or  2y4  __  41y2  =  _   144 

.-.  1/2  =  16  or  J^,  whence  y  =  +  4  or  ±  |^2 

.,         12  +  y2      28        iof66  33  1W2 
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19.  Let  x  =  v  -h  z  and  y  =  v  -  z 

Then  x2  +  xy  =  (y  +  ar)3  +  (y  +  s)(y  -  s)  =  2y3  +  2*2  =  66  (i) 
Also  a*-  r  =  (v  +  z)2-  (y  -  zf  a  40*  a  11  .-.  2yz  =  V  01) 
From  (i)  we  get  2v~  =•  66  -  -^  =  "H1  •'•  •*  =  II"  or  y  =  4  J2L 
From  (n)  we  get  by  substitution  c  =  V-  -=-  4  11  =  4  £.  Then 
a;  =  y  +  *  =  4  V-  ±  £  =  4  6.     And  y  =  y-s  =  41i:n=45 

20.  From  1st  equat.  by  clearing  effractions  x34  y3  =  18xy  (i) 
and  cubing  the  2nd  equat.  we  getx3  +  3x2y  +  3xy2  +  y3  =  1723  (n) 
and  taking  (i)  from  (n)  we  have  3x2y  +  3xy2  =  1728  -  18xy; 
or  xy(x  4  y)  =  576  -  6xy ;  or  since  x  +■  y  =  12,  we  have  12xy 
=  576  -  Qxy  .*.  18xy  =  576,  and  hence  xy  =  32.  Then  x  =  12  -  y 
.-.  y(l2  -  y)  =  32,  or  y2  -  12w  -  -  32  ;  whence  y  =  8  or  4. 
And  a-  =  12  -  y  -  4  or  8 

21.  Let  x  =  v  4  z  and  y  =  v  -  z 

Then  x*  +  y5  a  (y  4  c)5  +  (y  -  «>*  =  2v5  4  201^4  lOus4  =  3368  ; 
or  *"  +  10y3c2  +  5uc4  =  1684.  But  x  +  y  =  v  +  z  +  v  -  z  =  2v  =  8 
.-.  v  a  4,  and  substituting  this  for  y,  1024  4  640c2  4  20c4  a  1684 ; 
whence  c4  +  32«a  =  33,  .*.  z2  -  1  or  -  33  and  c  =  ±lor  +  V-33 
Then  z^v  +  z  =  4±l;  or  4  +  V~^3  =  5  or  3  or  4  4  V~33 
y  =  ,•  _  ;  r  4  f  1 ;  or  4  +  V~33  =  3  or  5  or  4  +  V~33 

22.  From  1st  equat.  x3+3x2y  4  3xy2  +  y3  =  343,  and  x3+y3  =  133 
.-.  :i.r-y  +  3xy2  =  210  ;  or  xy(x  4  y)  =  70,  but  x  4  y  =  7  .*.  xy  a  10 
Aud  x  -  7  -  y  .-.  y(7  -  y)  a  10  ;  whence  y  -  5  or  2,  and  x  =  2  or  5 

23.  Let  x  =  v  +  z  and  y  =  v  -  z 

Then  x4  +  y4  =  (■»  4  z)4  4  (y  -  s)4  a  2y*  4  Uv2z*  4  2c4  =  97 

But  X  -V  a  V  +  Z  -  V  +  Z  a  22  »  1  .'.  *  a  J 

Hence  2i>4  4  3u2  =  97  -  J  =  96]  ;  whence  y2  =  *£  or  -  */ 
.-.  y  =  i  |  or  4  iV-31 

Thenx  =  v4ar  =  ±§  +  1  ;  or±  1V-31  4^  =  3  or  -  2  or  £(1  ±V~31) 
And«a«-*=±£~* j  Ot±iV-3lH  =  2  or-3or  i(- 1  ■» V~30 
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24.  Multiplying  the  Jnd  equat.  by  3  and  adding  it  to  the  1st 
equation  we  have  x*  +  3x*y  +  Bxy2  +  y*  =  343  ;  whence  *  +  y  a  7 
•••  x  =  7  -  y.  Also  *2y  +  xy2  =  xy(a;  +  y)«  7zy  =  84  .-.  xy  =  12 
•••  2/(7  -■•*»  12,  or  y2  -  7y  r  -  12;  whence  y  =  4  or  3, 
and  x  =  V-v  =  3or4 

25.  r  +  f  +  xfy=  26,  adding  2xy  to  each  side  of  the  equat. 
we  have  (x2  +  2xy  +  f)  +  (x  +  y)  =  26  +  2xy}  or  completing  the 
square  (x  +  y)a+(j  +  y)  +  J  =  26*  +  2xy  .-.  x  +  y  +  |  =  ±  V2oT+ 2^ 
ora:  +  y-i^26i  +  2^-l,but4(a:  +  y)  =  3^.^3^  =  ±4V2luT2iy 
-  2  ;  transposing  and  squaring  these  we  have  9x2y2  +  12xy  +  4 
=  420  +  32ry  .-.  QXy  _  20xy  =  416;  whence  xy  =  8  or  -  ^ 
Then  4(x  +  y)  =  3zy  .  24  .-.  x  +  y  =  6,  and  x  =  6  -  y 
•"•  ^(6  -  y)  =  8,  or  y"  -  6y  =  -  8 ;  whence  y  =  4  or  2,  and 
■ •.  9  =  2  or  4.  Also  y(6-y)  -  -  *9«  ;  whence  y  =  £(  _  13  ±  jjffi) 
and  .-.  z  =  J(  -  13  +  V377) 

26.  Clearing  the  first  equation  of  fractions  we  nave 

6j(*  +  y)2  +  (x  -  y)2}  =  26(x2  -  y2)  :  i.  e.  10x2  +  10y2  -  26*2  -  2Gy2 

2x 
Hence  36y2  =  16x2,  or  6y  =  ±  4x,  or  y  =  ±  —  ;  substituting  this 

in  the  2nd  equation,  we  have  x2  +  l±  —  J    ==52;  or  xz  +  — '--  =  52 

13*2  x2  x 

or  -jp-  =  52  .-.  y  =  4  ;    or  y  =  ±  2  ;    or  a:  =  ±  6.     And 

2x 

ok    *  2* +  36  — 

27.  7y  =  2x  +  36  .-.  y  =  — ^— ;  substituting  this  in  the  first 

2x  +  36 
equation,  we  have  x  +  j —  =  a2,  or  7x2  -  9x  m  36 ;  whence 

2x  +  36 
ar  =  3  or  -  if.     And  y  a  — ^ —  =  6  or  4|| 

28.  Let  z  =  v  +  *,  and  y  =  v  -  z ;  then  we  have  from  the  first 
equation  2v4  +  12i>zs2  +  2s*  =  14u4  -  28v2s2  +  14s4,  and  this  by 
transposition  gives  AOv'z2  a  12i>4  +  12s4 ;  but  x  +  y  =  v  +  z  +  v  -  z 
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=  2v  =  m,  .-.  v  =  \m:   substituting  this  for  v,  we  have  I0m2z2 

37;i4  3m  7/1 

-  |??i4  +  12s4,  or  6c4 -  5m2z2  =  -  -g-  ;  whence  z  =  ±  ^-^  or  +  — — 

3  m  m       m  m 

Thenor=i'  +  r=^m±— 3;or^n±— ^  =  Y(l±V3);orY(liW3) 

m      3m  m  _    m       m  m 

Andy-c-x  =  Y  +  ^5  orT  +  273  =  T(1 +V3)'  orT(1  +  *V3) 

74 

29.  Let  a:  =  vy ;    then  v2?/2  +  2y2  +  vy2  =  74,  or  yl  =  ^+v  +  2 

and  2vy2  +  y2-r2v2y2  =  73  ;  •^j^VW+l  "^Tr  2^Tl 

74 
or  by  reduction  va+  z?  =  i4 ;  whence  t>  =  £  or  -  f ;  y2  =  y2  +  p     - 

74  ,  74 

■  .»..  +  a  +  2  =  25  •*•  ^  =  ±  5>  also  V  =  ff -f  +  2  =  25 '   whence 

as  before  y  =  +  5.    Therefore  a;  =  t!j  =  +  5x|;  or±5x-f  =  +  3 

or +  8 

30.  Adding  the  two  equations  together,  we  have  x4  +  2x2y2  +  y4 
a  169,  whence  x2  4-  y2  =  +  13  ;  but  a:2  +  2x2y2  +  y2  =  85  .-.  by  sub- 
traction 2x2y2  =  72  or  98  .-.  «V"  =  36  or  49,  and  xy  =  +  6  or  ±  7 

±6        4  7 
Then  a;  =  ■ —  or  .  and   substituting  this  for  x.  we   have 

y         y 

/      6\2  36 

(  ±  —  )    +  y2  ~  i  L3,  that  is  -;  +  y3  =  ±  13  ;   or  y4  +  13y2  a  _  36, 

whence  y3  =  9  or  4,  and  /.  y  =  +  3  or  +  2.     (Impossible  values 

being  rejected.) 

108 

31.  Letx  =  vy;  then  3v2y24-2t;y3-4y2=  108;  ory2  =  3t>ii  +  3p_4 

81 
Also  r2y2  -  3t>y2  -   7y2  =  -  81 ;    whence  y2  =   5 a    .    » 

108  81 

•'•  3c3  4-  2o  -  4  =  fc^+1  <>r  b7  reduction,  p*-  6«  =  40; 

whence  v  =  2  or  -  ffl 

81  81  81 

or  169  x  27  .-.  y  =  ±  3  or  =  ±  39V3 
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And  x  =  vy  =  4  3  x  2  ;  or  +  3  x  -  fg  =  +  Q  or  +  4-*, 

Also  x  =  vy  =  ±  39V3  x  2  ;  or  ±  39V3  x -  f  jj's  ±  78V3  or  ?  60V3 

32.  Factoring  the  first  equation,  we  .have 
(>f-^)-(V  +  x)=U.:(y  +  xXy-x-l)  =  l2]'ory±x 


y-x-i 


x2      2x  x 

v*+fy  +  y  +  7  +  ^ 


buty  +  *  =  ri°       -_iL_B_J!_.  or_J_ 

0/-*)2      y-x-i     (y^)*'^.^!8^; 

or(i/-o;)^4(i/-x)-4.-.(y-^>4(y-x)  +  4  =  0;  whence 

48 

33.  Transposing  the  first  equation,  we  have 

/x  \2      fx  \ 

20;  thatis^y  +  Vyj    +  (y+V</j=20 

•'•  V  +  Vy  =  4  or  -  5  ;  that  is  x  +  y2  =  Ay  or  -  5y 

Taking  x  +  y*  =  4y  ^  x  +  8,  (by  2nd  given  equation)  we  have 

3. 

y2  =  8  .-.  y  =  4,  and  a:  =  4y  -  8  =  8 

3 

Taking  x  +  y*  =  -  5y,  and  subtracting  this  from  the  2nd  given 
equat.,  we  have  8  -  y* =  9y  .-.  8-8y  =  y  +  y2-}  or  8(1  -y)  =  y(l+y*) 
and  dividing  each  side  by  1  +  y*,  we  have  8(1  -  if)  =  y  ;  that  is 
y  +  8</2  =  8,  whence  y>  =  -  4  ±  2V6,  and  .-.  y  =  40  +  16^6,  and 
x  =  4y  -  8  =  152  +  64V6  ;  also  1  +  y^  =  0  .-.  y  =  1 

34.  x*  +  y3=  35  (i),  x2  +  y2  =  13  (n). 
From    (i)  (a;   +   y)    (x2  -  xy  +  y2)   =   35;    but   x2  +   y2  =    13 

.-.  (x  +  y)(l3  -  xy)  =  35  .-.  x  +  y  =  jJL-     squaring  we  have 

2 1225 

x-  +  2xy  +  y   -  ^-p— _  .    substituting  (11)  in  this,  we 

have  2xi,  = 1225  _  , .      L2^"!197  +  338*?/ ~  13*V 

l69.-2foy  +  *Y  169-2fc*y  +  *y 

_  338x7/-  13x2//2-972 
'"*       J  ~      169  -  26xy  +  xay2     '   clearinS  of  fractions,  we  have 

2xy-39xy+972  =  0j  and  factoring  (xy-6)(2x^2^.  2 7xjy  -  162) 
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=  0  .*.  xy  -  6  =  0  (m)  ;  and  al30  2xzy2  -  2lxy  -  162  =  0  (iv) 
From(ni)xy  =  6,  andfrom(iv)x?/-.  18  or  A\  .'.  2xy  =  12,  or  36,  or  9 
Hence  adding  these  to  (n)  and  extracting  the  square  root,  we 
have  x  +  y  =  ±  5,  or  +  1,  or  +  *J22  ;  similarly  subtracting  these 
from  (n),  and  then  extracting  the  square  root  x  -  y  =  ±  1. 
or  +  V  -  23,  or  ±  2.  Hence  by  addition  aud  subtraction  we  have 
*  =  ±3',  or±i(7  +  V~  23)  ;  OT  i  |(2  +  V^2) 
y  =  ±2;  or  ±i(7  -^23);  or±£(V22-2) 

Otherwise,  thus : 
Let  x  =  v  +  2,  and  y  ±  v  -  z 

Then  from  (i)  2u3  +  6^3  =  35  (in),  and  from  (n)  2v2  +  2z2  =  13  (iv) 
Multiplying  (it)  by  3v,  and  subtracting  from  (in,)  we  have 
iv3  -  39u  =  -  35.  Multiplying  by  v,  we  have  4t>4  -  39i>2  =  -  35u 
Dividing  by  4,  r4  -  ^v2  =  -  Y«  ;    add  t<2  to  each  side,  and 

.-.  u2  -  t>  -  0  (v),  and  v2  +  y  =  54^  (vi) 

From(v),  y  =  0or  1  ;  and  from  (vi),  v  =  for- J-.     But  2v2+2z2-  13 

.-.  *>  lV3tfj  or  ±  i/22;  or  ±  i  ;  or  ±  £V~-^3 

Then  z*v  +  z=l±  |V22~5    or  |  ±  \  ;    or  -    \    ±   if^M 

y  =  v  -  z  =  values  as  obtained  above. 

Note.— Tho  rataea  0  =  0,  and  3  =  JV26  are  derived  from  the  v,  by 
wliicli  we  multiplied  equation  (iv). 

35.  By   Algebra   Article    106,  we  have  *Jy2  +  1  =  — 

whence  x  =  9y2-  substituting  this  in  the  2nd  equation,  we  get 
9i/2(2/2  +  2y  +  1)  =  36/  4-  64  ;  or  9y*  -  18?/3  +  9y2  =  64; 
or  Dy\y2  -  2y  +  1)  =  64  .«.  3y(y  -  1)  =  ±  8  ;  or  y2  -  y  =  ±  f , 
whence  7/  =  J(3  +  \/Tu5),  or  £(3  +  V~"8l) 

And  a:  =  dy2  =  |<19  i  VT05)  ;  or  j(  -  13  ±  V~"87) 

36.  Multiplying  the  2nd  equation  by  x,  we  have  x4  +  xy3  =  x, 
bu  t  x4  i-  ?/  =  a*  • .  x4  +  j/4  =  x4  +  xy3 .  • .  ?/  -  xy3  =  0  ;  that  is  f(y  -  x)  =  0 
whence  y3  -  0  .-.  y  =  0,  and  hence  x  =  1.  Also  y  -  x  =  0  .*.  y  =  x  j 
whence  2x3  =  1,  and  y  =  x  ■  i^4 
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31.  Dividing  the  1st  equation  by  x3,  we  have  (  x3  +  —  J  y  -  y2+  1 
(i).    Again  dividiner  the  2 


-.  x3  +  —  =  y  +  —  (i).    Again  dividing  the  2nd  equation  by  y3} 


we  have  (y3  +  -Ax  =  9(*a  +  1)  .-.  f +..p  *..$\*,+  -?} 

Now  adding  equations  (i)  and  (n)  together,  we  have 
I  /.  IN  1  ,  3  1/  1\3 

-j(ya  +  -rj  +  y  +  7  =  **  +  3x  +  -  +  T%  a  (*  +  -J 

.       1  3        /  1\3  /  1\3 

••• »/  +  Y3  +  3y  +  7 =  I y  +  7 )  =  3[x  +  ~x~)  > ov  extractins 

the  cube  root  of  each,  y  +  —  =   (x  +  —  1^3.     But  (i)  y  +  — 

1                     1          /             n 
=  x3  +  — j"  /.  a;3  +  — g-  =    (    x  + j^/3,    and   factoring 

orx  =  +V^T.  Alsox2-l  + -2=^/3;  orz2  +  2  4-^  =  3  +  ^/3  (m) 
by  adding  3  to  each  side,  .-.#  +  —=  +V3  +  ^3,  similarly  by 
taking  1  from  each  side  of  (in)  and  then  taking  V;  x  -  -  =  ±  VV3  "  1 
Then  by  addition,  we  have  x  =  ±   *{V3  +  ^3    +    *JJ/3~~ 1} 

And  2/  +  —  =   /*  +  ~W3  =  ±  V3  x  V^3  +  3    =    V3  +  3^9 

1  1 

.-.  ya  +  2  +  -7  =  3  +  3^9,  or  taking  4  from  each  y-  -  2  +  — r 

-  Sjfinri    .*.   y =  +  V3\/9  -   1-     Hence   by   addition 

*      1 

y  =  +  HV3  +  3^9  +  V3^9  -  i}-    Also  since  x  *  7"  =  °* 

[  x  +  —  J  #3  =  0  .-.  y  +  —  *  Oj  whence  y  ■  i  V  -  1 
^         xy  v  J       y      - 
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38.  By  transposition  -^  +  —  +  —  +  —  a  ^*  or  adding  2  to 

each  side,  ^—  +  2  +  ~J  +  Ty  +  |X  3/  .  completing  the  square 

Again  by  squaring  the  2nd  equation,  we  get  x2  +  y2  =  2xy  +  4 

5xy  7xy 

.\  2xy  +  4  =  --  or  -  — - ;  whence  xy  =  8  or  -  -ft.     Then  since 

a2  -  2xy  +  y2  =  4,  and  4xy  =  32  or  -  \\  ;  we  have  by  addition 
x2  +  Ixy  +  y2  =  36  or  \\  .-.  x  +  y  =  ±  6  or  +  ?W$3,  and  x  -  y  =  2 
.*.  x  =  4  or  -  2;  or  1  +  ^33;  and  similarly  y  ■  2,  or  -  4, 
or  -  1  +  -,'tV33 

39.  From  the  1st  equat..  we  get  (Vx  +  yfy)  +  V5(V*  +  Vy)^  =  10, 
completing  the  square  (rfx  +  <fy)  +  V5(^x  +  Vy)*  +  §  =  *£ 
.-.  (V*  +  \fy)2  +  IV»  =  ±  IV8  I  whence  (</x  +  V</)*  =  V^  or  -  2V5 
•'•  V*  +  Vv  =  5  or  20  (n).  Taking  the  former  of  these  values, 
and  raising  to  the  5th  power,  we  have 

5.             i            3               a  i  <? 

x-  +  5x2y2  +  10x*y +  10xy*  +  5a:  V  +  y*  =  3125 
i  •> 

But  x* ,.f.3T  ■    275 

.-.      5x2y*  +  10x*y  +  10xy*  +  felyi  =2850 

*M(«*  +  2sf'  +2x*y+y")  =    570  (m; 

But  cubing  equation  (i),  and  multiplying  it  by  x*y*,  we  have 
xy(x'*+3xy*+3x*y+y^)  =  125x'y*  (iv) 

Subtracting  (in)  from  (iv),  we  have 

*V  W  +  **y)  I  that  is  xy(x*  +  y*  )  =  125x*y*  -  570 
But  x*  +  y*  =  5  .-.  5xy  =   I25x*y*  -  570 
Hence  xy  -  25x2j/*  =  -  114  .'.  x*y*  =  19  or  6  -> 

Then  x  +  2x*y*  +  y  =  25  ;    and  4x*y*  =  24  or  70 
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.-.  x  -  2x2y*  +  y  =  1  or  -  51 ;  or  x2  -  y*  -  ±  1  or  ±  V  -  51  ;  and 
x2  +y2  =  5  .*.  x*  =  3,  or  2,  or  ^(5  +  V  -  51);  whence  x  =  9,  or  4, 
or  I  (  -  13  +  V~5l) ;  similarly  y  =  4  or  9,  or  £  (  -  13  +  V~5l) 
By  using  throughout  the  value  *]x  +  \fy  ~  20,  other  values  of 
x  and  y  may  be  similarly  found. 

40.  Prom   the    1st  equation   (x  +  y)(x2  -  xy  +  y2)  =  x  -  y 

x  -  y 

.'.  x2  -  xy  +  y2  =         '-,  and  from  the  2nd  equat.  x2  -  axy  +  y2  =  0 

x  +  y  

x  -  y  I  x2  -  2xy  +  y2 

.•.  by  subtraction,  we  have  (a  -  l)xy  ~  — ; —  =  V  ~m*  .   ■ '  -i 

x» 

=       hxxyj-jZxy  /"(ZT-  2)sy  ^      /a  -  2    >  X^Mi^ 

V  axy  +  2xi/       V  (a  +  2)x#  =   V  a  +  3  *"'*|:*  *'        d  -  1         ' 

b  b2 

suppose.     Then  y  ~  — ,  and  ?/2  =  — r ;  substituting  these  values 

b2 
in  the  2nd  equation,  we  have  x2  +  -$  =  ab ;    or  x4  -  abx2  =  -  b2  • 

whence  x2  =  -(a  ±  V^2  -  4) ;  and  therefore  x  -  ±  y  ~(a  ±  V'a*  -  4) 
2  V    2 

=  i  Wb{2(a  4  <J'tF^~l)}2  =  +  lV6(V«+r2  1  V^1"^)  bj    Algebra 

6 . 

Art.  189.     And  y  =  —  =  ±  2^b(^/a  +  2  +  V«  -  2).     See  Algebra 

Art.  181 

41.  From  the  1st  equation  xy  +  ax  -  ay  -  a?  •  that  is  (x  -  «) 
(y  +  a)  -  0  .-.  x  -  a  -  0  ;  or  x  =  a.  Also  y  +  a  =  0  .-.  y  =  ~  a 
From  the  2nd  equat.,  substituting  x  =  a,  we  have  a  +  jy2  +  a3  =  C 


.'•  2/  =  +  aV  -  (^  +  1)-     Again  substituting  -  a  for  y  in  the  2nd 
equation,  we  have  x  +  a2  +  a3  =  0  ;  whence  x  -  -  a2(#  +  1) 

42.  Squaring  the  first  equation,  we  have 
x4  4-  y4  +  a4  +  2x2(?/2  -f  a2)  +  2a2#2  =  0  ;  and  subtracting  this  fron 
the  2nd  equat.,  we  getx2(y2-a2)-2a2y2=  0  .-.  x2(r/2-a2)  =  2a27/2(i 
From  the  1st  given  equat.  x2  =  -  (y2  +  a2)  .' .  x\y2  -  a2)  =  -  (y^-a'} 
.'.  ->  (J*-  a4)  =  2a2j/2,  or  2/4  +  2a2y2=  a4 ;  Whence  y2  -  a2(  -  1  ±  v"5) 
and  y  =  +  a*J  -  T~ f~ ^2.  Also  x2  =  -  (y2  +  a2)  =  t  <??v/2 
.*.  x  =  ^~^~aSJ2 
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43.  From  2nd  equat.  x6  -  3y3  +  a6  +  3x4y  -  x2y2  -  a3x4  -  2a3x2 
=  0  (i),  and  1st  equation  x  (x4  -  y2)  gives  xG  -  3y3  +  3x4y  -  x2y2 
+  a3x4  -  a3y2  =  0  (n);  then  (i)  -  (n)  gives  a6  -  2a3x4  -  2a3x2  +  a3y2  =  0 

or  dividing  by  -  a3,  we  have  2x4  +  2x2  -  a3  -  y2  =  0  (m).    But  from 

f       (x2-f-a3y)2        /a:2  +  a3\2 
first  of  the  given  equations  yz=  <   -  5 }•    =   (  — ~ —  ) 

/x2  +  a3\  2 
.'.  substituting  this  in  (m),  2x4  +  2x2-  ( ]    --a3  =  0  ;  that 

is  when  clear  of  fractions  18x4  +  18x2  —  a;4-  2a3x^  -  u6-  9a3  =  0$ 

that  is  1 7x4  +  2(9  -  a3)x2  =  a3(9  +  a3) 

a3  -  9  +  3V9  -  15a3  +  2a6 
whence  x2  = r= ,  and 


.'.  x  =  ±  -^{17(^-9  +  3V9  -  15a3  +  2a«)j! 

x2  +  a3  

And  y  -  - 


3 


44.  Raising  the  1st  equation  to  the  4th  power,  wc  have 
x4-  Axsy  +  Gx'y2 -  4xy3+  y4  =  x4  +  y4-  2x2y2-  Axy(x2-  2xy  +  y2)  -  a4 
But  x2  -  2xy  +  y2  =  a2,  and  a;4  +  y4  =  64  .-.  64  -  2x2y2  -  Aa2xy  ~  a4  ; 

,       •     „  ..  ■      t  ■           ti        1      .                      -  2a2  +  V2a4  +  26* 
that  is  2xlyl  +  Aa-xy  -  64  -  a4,  whence  xy  = - 

Then  x2  -  2xy  +  y2  -  a2,  and  multiplying  value  of  xy  by  4,  and 

adding,  we  have  x2  +  2xy  +  y2=  -  3a2  +  2V2a*+  264  s  ?>r,  suppose 

,  ,  wi  +  a  7/1  -  a 

.-.  x-  y  -  a,  and  x  +  y  =  m;  whence  x  =  — - — ^andy^ 

. == *  2 

win  re  m  =  ±  V2V2a4  + 26*-  3a2 

45.  From  1st  equation  x2  +  y2  =  a2  +  xy,  and  squaring  this,  we 

have  x4  +  2x2y2  (-  y*  s  a4  +  2a2xy  +  x2i/2  .-.  x4  -  x2y2  +  y4-  2a2 xy  -  a4 

subtracting    the    2nd    given    equation    from    this,    we    have 

a1  \-  \j.\a*  -  2i* 
2*V  -  2a'xy  =  a*  -  b*  ;  whence  xy  -  -        —  =  ^  aupi,03e 

Then  xy  -  c2,  and  x2  -  xy  +  y2  a  a2  .-.  x2  -  2xy  +  y2  =  a2  -  c2, 
and  x  -  y  =  ±  ^^c?.  Also  x2  +  2xy  +  y2  =  a2+  3c2;  whence 
*  +  y  =   ±  ^aFT~3?  .:   x  -   ±   l(tfa*  +  3c-  ±  <j7F^7-\    and 


a2  +  V3«4  -  2/>4 


V  =  ±  i  (V"2 .+  3c2  +  V^  -  c"),  where  t2 

2 
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46.  From  the  2nd  equation,  we  have 

a:4  -  2*V  +  2x\a  -  1)  +  y*  -  2y2(a  -  1)  +  (a  -  1)2  =  <?  _  4a  x  4 
.*.  extracting  the  square  root  of  each,  we  have  x2  -  if  +  (a  -  1 ) 
-±(a-  2).  To  find  the  values  of  x  and  y  which  are  independent 
of  a  use  a:2  -  y2  +  (a  -  I)  s  +  (a  «.  2).  Then  a;2  -  y2  +  1  =  0,  or 
a:2  =  f  -  1 ;  a;2  -  3  =  y2  -  4  (in).  Again  from  the  first  given 
equation  3a:6  -  18a:4  +  27a;2  =  3a:2(a:2-3)2  =  2y6  -  ll?/4  +  52j/2  +  27 
But  (m)  x2  -  3  =  y2  -  4,  and  x2  =  y2  -  I  .-.  3(?/2  -  1)(?/2  -  4) ' 
fe  2y6  -  lit/4  +  52t/2  +  27;  that  is  3y6  -  27#4  +  72y2  -  43 
=  2t/6-  ll?/4+52j/2  +  27  .\  ?/6-16j/4  +  20i/2-75  =  0;  multiplying 
by  -  4,  we  have  -  4y6  +  64y*  -  80y2  +  300  a  0,  and  adding  to 
each  side  y*  -  20yi  +  100  we  get  ys  -  4y6  +  44j/2  -  80y2  +  400 
=  1/8  -  20j/4  +  100.  Then  taking  the  square  root  y*  -  2y2  +  20 
=  i  (y*  -  10);  that  is  y*  =  15,  or  y4  -  y2  -  -  5,  whence  y*  =  1 5, 
or  1(1  +  V  -  19),  and  a2  =  y2  -  1  =  14,  or  |(  +  V~T9  -  1) 
whence  y  =  +  Vl5,  or  +  V^  (1  ±  V~  19)  =  &c. 

47.  From  the  1st  given  equat.  ?/4  -  2x2y2  +  a;4  +  4(y2  -  a?2)  +  5 
~  2  V4(y*  -  x2)3  +  5(?/2  -  x2)2  ;  that  is  (1/4  -  2x2y2  +  a:*) 
-  2(y2  -  x2)<j4(y2  -a:2) +  5  +  {4(y2  -  a;2)  +  5}  =  0  .\  extracting 
the  square  root,  we  have  y2  -  x2  -  V4(2/2  -  #2)  +  5  =  0; 
or  y2  -  x2  =  V4(y2  -  x2)  +  5  .-.  (y2  -  a--2)2  -  4(y2  -  x2)  ■=  5 
whence  y2  -  a:2  =  5  or  -  1,  taking  y2  -  x2  -  5,  we  have  from  the 
2nd  given  equation  y4  -  3y2  +  1  =  5a;3  -  8a:  +  8x*Jx2  -  2a:  +  5  +  4 
~ox"-8x  +  4a:v/4a:2'-8a:  +  20  +  4  =  5a:2  -  8a:  +  4x^3y2  +  x2-  8aT+lf +  4 
since  15  =  3y2  -  3a:2.  Hence  by  transposition,  we  have 
?/4  =  3y2  +  a;2  -  8a:  +  5  +  Ax^jiy2  +  a;2  -  8a:  +  5  +  4a:2,  and  taking 
the  square  root  y2  =  +  (*j3y2  +  a:2  -  8a:  +  5  +  2a*);  using 
the  positive  sign,  y2  -  2x  =  «j3y2  +  x2  -  8x  +  5 ;  squaring 
1/4  -  4a;?/2  +  4a:2  =  3y2+x2-8x  +  5  .'.  3/4  -  4a;y2  +  4a:2  -  Ay2  +  8a:  +  4 
=  x%  -  yz  +  9  ;  but  y2  -  a;2  -  5  .'.  y4  -  4a;2y 2  +  4a:2  -  4y2  +  8a;  +  4 
=  9  -  5  =  4  .-.  y2  -  2z-2  =  +  2  .-.  J/2  -  2a:  =  4  or  0  ;  buti/2=x2  +  5 
.-.  a:2  -  2a;  +  5  =  4,  or  a;2  -  2a:  +  5  =  0;  whence  x  =  1,  or  1  +  2V  -  T 
and  y  =  ±  V**  +~5  =  ±  V6,  or  ±  V2  i  4V~1 
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48.  From  the  2nd  given  equation,  we  have 

x2y2  -  6*yVy3  ~  *2  +  9(y*  ~  x2>  =  16^3  ~  ***  •'*  extractlng  tbe 
square  root,  we  have  xy  -  B^y*  -  x2  =  ±  A^jy2  -  X* 
■  •■  xy  =  Vf  'z^'2  or~ VF^"2,  and  .-.  x2t/2  =  49(y2  -x2)  or  (y-  -x2) 
From  the  1st  given  equation  x4  -  i/4  -  4x2  +  4y2  =  4x2  -  12 
.-.  a,-4  -  8x2  +  16  =  t/4  -  4i/z  +  4 ;  whence  x2  -  4  =  +  (y2  -  2) 
that  is  y2  =  x2  -  2,  or  6  -  x2  .'.  y2  -  x2  =  -  2  ;  x  V  =  49(y2  -  x2) 
or  (y2  -  x2);  that  is  x2(x2  -  2)  =  49(  -  2)  or  -  2  ;  that  is 
x*  -  2x2  =  -  98  or  -  2  ;  whence  x2  =  1  ±  V  -  97  or  1  ±  V^ 
and  y2=x2-2=-li  V  -  97,  or  -  1  ±  <\f^"2.  Also  since 
y2  =  6  -  x2,  we  have  by  substitution  x2(6  -  a;2)  =  49(6  -  2x2) 
or  6  -  2x2  ;  that  is  x4  -  6x2  =  98x2  -  294,  or  =  2x2  -  6 
that  is  x4  -  104x2  =  -  294,  whence  x2  =  52  ±  V2410  ;  or  x4-  8x2 
--  -  6,  whence  x2  =  4  ±  ^10.  And  y2  =  6  -  x2  =  -  46  +  ^2410 
or  2  f  *JTo  ;  whence  x  =  &c. 


Exercise  LV. 

1.  Let  x  a  one  part,  then  19  -  x  =  other,  and  x(19  -  x)  =  84 

361-336 
x2  -  19x  =  -  84,  x2  -  19x  +  (VO2  = ^ =  ^  .-.  x  -\a-  =  ± 1 

x  =  12  or  7 ;  whence  the  numbers  are  12  and  7 

2.  Let  x  a  greater,  then  17  -  x  =  less ;  x  -  (17  -  x)  =  2x  -  17 
-  difference;  then  r(2x  -  17)  =  30,  2x2  -  l7x  a  30,  whence 
x  =  10,  and  the  numbers  are  10  and  7 

3.  Let  x  a  length,  then  x  -  12  =  breadth,  and  x(x  -  12)  =  2080 
that  is  x2  -  12x  =  2080,  whence  x  =  52  and  sides  are  52  and  40 
rods. 

4.  Let  x  =  greater,  then  x  -  9  =  the  less,  and  x2  +  (x  -  9)2  =  353 
that  is  2x-  -  18x  +  81  =  353  ;  x2  -  9x 
and  the  numbers  are  17  and  8,  or  -  8  and  -  J  7 
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5.  Let  x  p  one  part,  then  16  -  x  ~  other,  then  s(16  ~  x)  +  x% 
+  (16  -  x)*  =  208 ;  that  is  x2  -  16x  =  -  48,  whence  a:  =  12  or  4, 
and  the  numbers  are  12  and  4 

6.  Let  z  =  gain  per  cent.  «  buying  price  of  wheat ;  then  — 
■  gain  per  dollar  on  buying  price,  and  x  x  j^  =  —ft  =  &ain  on  x 

dollars,  i.e.  gain  on  whole  transaction ;  but  171  -  x  =  whole  gain, 

x2 
whence  —  -  =  171  -  Z]  or  x2  +  lOOx  =  17100,  whence  x  =  $90, 

buying  price  of  wheat. 

Proof.  $81  +  $90  =  $171 ;  also  if  he  gain  $81  on  $90,  he  gains  at  the 
rate  of  $9  on  $10,  or  $90  on  $100. 

80 

7.  Let  x  =  number  of  sheep  bought,  then  —  =  price  in  dollars  j 

80         80  ' 

then  -—  t  —  -  1  j  that  is  x2  +  4x  =  320,  whence  x  =  16. 

8.  Let  x}  y  and  z  be  the  digits,  z  being  the  right  hand  one ; 
then  x2  +  y2  +  z*  =  104  (i)  ;  y2  =  2xz  +  4  (u)  ;  100*  +  I0y 
+  z  -  594  =  100*  +  I0y  +  x  (in).  Substituting  (n)  in  (i),  we  have 
*2  +  2xz  +  z2=  100  ;  whence  x  +  z  =  10  (iv).  Reducing  (m),  we 
have  99*  -  99z  =  594  ,  or  x  -  z  =  6  (v).  Adding  (iv)  and  (v) 
together,  we  have  2x  =  16;  whence  x  =  8.  Also  x  +  z  =  10 
.'.  z  m  2,  and  y2  =  2xy  +  4  =  32  +  4  =  36  ;  whence  y  =  6.  Hence 
the  required  number  is  862 

240 

9.  Let  x  =  number  of  sheep  bought,  then =  price  per  sheep, 

240 
x  -   15  =  number  sold,   and  —  +  f  =  selling  price;    then 

Z240        2  \  /600  +  x\ 

<X-15>^  +  -5-/)=2 16,  that  is  ^—j^..^  .  108; 

or  x2  +  45x  *  9000  ;  whence  x  =  75,  and  »#*  =  $3-20.     Hence 
number  bought  was  75,  and  price  per  sheep  $3-20 

10.  Let  x  -  one  number,  then  10  -  x  =  other,  and  x3  +  (10  -  x)3 
that  is  x3  +  1000  -  300*  +  30*2  -  x3  =  280,  that  is  30x2  -  300* 
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■  -  T20 ;  or  x2  -  lOx  =  -  24,  whence  x  =  6  or  4,  and  the  required 
numbers  are  6  and  4 

11.  Let  a-  =  less,  then  24  -  x  =  greater,  and  x(24  -  x) 
=  35(24  -  x  -  x),  that  is  24x  -  x2  =  35(24  -  2x)  =  840  -  *70x  ; 
or  x2  -  94x  =  -  840,  whence  x  -  10  or  84,  and  24  -  x  =  14  or 
-  60  .-.  the  required  parts  of  24  are  10  and  14,  or  84  and  -  GO 

12.  Let  x  and  y  be  the  numbers,  then  x  +  y  -  xy  =  x2  -  y2  ; 
x  +  y  -  x2  -  t/2,  whence  dividing  by  x  +  y,  we  have  x  -  y  =  1 ; 
or  x  =  1  +  y.  Also  x  +  y  =  xy,  that  is  1  +  y  +  y  =  y(l  +  y);  or 
1  +  2y  =  y  +  y2  r.y2  -y=  I;  whence  y  =  I  (1  ±  V5),  and  x  =  1  +  y 

=  i  +  K1  ±V5)  =  K3±V5) 

13.  Let  x  =  circumference  of  hind  wheel,  and  y  =  that  of  fore 

120  120 

wheel  in  yards  ;    then  — :  and  - —  =  revolutions  made  by  each 
x  y 

120  120 

in  going  120  yards.     Also  by  second  condition  — — -  and  — — - 

r  x  + 1         y  + 1 

a  revolutions  made  in  120  yards. 

120       120  20  20 

-^-  =  ~-6)  T    =    V   "HO)  by  dividing  by  6 

Then  N  or     Ort 

120       120  \  30         30 

4 


J       xTT  =  i7Tl-1-)<Il) 


x+l     y+ 1        '  x+1     j/ 

.-.  20x  -  20y  =  xy  (in)  and  29x  -  3ly  =  xy  +  1  (iv).     Subtracting 

lly  +  1 
(m)  from  (iv),  wehave9x-lli/  =  1;  or  9x  -  11?/+  1  .-.  x  =  — - — 

20(11?/  +  1)  "  /Hy  +  1\ 

Substituting  this  in  (in),  we  have g -  20y  =  yl  — - —  J 

that  is  220y  +  20  -  ISOy  =  lly2  +  y  .-.  lit/2  -  39y  =  20 ;  whence 
lty+1 
9 
are  4  and  5  yards  respectively. 

!  \.  Let  x  a  one  fraction,  then  if  —  x  =  other,  and  —  + 

x       If—* 
1  15 

=   sum    of    their   reciprocals    .-.    —  +  29  -  15x  =  ~^2  '    ttiat  1S 

12(29   -  15*)   1    180x  =  29x(29  -  15x),  whence  by  reduction 
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43750^~841*  = " 348;  or  *2  -  *&  =  -  iff  j  *2  -  hi*  *  any 
-  mm  -  mt ss  =  mm,  whence  * = ***  ±  aB  =  w  or  w 

Hence  fractions  are  3  and  | 

15.  Let  ,  .  number  of  children,  then  -^  =  share  of  each 
,.         «800         46800  24  ,. 

tbCn  TTT  =  -^-+  1W0,  that  ig  _*    .  I4  f  ,.  wheMe 

*    -  2*  -  48  .-.  x  s  8  =  number  of  children. 

16.  Let  x  «  number  of  hours  the  clock  is  too  fast,  then,  since 
the  shadow  on  the  dial  moves  from  1  to  5,  the  clock  will  strike 
the  hours  from   2   +  x   to   5   +  x  inclusive-    i.e.  will  strike 
2  +  x  +  3  +  x  +  4  +  x  +  5  +  x  =  14  +  4c  strokes,  and  last  stroke 
will  be  5  +  *.     Then  (•-«■«)•-  *l «  number  of  minutes  the  clock 
is    too   fast  above   the  *  hours;    i.e.    25  +    10*  +  **  -   41  - 
1.  e.  **  +   \0x  -   16.     But  hours  too  fast  +  minutes   too  fast 
=  whole  number  of  strokes  ;    that  is  x  +  x*  +  10*  -  16  =  14  +  4* 
whence  x*  ±  1x  =  30  .-.  x  =  3  or  10,  and  *»  +  10*  -  l6  =  9  +  30 
-  16  =  23  ...  the  clock  is  3  h.  23  m.  too  fast.     The  second  answer 
10  is  excluded  by  the  limitation  that  the  clock  does  not  strike 
12  during  the  time. 

17.  Let  x  =  hours  travelled  by  each  =  miles  per  hour  travelled 
by  slower,  then  x  +  3  =  miles  per  hour  travelled  by  faster- 
*'  +  x(x  f  3)  =  2x*  *  3*  =  324,  whence  x  =  12.  Hence  slower 
travelled  12x12.  144  miles,  and  the  faster  12  x  15  =  ISO  miles. 

18.  Let  x  =  number,  then  ~  =  share  of  each  .-.  22  +  1  m  L44 
whence  x*  +  2x  =  288  .-.  x  =  16  =  number  at  first.  * 

19.  Let  x  =  left  hand,  and  y  u  right  hand  digit,  then  i£±| 
«2(i),andl0*  +  y+27=10y  +  z(„).  From  (1)  10*  +  y  =  2xyL) 
From  (n)  9x  -  0y  .  -  27,  whence  x  -  »  -  -  3,  or  x  *  y  -  3. 
substituting  this  in  (m),  we  have  l0(y  -  3)  +  y  =  2y(y  -  3) 
.-.  2^  -  i7y  =  -  30,  whence  y  =  6,  art  *  «  y  -  3  =  3.  Hence  the 
required  number  is  36 


xy 
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20.  Let  x  -  price  of  coffee,  and  y  -  price  of  sugar  per  lb.  in 

800 
cts. ;  then  60x  +  80;/  =  2500  (i).    Also  — -  =  lbs.  of  sugar  for  $8, 

1000  800       1000 

and =  lbs.  of  coffee  for  $10  ;    then  -— -  =  +  24   (n) 

x  y  x 

125-4y 
From  (n)  by  reduction  lOOx-  125y  =  3xy  (hi).  From  (j)  x  = — , 

100(125  -  4y) 
substituting  this  for  x  in  (in),  we  have  5 -  125y 

(125 -4y) 
=  3y  x ,  whence  by  reduction  6y2  -  575y  =  -  6250 

125  -  4y 
,\  y  a  12J  cents,  and  x  = =  25  cents. 

21.  Let  x  and  y  =  number  of  days  required  by  B  and   C 

respectively  to  finish  the  work;    then  in  1  day  A  does  -r8th; 

11  1       1  36     x  +  18 

B,  —  th  ;  and  C,  —  th  of  the  field  ;  -h  +  —:  —  ::  $36  :  —  *  -r— 

'  x       '  '  y  '   1S      x       x       v          x        18x 

•  648 
-  — 7—jjr  a  what  B  would  have  received,  had  C  not  been  called 

10                  360 
in;    but  B  worked  10  days    .-.  he  did  receive  —  x  36  =  

/    648  360\ 

Thc'n   (  x+18  "  ~x~  )dolIars  =  ft1'50  =  $*  i    whence  bJ  reduc- 
tion x*-  -  l74x  =  -4320  .-.x2-l74x  +  (87)2  =  7569 -4320  =  3249 

4 
.-.  x  =  30  =  days  B  would  require.     And   \%  +  -3 3  +  —  =1 

•••  J  =  1  "  ( it  +  W  -  1  -  H  ■  fV  •••  2y  =  72,  and  y  =  36  =  days 
C  would  require  tocradle  the  field. 

1  'k>  >of.— If  C  had  not  been  called  in,  they  would  have  taken  11 J  days  to 
JiuMi  the  work,  and  A's  share  would  have  been  $2  x  11|  —  $2250. 
Hence  B'a  share  would  have  been  $13-50,  but  since,  when  C  is  called  in, 
l\  only  works  kO  days,  he  receives  only  Ifl  =  j  of  $36  —  $12  as  $1-50  less 
than  he  would  have  otherwise  received. 

22.  Let  x  and  y  -  the  number  of  feet  in  the  side  of  the  base ; 
then  roxy  -  Axy  -  xy  =  80  +  x  +  y  (1)  ;  also  V25  +  x*  +  y* 
■  ft(x"  +  ?*)(»)•     From  (11),  we  get  3(x2  +  y2)  *  40V'25  +  *T+y8 
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That  is  (x*  +  y*  +  25)  -  W*2  +  V*  +  25  =  25 

(x2  +  j/2  +  25)  -  ty(*»  +y2+  25)*  +  ±£°  =  *ja  +  2^  =  «$* 

.'•".  V*2  +  V*  +  25  -  s3a  =  ±  ^  .-.  V^2  +  y2  +  25  *  15  or  -  f; 

squaring,  we  have  x*  +  y* -  +  25  =  225  or  *9*  .-.  taking  the  former 
value,  x2  +  y*  =  200  (hi),  but  by  (i)  2xy  =  160  +  2(x  +  y)  (iv). 
Adding  (iv)  and  (in),  we  have  a:2  +  2xy  +  y2  =  360  +  2(a:  +  y). 
Hence  (x  +  y)2  -  2(s  +  gj  s  360  .-.  (x  +  y)2  -  2 (a;  +  y)  +  1  *  361  j 
(x  +  i/)  -  1  =  ±  19,  x  +  y  =  20  or  -  18  .-.  again  taking  the 
former  value,  x  +  y  =  20,  and  hence  xy  -  80  +  20  =  100 
z2  +  2xy  +  y3-  -  400  >. 

4xy  =400  /   ••^  =  y.-.2^20,anda:=10  =  y 

a;2  -  2a;y  +  y2  =      0[ 

1   .-.  the  base  is  a  square  whose  side  is  10  ft. 
•  •  x  —  y    —      o  J 

23.  Let  x  -  distance  B  has  travelled  when  he  meets  A,  then 
x  +  15  =  distance  A  has  travelled;  Also  since  A  has  yet  to 
travel  x  miles,  and  accomplishes  it  in  2  hours,  his  rate  of 

X  -£     ±.      J  K  O.J.     I     DA 

travelling  is  —  miles  per  hour :  also  B's  rate  is  —77—  =         ~ 
A  H  9 

Then  time  A  travels  before  they  meet 
time   B  travels  before    they  meet  = 

2x  +  30         9x 
•'•       x      =  2^+30'  that  is  X<1 "" 24*  =  180  5  whence  a;  =  30  =  rate 

Hence  distance  =  *  +  #+16*  75  miles.    .B's  rate  =  ?^°_  E  £? 

9        ~    9 

=  10  miles  per  hour.     As  rate  =  —  =  15  miles  per  hour. 

24.  Let  a;  and  a:y  be  the  two  numbers,  the  latter  beinj_ 
the  greater;  then  x*y  =  z*y*  -  x\  whence  y2  -  y  =  l,  and 
y  =  |(1  £  V5).  Also  a;2^2  +  a;2  =  ££  -  a:3  .-.  y2  +  1  =  ary3  -  a; ; 
whence x-V^±-  fo*V»>»t  _  ffliyg)     lySftfril)  ' 
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25.  Let  x  and  y  =  hours  required  by  Bacchus  and  Silenus 

respectively  ;   then  Bacchus  would  drink  —  of  it  in  1  hour, 

y 

hence  in  y  hours  he  would  drink  — ths  of  it,  and  in  §y  hours 

2y  ty 

Bacchus  would  drink  ^ths  of  the  cask  full  .-.  1  <-  ~  =  part 

druuk  by  Silenus,  and  since  he  drinks  —  of  the  cask  in  1  hour, 

/       2y\      1 
the  time  he  required  to  drink  part  remaining,  was  /  1  -  ^  J  *  — 

2?/2 
sry  -  --  —      Had  both  drunk  together,  Bacchus  would  only  have 

/        2y\  y 

consumed  {[  1  -  —  J  =  \  -  r-f  and  Silenus  would  have  taken 


3x  J       3      3x' 

y 

\  +  —  ;   hence  when  drinking  together,  time  taken  by  Bacchus 

(ii  \       1         x        y 
\  -  —  )t  —  =  — —  — ,  and  the  time  taken  by  Silenus 
3x J  X  a  O 

/      y\     i     y  ,  y*  u      x     y     t  ^y2  ,  s 
w;l3  [}  +  3-cJ  *  7  =  T  +  £J  henceT  "  ¥  =  y +  3^  CO 

Also  t-  +  ( y  -  v_  )  =  time  taken  when  drinking  separately 

-    '.,-  +  2   (h).     From  (i)   3x2  -  5ys  =  2y2.     From  (ii) 

5y        25w2       25w2       2y2 
-2  +    *3*   C»>  **  ~  J*  +  -36"  =  "9~  +  T 

5tf         ty  12y 

;   x r  -  i  ■£••     Hence  x  =  —  -  =  2y  ;  substituting  this 

valae  of  x  in  (111),  we  have  24?/2  -  Ay"  =  3(2y)2  +  12(2?/),  that 
is  34y*  -  iy2  =  Uy2  +  24y  .-.  8y3  -24y  =  0;  y2  =  3y;  y  =  3, 
whence  x  =  6 
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Exercise  LVI. 

a         c       ab        1 
o        a*       cd       d 

2    -Z1*2    (a~b)2    ^^^^i^^  +  bXa^^a^ab  +  b^) 
'  aU:b*x      a      X    (a -b)s    =      a(a  +  b)(a* -ab  +  b*)(a-b)* 


3    Q-5)(x  +  3)       (a:  +  2)(x  -  1)       (s  +  ?)(j  +  5)  _  x  +  1 
■  (x  -  5)(x  +  2)  X  (x  +  3)(x  +  5)  X  (*  -  l)(x  +  1)  ~  x~Tl 
=  x  +  1  :  x  +  1 

a3  +  #»>  a2  +  b2 
4-  a*  +  $*  <  ~^jT£~i  according  as  a4  +  «36  +  «63  +  6*  >  a* 

+  2a262+64;    or  as  a36  +  af»3  >  2a262;    or  as  a2  +  b2  ■>  lab  ; 
but  a2  +  6  2  js  greater  than  lab  (Algebra  Art.  134,  Note  2) 

a3  +  63        a2  +  62 
•'•  £*T&*  >     a  +  b 

m    x%  *  **   >   (*  +  y)* 

5'  a-2    -  y2   <  x4  -  a;3*/  +  * V   -  xy3  +  yi>   accor^ing   at 

x6  -  x^y  +  2*V  -  2X3//3  +  2c »y*  -  ry5  +  y«  >  x6  +  4a.Sy  +  5x^j2 
-  5x  V  -  4ay8  -  V H  ',  or  as  Ix'Y  +  3xy8  +  2y«  >  5**y  +  2X3?/3  +  3x  V ; 
or  as  T*V  4-  3xy4  +  2jr*  ^  5x5  +  2x3y2  +  3x4y  ;  or  as 
y/3(7x2  +  Zxy  +  2y2)  >  x3(5x2  +  3xy  +  2y2) 
Now  since  x%/5  >  ytyl,  cubing  we  have  5x3  >  ly3  .*.  z3  >  y3 
.-.  y»(3xy  f  2y2)  <  x3(3zy  +  2y2)  ;  also  7a:  V  <  5x5  •.•  7/  <  5x3 
.-.  y^x2  +  3xy  +  2y2)  <  x3(5x2  +  3xy  +  2y2) 

x2  +  y2 (x  +  y)4 

'  '  x2  -  y2         x*  -  x3y  +  x2y2  -  xy3  +  y4 

6.  Let  a;  =  the  quantity  to  be  subtracted  from  each  term  ; 

,       a~x      c  .        .      ,       .                       ,                             be  -ad 
then  ^  —  =  —  .•.  ad  -  dx  =  oc  -  ex  j  ex  -  rfx  =  6c  -  ad  .-.  x  = — 
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7.  Let  x  =   the  quantity  to  be  added  to  each  term  ;   then 

=  1,  whence  m  +  x  =  n  +  x:  x-x-m-n;  x(l-l)  =  m-n; 

n-r-x       ' 

m  -  n       in  —  n 

*  =  1JT  =  -o—  -  * 

(a  +  b)      fa*     a2\  6s         (a  +  6)      fa1       \  & 

(a  +  b)       a2 -ft2  b3  b 

-  Ta^b)  X  15-  X  (aT6?  -a-rb  =  bla  +  b  0 

—  (a  +  c)2       a2  +  2flc  +  c2 

U.  Since  a  :  c  ::  c  :  b}  c  =  *Jab;   then  ^6  +  c^2  =  frt  +  2fe*  c* 

a2  +  2aJab  +  cr&       c(a  +  2<Jab  +  b)        (t 
b*  +  2b<Jab  +  ab      b(b  +  2*Jab  +  a)       b 

10.  ^-4^>^,accordingasa3+a26-a62-63^a3-a^ 
+  a&2  -  63 ;   or  as  a26  -  a&2  ^  ab2  -  a26 ;   or  as  2a*b  >  2a&2 ; 


or  as  a  ^  & 


EXERCI3E   LYII. 

1 .  Let  x  =  the  quantity  to  be  added ;  then  a-f-z:&-f-:r::c  +  x".d + x 
.-.  ad  +  ax  ■}-  dx  +  xz  =  be  +  bx -b ex  +  x*  \  ax  +  dx -bx -ex  =  be ~ ad 

be  -  ad 
•'•  x"a~-b-c  +  d 

a      c  , 

2.  If  a  :  b  ::  e :  d ;  then  T-  =  "T-     If  Jt  be  possible,  let  x  be la 

quantity  added  to  each,  so  that  a  +  x  :  b  +  x  ::  c  +  x  :  d  +  x ] 

a-rx       e  ~x  be  -  ad  . 

then  ft—  =  -d-~ ,  whence  as  above  x  =a_6-c+d5  but  smce 

C  r  0 

T  =  -jj,  we  have  be  -  at .-.  be  -  ad  =  0  .-.  *  =  fl_6_c+rf  =  0 
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•   b  ~  d''-b*=d*  \   aIso  7  ~  7  •'•  2^  =  2?     Multiplying 
.  ma2  pc2 

equals    by    equals    ^i  =   ^ ;    then    Algebra    Art.     10G 

wm2  -  2nb2      pc2  -  2g<22 

wa8~+  2nP  =  j9c2  +  2jd2    '*•    ma8  "    2n62:pc2  -    2grf2::»m2 
+  2n62:^c2  +  2grf2 
4.  Let  x  a  one  number,  then  —  =  other1 

1ft  (UY  ,0     3  32832 

*     I8(^y  -  18*  =  ~ir~  -  l368x 

/24\3  1824     .  /24\3  /24 

Dividing  each  side  by  —  -  *,  we  have  (— Y  +  24  -f- a;2  =  7c 
t      .    576  \*' 

that  is  pf-  +  x*  =  52  ;  **-  52a:2  =  -  576 ;  **-  52a:  +  (26)2  *  100  ; 

.*2  s  26  ±  10  =  36  or  16  .-.  x  =  ±  6  or  ±  4,  and  the  numbers  are 
i  6  and'  ±  4 

5.  Let  x  ?  one  part,  then  20  -  a:  =  other  part ;  then 

x  :  20  -  x  ::  9  :  1  .-.  *  =  180 -9a;;    or  a:  -  18,  and  20  -  x  --  2 
Let  y  be  the  mean  proportional  between  these ; 
then  18  :  y  : ;  y  :  2  ;  or  y2  =  36  .•.  y  -  6 

6.  -  Jj£  also  -J  =  ^±J   •    5!  -  ?±f    .    •  .  t+_* 
.♦.  f/#  +  xy-  cy  +  xy}  or  <fcc  =  cy 

7.  Dividing  the  equation  by  (a  +  b  -  c  -  d)(a  -  b  -  c  +  d), 

u+b+c+d      a-b+c-d 
We  bare  a  +  b-c-d  =  a-b-cVd-     Then  Art  10(3>  we  have 
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2a  +  2b       2a -2b  a+b       c+d  2a      2c 

2c~VTd  =  2c-Td  ••'  Art'  10G>  a~^b  *  —d  •••  Art  106'  26  =  U  ! 

a         c 
or  -r-  =  —  .*.  a  :  6  ::  c  :  d 
b         d 

8.  Let  x  and  y  =  the  numbers ;  then  x  +  y:s::x  -  y  :  d:\xy  :  p 

s      x+y  d      x-y 

.-.  p(x  +  y)  =  sxy,  and  p(x  -y)  =  dxy  ,*.  —  *  — ,  and  —  -  — - 


9.  Let  x  -  speed  in  yards  of  faster  train  per  second,  and 
y  =  speed  of  slower ;  then  in  2"  the  former  passes  over  2x,  and 
the  latter  2y  yards,  consequently  2x  +  2y  -  length  of  the  faster 
train;  also  36x-  30?/  =  length  of  faster  train,  .-.  30x-30y=2x  +  2y, 
or  28r  =  32y,  or  1x  -  8y,  .-.  x  :  y  : :  8  :  7 

10.  Let  x  =  ^'s  money,  and  y  =  -B's  ;  then  x  +  150  :y-  50::  3:2, 

whence  2x  +  300  =  3y  -  150  ;    or  2x  -  3y  =  -  450  (i).     Also 

x  -  50  :  y  +   100  : :  5  :  9,  whence  9x  -  450  =  by  +  500 ;   or 

9x  -  5y  =  950  (n).     Multiplying  (i)  by  9,  and  (n)  by  2,  we  Lave 

18x-272/  =  -4050  (ni)1 

>  Subtracting  (in)  from  (iv)  l7y  =  5950, 
18x  -  lOy  =      1900  (iv)J  6  V     '  \    f      *  i 

whence  y  *  $350  =  B's  stock;    2x  -  3y  =  2*  -  1050  =  -  450, 

whence  2ar  a  C00,  and  x  -  $300  =  ^s  stock. 

• 

11.  6  =  Vac  •'•  &2  =  ac\    2^2=  2af5    62:=  2<w  -  62  .-.  adding 

a2  +  ca  to  each,  a?  +  b2  +  c2  =  a?  +  2ac  +  c2  -  62 ;    or  a2  +  62  +  cv 

,     ,„                    .                                  (a  +  c-b)(a  +  c  +  b) 
=  (aM:)2-62=(a  +  c-6)(a  +  c  +  6).M  =  ^ as  +  £*  +  c* 

1  a+c-6  a+c+6'  a-6  +  c 

°r  a  +  cTi  =  a2  +  62  +  c2'   or  (a  +  c  +  6)2  "  a2  +  ft2  +  c' 
.-.  a  +  b  +  c  :  (a  +  6  f  c)2  : :  a  -  6  +  c  :  a2  +  63  -f  c2 
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12.  a  :  c  ::  a  :  c;  .-.  multiplying  each  term  of  the  latter  ratio 
by  a  -  c,  we  have  a  :  c  ::  a(a-c)  :  c(a  -  c) 

■  .'.a:  c  : :  a(V«  -  VO(V«  +  V<0  :  c(Va  -  VO(V«  +  VO 
.'.  a  i  e  : :  V«(V«  -  VO(V«  +  VOV«  :  V^(V«  -  VOC^  +  VOV^ 
•*•  a  :  a  :  r  (a  -  ^)(a  +  ffi  :  {*Ja~c~-  c)(*Ja7+  c)  ;   but  V^=  6 
•••  a  :  c : :  (a  -  6)(a  +  6) ;  (j  _  c)(6  +  c)  siucc  bj  hvpothesis  ^=  b 

13.  Let  a:  =  the  number ;   then  x  +  3  :  x  +  8  : :  x  +  8  :  x  +  1 .7 

.'.  (^  +  3)(a:+17)  =  (x  +  8)2,that.isa;2  +  20x  +  5l=a;2  +  16x  +  64; 
or  4x  *  13  ...  a:  =  3| 

14.  Let  D  and  d  =  diameters  of  a  sovereign  and  shilling  res- 
pectively, and  t  and  T  =  thickness  of  a  sovereign  and  shilling 
respectively  ;  then  md  =  nD,  and  pt  =  qT,  and  since  circles  are 
to  one  another  as  the  squares  of  their  diameters,  we  have 
quantity  of  metal  in  sovereign  :  quantity  of  metal  in  shilling 

D2         t 

But  md  *  nD  ...  D  :  d  ::  »  :  n  ...  -£  =  i  simiiarlj  -i_  .  1 

.-.  quantity  of  gold  in  sov.  :  quan.  silver  in  shil.  ■■  ^r  ■  ~ 

n2    '    p 

But  a  Sovereign  =  20  §.,  .-.  quantity  of  gold  in  bulk  equal  to  a 

shil.  :  quantity  of  silver  in  a  shil.  ::  J?  :  *     ^  :;  20n*q  :  m2» 

p       n2  i         r 

tt         C  «42  '42/1         49/* 

15'  T  =  T  •'•  multiplying  both  by  —  ,  we  have  —  =  ~ 
.  i  if  iijO     ii-fd 

A   ♦    mc    '42a+llf&       -42c+ll^ 
"  Art-  10b'        UjT~  =  ~~llld~>   or  multiplying  by   11} 

;42a+llf6       -42c  +  llW  a         c        4a       4c       4a  -  56 

6  =  — -3 (i);  also  y  =  -  ...  -  =  -  ...  +— 

4c-  5d         4a  -56     4c  -  5<f 
=     5d~  •  or       6       =      5 —  00-    Dividing  (i)  by  (n),  we  hare 

•42a+Uf6  '6  -42c+llfrg  rf  -42a+lU6 

6  X  4a-  56  -  d  X  47^5^5  thatis  ~4a~^bb~ 

-  '42g+H^ 
4c  -  5rf 
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16.  Ka:b::b:c::c:J,ac  =  b2*ndbd  =  c*  s.d  =  -*~,^*. 
(a  +  *)<c  -^  f  (a  +  yi)  (c  -  |~j  =  V«(Va  +  VO  (V*  -  V0~ 

b        c        d'-b*       b  X  c  X  d  -  d  "T  =  Ijd 
.'.  a  :  tya  ;;  b  :  fyd 


Exercise  LVIII. 

1.  n.x*  +  ny  oc  <*»  -  dy  ...  mx*  +  ny  =  p(cx*  -  dy)  =  pcx*  - pdy 
.-.  pcx*  -  m**  =  ny  +  jtfyj    that  ig  or2(pc  _  *)  =  (»  *  ^)y 

=  [^rr^jy  -'■  $  =  (  V  ^r^J  V^  J    But  since  »,  p,  to,  d 

and  c  are  all  constant,  \J  (—^  is  constant  .-.  x  ex:  ^y 

2.  x  =  my;  7  =  Zm  .-.  to  «  &..V*  s  fo 


m 


3.  x  =P  +  ~-.}  then  1  =  p  .h  _-_  (l)j  and  2  =p  +  m  („) 
Subtracting  (i)  from  (n),  1  =  }m  ...  m  =  ',  and/>  +  m  =7,  +  |  =  2 

_  ,  m  i  3 

4.  x2  =  Bly ;  4  =  G4;n  ...  „  =  A .  X2  s  ^  >.<  ,  =  ,^, 

5.  a:  =  TO  +  nxy  .-.  2  =  to  +  6»  (i),  and  3  =  m  -  9n  (n) 
Subtracting  (i)  from  (u),  we  have  1  =  -  15n  .-.  n  =  -  JU 
■  -£  =  2  ...  m  =  2  +  -^  =  V.  Then  a:  -  nxy  =  «  .  x(l  ~  ny)  sp 
#.    x  =  _^ V-  V-  36 

1  -  ny       l-i-^y)         15+y     =  iTT^ 
15 

6.  //  =  m  +  **  +px«  ;  then  0  =  m  +  3n  +  9p  (i) 

»  +  5/i  +  25/>  (ii),  and  -  32  =  m  +  In  +  49/>  (m) 
Subtracting  (i)  from  (n),  we  get  -  12  =  In  +  16p  (iv)} 
(0  from  (m),     w.     -32  =  4»  +  40p    (v)J 
II 
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Dividing  (iv)  by  2,  and  (v)  by  4,  we  have  -  6  =  n  +    8p   (vi) 

-  8  =  n  +  10p  (vii) 
Subtracting  (vi)  from  (vn),  we  have  -  2   =   2p   .-.  p  =  -  1 ; 

-  6  =  n  -  8  .-.  n  =  2  ;  0  =  m  +  6  -  9  .-.  m  =  3  .-.  y  =  3  +  2x  -  x2 


71  n  n 

1.  y=  tnx2  +  —  ;    then  1  =  25»»  +  —  (i) ;    5  =  81m  +  —  (n) 

_  25/i        n 

Dividing  (n)  by  5,  and  (i)  by  9,  we  have  §  =  —  -  +  —  (m), 

8lm        n  2        604/u 

and  I  ■  -~  +  —  (iv).     Subtracting  (in)  from  (iv)  —  =  — 

n      5x2     9945 
/.m  =  ^.-.  n  =  35-125m  =  32^i;  theny  =  mx2  +~  =  —  +  3Q^ 

a2  1 

8.  y  =  m&2  +  mx2  .-.  —  =  mb2  +  ma2  -  mb2  -  ma2  .-.  y  =  ?« 

62      a;2  a;2 


9.  z-x -y=  w,  and  (a;  +  y  +  z)(a;  -  y  -  z)  =  nyz  ;    that  is 

\x  +  (y  +  z)}{x  -  (y  +  a)J  or  a;2  -  (y  +  s)2  =  nyz.     Adding  Ayz  to 

each  side,  x2  -  (ij  -  z)2  -  (n  +  4)yz  ;  that  is  (a;  -  ?/  +  «)(*  +  y  -  z) 

=  (»  +  4)y«j  but  z  -  x  -y  =  m  .\x  +  y  -  z--m  r.  -m(x-y  +  z) 

n  +  4 
=  (?i  +  4)ys  .-.  a;  -  y  +  z  =  -  — — yr  ...  a;  -  y  +  z  oc  yz 

10.  Let  a;2  a  number  of  cars  attached,  then  decrease  of  speed 
oc  x2,  and  is  .«.  =  mx2  j  then  24  -  mx  -  speed  of  train, 
.-.  20  =  24  -  1m  .-.  2m  =  4,  or  m  =  2  ;  then  24  -  2a;2  =  speed  when 
*2  waggons  are  attached.  Now  if  speed  is  reduced  to  0,  we 
have  24  -  2a;2  =  0  .*.  x  =  12,  and  .-.  x2  =  144  =  number  of  cars 
required  to  completely  stop  the  train,  .-.  greatest  number  it  can 
move  =  143 
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Exercise  LIX. 

1.  ^i=(126-r(31-l)2}V  =12624"6:)x31=:2883 
5.  =  {126+(«-  1)2}--  =  (12(3  +  2*--2)y=- * xtt  =  n(G2  +  n) 

2-   $t,  =  {-400 +  (22-  l)x  12}\*  =  (  -400  +  252)11  =  -  1G28 
*  -  {-  400  +  (»-  l)x  13,|-  =  <-4°0+213"-13->  „  „  .  „(6fl  .  300) 

3.  S„  =  f4  +  (17  -  l)Jj',I  =  (4  +  24)1/  .  238 

2m  +  »  2, vi  +  77 

«,.♦„  x  [4  +  (2/n  +  p  -  m-^f-^-  *  {§  +  (2^  +  ^i:}^-— 

=  *(2//i  +p)  +  $(2m+p)t 

4.  ^^a  +  (ll-l)x-S};/  =  (:!-y)V=-UixV=-l^,-2^ 

5.  17*  =  2 +  (17-  1)3  =  2+  lGx  3  =  2  +  48  =  50 
28*  =  2  !  (28  -  1)3  =  2  +  27  x  3  =  2  +  SI  =  83 

fl'h  =  2  +  (n  -  1)3  =  2  +  3w  -  3  =  3tt  -  1 

6.  17*  =  3  +  (17  -  1)  x  -  5  =  3  +  16  x  -  5  =  3  -  80  =  -  77 
23-x  =  3  +  (28  -  1)  x  -  5  =  3  +  27  x  -  5  =  3  -  135  =  -  132 
»*  =  3  +  (»  -  1)  x  -  5  =  3  -  5/i  +  5  =  8  -  5« 

7.  17"'  =  2\  +  (17  -  1)5  =  g  +  16  x  5  =  g  +  ?o  =  i^  a  13^ 
28*  =  1\  +  (28  -  l)?  =  S  +  27  x  {  =  §  +  If*  -,,, 

«*  -  2|  +  («  -  1)0  =  |  +  |»*f  *  fr-f -^fa^  +  *»  =  ^(5  +  2/0 

33-3 

8.  rf  =    5  _  j  =  »ft  =  1\  ;  hence  series  =  3  +  10J  +  18  +  25]  +  33 


-66-9 

n-  <*       (•  _  j        -  V  =  -  15;   hence  series  =  9  -  G  -  21  -  3G 
-51  -66 

IQOr-(-l)    _    100  +  1 

[,  _  i         ~        8        =  1» l  =  12«  »  nencc  series  =  -  1 
:    LOJ  f  G2|  +  74i  +  87jf  +  100 
n-  S  I  '::-  I)']7/  -(2  +  72)^  =  37x73  =  2701 

12.    |t*  term  -  1   !  (a  -  1)2=  1  +  2n-2  =  2»-  1 
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13.  Sm  =  {2  +  <»~  1)2)—  =  (2  +  2»  -  2)^-  =  In  x  ~  =  »5 


14.  S(  b  (2a  f  (I--  l)2aj  -  =  (2a  4-  2at  -  2a)~  =  2a*  x  ~  =  ai* 


2 
y=(2a+2a/-2a)y 

15.  20th  term  =  a  +  (20  -  l)2a  =  a  +  19  x  2a  =  a  +  38a  =  30a 
f«*  term  =  a  +  (/  -  l)2a  =  a  +  2at  -  2a  =  2af  -  a  =  a(2*  -  1) 

16.  Let  x  -  3y,  x  -  y,  x  +  yt  x  +  3y  represent  the  numbers 
Then  (x  -  3y)2  +  (x  +  3//)2  =  2x°  +  18^/2  =  200 

(x  -    y)°  +(x  +    y)»  =  2x2  +    2?/2  =  136 
.*.  16y»*   64 
Hence  y2  =  4  or  y  =  +  2   .'%  2x2  =  136  -  2y2  a  136  -  8  =  128; 
or  x2  =  64  ;  or  x  =  ±  8  .-.  the  series  is  ±  14  +  10  +  6  +  2 

17.  Let  x  -  3y,  x  -  y,  x  +  y}  x  +  3y  represent  the  numbers; 
then  (x  -  3y)(x  -  y)(x  +  y)(x  +  3y)  =  (x2  -  9y2){x2  -  y2) 
=  (a;2  -  36)(a;2  -  4)*  ;  x*  -  40x2  +  144=  1680,  orx-±-40a:2  =  1536; 
a:4  -  40a;2  +  400  =  1936  .-.  x2  -  20  =  +  44  .-.  x-  =  +  64,  or  -  24 
Rejecting  the  latter  value,  we  have  x2  =  64,  or  a;  =  +  8;  henco 
the  series  is  ±14+1046  +  2 

18.  Let  x  -  2y,  x  -  y,  x,  x  +  y,  x  +  2y  represent  the  numbers, 
then  x-2y  +  x-y  +  x  +  x  +  y  +  x  +  2y  =  5a;  =  25  .-.  x  ■=  5 
(x  -  2y)(x  -  y){x  +  y)(x  +  2y)x  =  (x2  -  4y2)(x2  -  y2)x 
=  5(25  -  4y2)(25  -  y2)  s  5(4?/*  -  125?/2  +  625)  =  945,  or 
4y*~  125</2  =  -  436  ;  y«  -  l|y  +  (XI5)3  =  &gi*  /.  I/2  -  Ll*  *  ±  V 
whence,  y2  -  4  and  t/  =  r  2.  Hence  the  series  is  1,  3,  5,  7,  9  or 
9,  1,  5,  3,  1 

19.  S  =  (a  +  Z)y  =  (60  +  i)fi<»  =  61  x  30  =  1830,  i.  e.  since  the 

principal  on  interest  is  $60  the  first  day,  and  only  $1  the  60th  day, 
the  whole  interest  is  equivalent  to  that  of  $1830  for  1  day.  Interest 
of  $60  for  360  days  =  $3-60,  or  of  $1  for  360  days  =  $0-06,  or  of 
$1  for  1  day  =  -j|0-  =  -6lrt-  of  a  cent  j  hence  the  interest  of  $1  for 

■» 1 • — — i k 

*  The  common  difference  is  given  =  4  .•.  y  =  2. 
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1830  days,  i.  e.  of  $1830  for  1  day  =  lf§*>  c^3*  and  siuce  this  is 

1830 
60x60 


1830 
to  be  uivided  into  €0  payments,  each  will  be  -rr — r—  —  -p.}^  of 


a  cent.  • 

„     .  n  n  n      n(n  +  1 ) 

20.  S  =  {**  +  (»-  i>/}--  B  p  +  (»-l)}j  =  («  +  1)  -  =  -A-r- 

21.  Let  S=  is  +  22  +  32  +  ....  ti2 
Now  n3  -  (/*  -  l)3  =  3/i2  -  3n  +  I 

(«  -  l)3  -  («  -  2)3  =  3(»  -  l)2  -  3(n  -  1)  +  I 

O^j)3^,  (»  -  3)3  =  3(n  -  2)2  -  3Q  -  2)  +  1     Hence  by  addition 

n3  -  *[3(»  -  2)-  +  3(W-  l)2  +  3/i2}"-  {3(w-  2)  +  3(«  -  1)  +  3/?}  +  n 

ft3=3(l2  +  22  +  ....  ?*2)-3(l  +  2  +  ....  n)+n 

But  by  supposition,  l2  +  22  + n2 [=  S,  and  it  has  been 

i  ,  n(n  +1) 
shown   in  question   20,   that   1   +  2   +  3    n  =  _ 

3n(n  +  l) 
Therefore  «3=3S-—^ +n  • 

,     3n(n  +  1)            27i3  +  3n(n  +  1)  -  2n 
MM**.-!—-*,. 2— 1— 

o     ft(2?;2+3tt  +  3-2)     w(2n2+3n+l)     w(n+l)(2n  +  l) 
3»=  —  =  -  =  2 

?3(n+l)(2n  +  1)       ?j(?i  +  l)(2?i+  1) 
...  S  ==  —  = 

22.  S  =  {2a  +  (»-i)d}yj    517  =  {4  +  (w  _  I)9}j;    1034 

=  4n  +  9n(n  -  1)  ;   1034  =  9«2- 5n;  324m2- 180n  + 25  =  37224+ 25 
b  37249 ;  18n  -  5  -  ±  193  ;  18/i  =  198  ;  n  =  1 1 

Note.— -The  negative  value  is  inadmissible. 

23.  I  +  I  -  d  +  I  -  2d  =  31  -  3d  -  96,  or  Z  -  <Z  =  32; 
Z  -  3cZ  +  Z  -  U  +  Z  -  U  +  Z  -  6c/  =  4Z  -  18<Z  =  86,  or  2Z  -  9d  =  43  ; 
2Z-9cZ  =  43,  and  2Z  -  2d  =  64  .-.  7d  =  21,  andd  =  3,  whence  1  =  35; 

♦Note.— The  student  must  here  read  n  as  number,  n  -  1,  oue  less  than 
number,  &c.  Thus  taking  n  —  3,  then  n-l  =  2,n-2  —  1;  if  n  be  taken 
as  4,  we  should  have  to  take  four  addends  as  above. 
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and  inverting  the  serie3  35,  32,  29,  20,  &c  ,  we  have  2,  5,  8,  11, 
14,  17,  20,  23,  2G,  29,  32,  35 

24.  1=  5,  and  I -*ld  =  7  .'.  the  sixth  terra  or  last  term  but 

7+5 
one  -l-d  =     -     =  6,  and  the  series  is  found  by  reversing  the 

series  5,  6,  7,  8,  9,  10,  11     \ 

25.  S  as  6?H-cn2  =  (6  +  c?i)/i  =  (26  +  2c»)y  =  (26  +  2c  +  2cn-  2c)y 

*)  {2(6  +  c)  +  (n  -  l)2c}^-.    But  by  formula  S  =  {2a  +  (n  -  l)tf}y, 

whence  it  is  evident  that  a,  the  first  term  of  the  series  =  6  +  c; 
d,  the  common  difference  =  2c.  Then  the  *th  term  =  a  +  (I '  -  l)d 
=  6  +  e  +  (*  -  l)2c  =  6  -  c  +  |eit 

26.  The  (m  -  n)lh  term  =  a  +  (wi  -  n  -  l)d  • 

the  (m  +  n)th  term  =  a  +  (w  +  n  -  l)<i  .*.  the  sum  of  the  two 
terms  =  2a  +  (2m  -  2)d  =  2{«  +  (m  -  1)<£|.  Also  the  mth  term 
=  a  +  (m  -  \)d.     Therefore,  &c. 

27.  (p  +  q)thterm  =  a  +  (p  +  q-l)d=m')  m-n 

-  2qd~m-n.'.d  = 


a  +  (p  +  q-l)d=?n') 
a  +  (p-q-l)d  =  nf' 


(V  ~  S)th  term  =  a  +  (p-q-l)d  =  nj  2<? 

7/t-W 

But  a  +  (q-  l)d  +  pd  =  m  .'.  a  +  (r;  -  l)i  =  m  - pd  =  m-p  x  —  •- — 

s:  7/i  -  (m  -  n)—\   but  a  +  (g  -  l)f/  =  qth  term  .-.  9th  term 
iq 

28.  p»  term  -   7  -  ~  =  V  -  y  +  5    =  ¥  -  (P  -    I>i 
=  -y  +  (p  -  1)  x  -  \  ;   but  pth  terra  =  ■«  +.  (p  -  l)d,  when  ^e  a  =  \a, 


and  <Z  =  -  i.     Then  sum  of  n  terms  =  S  =  {2a  +  (n  -  l)d)- 


n 


n 


=  {13  +  (n  -  1)  x  -  i}-  =  (13 


a 


n  n         /27       n\n 

y  +  Oy      (^y  -  yjy 


(27  -n) 
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29.  Letx-y,  a;  and  a: +?/  =  the  numbers  ;  then(a:-y)2  +  x(a:  +  y) 

=  a-2  -  2xy  +  y2  +  x2  +  xy  =  2x2  -xy  +  y2  =  16,  and  x2  +  (x  -  y)(x  +  y) 

=  a?2  +  a;2  -  y2  =  2x2  -  y2  =  14.     Subtracting  the  second  from  the 

2y2-2 
first,  2y2  —  xy  =  2,  or  x  = .     Substituting  this  for  x  in  the 

2(2y2  -  2)2 
equation   2x2  -  y2  =    14,    we  have   -g -  £2  =    14, 

or  7i/4  -  30?/-  =  -  8,   196?/4  -  84(ty2  +  900  =  -  224  +  900  =  6*16  5 

14;v2-  30  =  +  26  ;  I4y2  =  56  or  4,  y2  =  4  or  f ;  rejecting  this  latter 

8  -  2       6 
value  we  have  y  =  ±  2.    Hence  a;  =  — — —  =  -—  =  +  3,  and  the  three 

+  2        ±  S 

numbers  are  1,  3  and  5,  or  -  5,  -  3  and  -  1 

30.  Let  x  -  3y,  x  -  y,  x  +  y  and  x  +  3y  represent  the  numbers ; 
then  x  -  3y  +  x  -  y  +  x  +  y  +  x  +  3y  =  4x  =  20  .-.  x  =  5  ] 


1  11  1  4a:s  -  20xy2 

x~-  3y  +  x  -  y  +  x  +  y  +  x  +  3y  =  a;4  -  10x~V  +  9?/4  =  2;* 
/,  25(625  -  250y2  +  Si/4)  =  24(500  -  lOOy2)  ;  or  9*/4  -  154y2  =  -  145  ; 
324y4-5544?/a+ 23716  =  -  5220  +  23716  =  18496  .%  18y2  -  154 
=  +  136 ;  18y2  =  290  or  18  .-.  y2  =  1  or  *$*,  and  y  =  ±  1  or  +  ^Vl45 
Rejecting  the  latter  value,  we  have  5  +  3,  5+1,  5  +  1  and  5  +  3 ; 
that  is  2,  4,  6  and  8  or  8,  6,  4  and  2  for  the  suries. 


Exercise  LX. 

1.  6th  term  -  3  x  ?,'  -  3  x  243  =  729; 
3(36  -  1)       3x(729-  1) 

^  =  "3^    -—     2 =  1092 

2.  9th  term  =  1  x  28  =  1  x  256  =  256  ; 
1(2*   -  1)     512  -1 

*• a  iM  -  — H =  511 

3.  7th  term  =  J  x  26  =  J  x  64  =  Ifa  =  18^; 

S(27  -  1) 
57  =      i.i       =  !  *  (128  -  1)  =  36? 
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4.  12tn   term   =   3   x    (   -   ?)ii   =   3  x  -   2048   =   -  6144- 
_3j(- 2)12-1}       3(4096-1) 

12  ~       ~_  2  -"1  = Z3 =  ~  4095 

5.  6th  term  =  4* ( -  f)»  a  4  x  -  fiff  =  -  ^M  =  _  12 -^  . 

sc i *((-*>«  *m _ jMw-i)  thl-_±* zf^Mi^ 

-  -  &m 

6.  8*  term  =  30  x  (  -  jy  =  30  x  __     1    -_   3Q    4  _  L 

8  1+1  6  4      -    ly-64 

•7   9    -     -1*        -*     -i 

9'  f*  =  W--1)  ™  =  {  *  \t  =  41 

10     o      _  64  64         64 

10-  *«  -  r=pr>  ■  in' ■  T  ' i|&  =  42* 

-.6.2.3-  Jiti  rco 

11.    & 


1 !__ 

x       1000 


10  0  0  '"I'" 

12.  ^  .  -SL.  fJH 

19      ,0       _     0      ,       "5  0  JO  .,  7(id'{T 

•3.  sK  -  ft  ♦  j^  =  A  +  2jjg!  =  A  +  ^  ,  w 

1       TOO  -foo  1000    ■    99000 ~ 9900 


1(3* -1)        3*  -   1 
8-1       =  ~Y~  •=  J (3*-  1) 


15.    S„  a 


•  -     - 1  - 1    -  — 1 — ■ =¥{!-(-  m 

If    s,-*®!-]!.!^!)  62  62V2  +  62 

18      9    =a^lW^J]  _  ^(0^1)        gin  +  P-gP 
^~1        ~       a«-l"~*  *      a«-l~~ 
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19.  r  =  i^jj  =  (i«-)*  =  J  ...  series  =  1  +  \  +  \  +  -£-  +  \\ 

20.  r  =  (isis2)F^i  =(65G1)«  =  3  .-.  series  =  2  +  6+18 
+  54  +  162  +  486  +  1458  +  4374  +  13122 

81-   r  =  f -M  =  {-^y  =  i  ...  series  =  9  +  3  +  1  +  J  +  £ 

22.  Let  x,  xy,  xy2  and  xyz  represent  the  four  numbers  ;  then 
x  +  xy2  =  x(l  +  y2)  =  148,  and  xy  +  ar#3  =  xy(l  +  ^2)  *  8SS 

,      148  888       148       888 

.-.  1  +  y2  =  — ,  and  1  +  y2  =  .-. =  .-.  148?/  =  888 

*  xy  x  xy 

.%  y  -  6  j    then  1  +  ?/3  =  1  +  36  =  37  =  —  .«.  37*  =  148  .-.  x  =  4, 

x 
and  the  series  is  4^24,  144  and  864 

23.  Let  x,  xy,  xy2  and  xy3  represent  the  numbers  ;  then  x  +  xy 
=  15  (i),  and  xy2  +  xy3  =  y\x  +  xy)  =  60  (n).  Dividing  (n)  by  (i) 
we  have  y2  =  4  .-.  y  =  +  2,  and  since  x(l  +  y)  =  15,  we  have 
x  =  i/,  or  rh\  =  5  or  -  15  ;  hence  the  numbers  are  5,  10,  20  and 
40,  or  -  15,  30,  -  60  and  120 

24.  Let  xy2,  xy  and  x  represent  the  number  of  dollars  they 

severally  had  ;  then  xy2  =  x  +  135  (i),  and  xy2  +  xy  +  x  -  315  (n) 

135 
.-.  xy  +  2x  =  180  (m).     Prom  (i)  x  n        _  ^  and  from  (in) 

180  135  180  3  4 

x  *  *T2  ■'■  ptl  s  ^  •••  ^-zi  =  ^n  •••  4Z/2  -  *f  ==  10, 

whence  ?/=2or-f;  hence  a:  =  =  if  Q  =  45,  or  i  =   —  - 

180  y+2  2"5 

=  —  =  240  ;  hence  the  shares  were  $180,  $90  and  $45. 

Taking  the  negative  value  as  above,  give9  us  x  —  $240,  and  the  shades 
would  be  $375,  -  $300  and  $240,  which  implies  that  the  second  receives 
$300  less  than  nothing  for  his  share,  or  in  other  words,  instead  of  receiv- 
ing anything  ho  gives  $300  to  be  divided  in  addition  to  the  $315  among 
the  other  two. 
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25.  Let  x  =  the  first  number,  and  y  a  the  common  ratio  of  the 
1st  three  numbers  ;  then  the  numbers  are  x,  xy,  xy2,  xy2  +  xy,  and 
xy2  +  2xy 

And  xy  +  xy2  +  (xtf  +  xy)  +  (xy2  +  2xy)  =  3^2  +  4xy  =  40  (i)  ; 

also  xy(xy2  +  2xy)  =  xhf  +  2x2y2  =  64  (n).     Multiplying  (i)  by 

xy  and  (n)  by  3,  and  subtracting,  we  have  2x2y'2  =  192  -  40xy 

.',  x'ly2  +  20xy  =  96  ;  whence  sy  =  4  or  -  24.     From  (i)  xy(Zy  +  4) 

40 
=  40  .-.  3y  +  4  =  —  a  i4Q.  =  10  .-.  3y  =  6,  and  y  =  2  .-.  x  =  2  ; 

hence  the  numbers  are  2,  4,  8,  12  and  16 

26.  S  =  a  +  (a  +  b)r  +  (a  +  2b)r2  + {a  +  (n  -  l)b\rn- l 

Sr     =  a_L^tb}^_+ {a  +  (n-  2)b}rn ■ *  +  {a  +  (re  _  i)ft}r» 

S-Sr=      a  +  br  +  br2  +  ft?-3  + 6f*-»  -  fa  +  (»  -  l)6|rn 

ftr(l  _,«-i) 


S(l-r)  =  a  + 


6r(l 


1  -  r 


(1  -  r)s 


l)       I 


{a  +  (re  -  l)b\rn 
a  +  (n  -  l)ft}rn 


1  -r 

a  -  fe  +  (re  -  1  )ft}rra      6r(l  -  rn  - *) 
1  -  r  +      Qrr)* 

27.  (i)  a2  +  b2  +  c2-  (a  -  ft  +  c)2  «  a2  +  ft*  +  cz  _  (a2  +  52  +  ^ 
+  2ab  +  2bc  -  2ac  =  2ab  +  2bc  -  2ac  =  2ab  +  26c  -  2ft2,  (since 
ac  =  b2)  s  2b(a  +  c  -  b).  Now  (a  +  c)2  -  b2  =  a2  +  2ac  +  c2  -  b2 
=  a2  +  2ft2  +  c2  -  b2  =  a2  +  b2  +  c2  a  positive  quantity  .-.  (a  +  c)2  >  b2, 
and  .%  a  +  c>  b,  and  .-.  a  +  c  -  b  is  a  positive  quantity,  and 
.*.  2b(a  +  c  -  ft)  is  positive,  .-.  a2  +  b2  +  c2-  (a  -  b  +  c)2  is  positive, 
.-.  a2  +  b2  +  c2>(a-b+  c)3 

(11)  (a  +  6  +  c  +  rf)2=(a  +  6)2  +  (C  +  d)2+2(a  +  6)(c  +  rf).  but 

iL  -  L.  =  £.  .  ^_+_^  _ 6  +  c  _  i_+^  .  («  +  &)(c  +  <0     (6  +  c)2 

5        c       d  '  '     b  c  d     *'*  ftrf  =        ^2 

bd 
•'•  (a  +  6XC  +  <0  =  72(6  +  02=  (6  +  c)2v  ftd  =  c2.-.  (a  +  ft  +  c  +  rf)2 

=  (a  +  ft)2  +  (c  +  d)2  +  2(ft  +  c)z 
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28.  (i)  (p  +  ?)th  term  =  arp  +  q~1  -  m 
(p  -  </)th  term  =  arp~q-1  =  n 

.-.  a¥p  "  2  =  wiw,  .-.  arP'1-  *Jmn=pih  term 
i  p 

arP^q~1  m  /  W- \  ig  1        f  n  \*<l 

(n)  Also 


a>^-2 


1  n  •     \  n  J  r        \m  J 


«rP  +  2-i      m  i  /n\ 

the  5'h  term  b  a**-*  b       ^      =  —  =  w  x  —  =  7n  (^-J 


29.  Let  x,  xy  and  a;?/2 represent  the  numbers  ;  then  x  +  xy  +  xr/2 
=  3.r>,  and  a-?/  :  xy2  -  x  ::  2  :  3  .-.  y  :  y2  -  1  ::  2  :  3, 
or  3y  b  2?/2  -  2  .-.  2y2  -  3y  =  2,  whence  y  =  2  or  -  | 
.-.  x  +  a-y  +  a-?/2  =  x  +  2x  +  Ax  =  7x  =  35  .-.  x  -  5  ;  or  x  +  xy  +  xy2 
-  x  -  £x  +  ^x  =  %x  -  35  .-.  x  =  J-j0-  =  46s,  hence  the  numbers  are 
5,  10  and  20  ;  or  461,  -  23£  and  11§ 

30.  Let  x,xy  and  xy2 represent  the  digits;  then  100x  +  10xy  +  xy2 

=  the  number,  and  x  +  xy  +  xy2  =  sum  of  its  digits ;    then 

lOOx   +    lOxy   +   xy2    :    x   +   xy    +  xy2    ::     124    :    7,    that    is 

100  +  lOy  +  y2 
100  +  lOy  +  y2  :  1  +  y  +  j/2  ::  124  :  7,  whence       x  +  y  +  y a~ 

124  99  +9y  117  ll+y  13 

=    7     •••  Art-  106>  1  +  y  +  y»  =  T«  or  TTTTY2  =  T 

.-.  77  +  7y  =  13  +  13^  +  13y2,  or  13y2  +  Qy  =  64 ;  whence  y  =  2. 
Also  lOOx  +  lOxy  +  xy2  +  594  =  H)0xy2+  lOxy  +  x  ;  or  99x  -  99xy2 
=  -  594  ;  or  x  -  xy2  =  -  6  ;  or  x  -  4x  =  -  6  ;  or  -  3x  =  -  6  .'.  x  s  2, 
hence  lOOx  +  lOxy  +  xy2  =  248,  the  number  required. 


Exercise  LXI. 

1.  (i)  A.S.  =  7,  5,  3  ;  hence  d  =  -  2  .-.  13,  11,  9,  7,  5,  3,  1, 
-1,-3  inverted,  give  H.S.  fa,  ^\-f  fc  j,  £,  4,  1,  -  1,  -  i 

(ii)  jtf.5.  =  18,  14,  10  j  heuce  d  =  -  4  .\  30,  26,  22,  18,  14,  10, 
6,  2,  -  2  inverted,  give  H.S.  fa  fa,  fa  fa  fa  fa  £,  |,  -  J 
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(m)  A.S.  =  2,  4,  6  j  henoe  d  =  2  and  -  4,  -  2,  0,  2,  4,  6,  8,  10, 
12  iuverted,  give  H.S.  -  J,  -  },  oc,  |,  J,  I,  |,  -i-,  £ 
•  (iv)  ^.5.  =  -i-,  ^  ix.   hence  d  a  ^  and  _  Uj  _  H>  _  lV|  _hi 
hi  ill  H,  ff  and  \\  inverted,  give  H.S.  -  £f,  -  i|,  _  2,  14, 

(v)  JI.S.  =  V-,  *,  -  I ;  hence  tf  =  -  |  and  *,*,  y,  i*,  xi  1  _  fj 
-  tf  and  -  y  inverted,  give  H.S.  *  &,  *,  -ft,  ft,  1*,  -  l§,  -  1, 

(vi)  ^.S.  =  -  2,  0,  +  2  ;  hence  d  =  2  ;  then  -  8,  -  G,  -  4,  -  2,  0, 
2,  4,  G,  8  inverted,  give  H.S.  =  -  4 ,  -  1,  -  1  _  1   qc   1    1    j    1 

2.  (1)  Insert  3  ./?.  means,  between  \  and  J.     Here  d  -  ^—^~ 

=  T" =  -  *V;  hence  ■*•  seri^  =  h  H»  M,  &,  A-  =  J,  ft  &,  I,  i, 

and  .-.  J7.S.  *  2,  n,  1/,  I,  f  =  2,  2&,  2f,  2f,  3 
(11)  Insert  3  A.  means,  between  I  and  f.    Here  d  =  7  ""  6 

=  ~4~  =  -  TV  J  hence  ^.S.  =  }<,  f|f  f$,  41  and  ft,  and  invert- 
ting  these  we  have  H.S.  =  5,  5&,  5£,  6-^-  and  7 
(in)  Insert  3  A.  means,  between  -fr  and  £.    Here  d  =  -  ~  '  f 

-  T  =  -3%;  hence  .i.S.  =  &,  ■£-,  -f-  &,  11  and  iuverting  these 
we  have  H.S.  ■  11,  Gf,  4f,  3§,  3 
(iv)  Insert  3  ^.  means,  between  £  and  ff.    Here  d  =  ±?-^- 

-A58"  5    "    1 

=  -t1  =  -  V^-l  hence  A.S.  =  fff>   fflh   ML    HI,   Hi  and 

inverting  these,  we  have  ff.5.  =  2^  +  2  ^  +  2  fft  +  2  f  ?f  +  3f 

(v)  Insert  3  A.  means,  between  £  and  -  f .    Here  <f  a  — *-— 

-  ! 
^  -4-  =  -  §  J  hence  •tf.S.  s  fc  «.  g,  -|/-  ^,  -  ^,  aud  inverting 

these,  we  have  H.S.  =  6,  -  2,  -  $,  -  -£-,  -  f 

3.  Corresponding  A.S.  ==  |,  i;  g.     Hence  d  =  J  ;    5th  term  of 
^.S.  =  2  +  (5  _  j)?  =  1  +  L«t  „  j^ .   hence  5tll  term  of  ^  ^  =  ^ 
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ti*  term  ofA.S.  *  f  +  (11  -  1)|  =  1  +  \a  =  ¥  i  hence  11th  term 

3n  37i-l 

ofi/.S.  =  ft;  nthtermof^.5. -•  |  +(7i-l)|=|+y-?  =  — ^-; 

5 
hence  nih  term  of  H.S.  =  3n~_  j 

4.  Of  corresponding  A.  S.  ft,  -ft,  ft  the  6th  term  -  ft  4-  (6  -  1)  ft 

f,l'$  +.#»  fti    10th  term  =  A  +  (10  -  OA  =  A  +  A  =  ih  aQd 

n  2  +  n 

n*  term  =  -ft  +  (n  -  l)ft  =  ft  +  j^  -  -ft  =  -JJ"  •*•  required  6th, 

13 
10*  and  «th  terms  of  if. 5.  =  If  ;  1-ft  and  ^-^ 

5.  Of  the  corresponding  A.S.  10,  12,  14,  the  4th  term 
|  io  +  (4  -  1)2  =  16,  and  the  8*  term  =  10  +  (8  -  1)2  =  24 
.-.  the  4th  and  8th  term  of  the  H.S.  =  ft  and  -2\ 

6.  Insert  2  A.  means,  between  \  and  1.     Here  d  =  j-j-r  =  —  =  i 

hence  ^.S.  =  |  +  \  +  |  +  f,  and  inverting  these,  we  have 
#.£.  =  4  +  2  +  1$  +  ];  hence  unknown  terms  are  2  and  1 J 

7.  Of    the     corresponding    A.S.    — ,     y,     the     8th    term 

1  / 1        1  \        1         7         7    _    7      _6_  _  7a -66 

^— 4-(8-l)(^y-— J=—  +  y-~  -y-a-       a6      J 

a&  1  /l       1\ 

hence  8th  term  of  H.S.  =  f^Teb  i  nth  term  "  "J  +  <n"  XM  T  "  T  J 

1  /l        1\       1        1        2        1       n_      n_     2-ra     n-  1 

=  ~a~  +  n\T~~a~)  ~T  +  T  =  ~^~T  +  T-  a  ~     a     +      b 


b(2  -n)  +  a(n-  1)  .  ;'-     •  ab 

-  .-.  nth  term  of  J7.S.  =  - 


ab  6(2  -  n)  +  a(n  -  1) 


2a6  mz  -  n*  mz  -  nz  1 

8-  //,3/'  =  a~Vb  =       1  l"  =  2m         =  ~ffT 

mTJi      to  -  n         to2  -  n2 

9.  ^.3f.  s  i(a  +  6)  =  K4  +  9)  =  V  =  &l  >    G -^  =  V«6  =-  V4x9 

_  2a6         2x4x9 

V36  =  6;  ZfJIf.  =  ^-^  =   -4  +  9     =  it  ■  5iz3 
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10.  A.M.  =  i(6  +  4i)  *  J  of  IQJ  =  ft^j    G.Jfc  =  ^BJ  a  V25 

r      r/  ™       2  x  6  x  4J-        50 

6  +  41  lOi-         Hi    ~  46T 


2oc 

'•  b  r  71—  •'•  26 
u  +  c 


=  tta  -  2ac  +  c 


-<£)'•••"♦«■-» — (^y 

(a  t  €>3}  =  a  I,0aiUve  quantity  if  a  and  c  have 
like  signs  .-.  a2  +  c2  >  2b2 

12.  6  =  J(a  +  c),  and  m&  =  V^;   substituting  the  value  of  b, 

.  m  —       m2 

we  have  ~(a  +  e)  =  Jac  .:  ~~(a  +  c)»  =  ac  /.  m8(a  +  c)»  =  4ac, 

and  dividing  each  by  a  4  c  we  get  m\a  +  c)  =  -— ,  but  a  +  c  -  26 

ct  4-  c 
4ac  2cre 

•'•  26//l  =  <T+~?  or  6w2=  ^—  .  hence  Art.  261,  b,n2  is  the  H.M. 

between  a  and  c  .-.  a,  biri2  and  c  are  in  H.  Prog. 

13.  Let  a,  b  and  c  be  any  three  quantities  in  H.  Prog.,  and 
let  x-  be  the  quantity  which,  when  subtracted  from  each,  leaves 
remainders  in  G.P. ;  then  (a  -  x)(c  -  x)  =  (6  -  *)*, 'that  is 
ac  -  ex  -  ax  +  x2  =  b2  -  2bx  +  x2  .-.  2bx  -  ex  -  ax  =  b2  -  ac 

b2  -  ae 
•'•   x   ~    2b  -  c  -  a  '     but  since   rt»   6   and   t   are    in    //.P., 
a  :  c  ::  a  -  6  :  6  -  c  ...  ab  -  ac  =  ac  -  be,   ab  =  2ac  -  be 

ab 
''•  c  ~  2a  -  6*     Substitute  this  for  c  in  the  above  value  of  x, 

b.z  _      a2b                         2ab2  -  b*  -  «^ 
and  we  have  *  =  — 2°"  %„ £l^t^_ 

2a  -  6  2a  -  6 

-  2a&2"    &3  -  a^  _  b(2db  -b2-  a3)       6 
"  4a6  -  262  -  2a2  ~  tClab  -1#~^W)  ~  ~%   =  »  of  middle  ten 
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14.  AM.  --  l(u  +  b),  and  G.M.  =  <ja~b~  .-.  |(a  +  6)  +  ^Jdb  =  16  (0 
and  5  (a  +  b)  -  <jab  =  4  (n).  From  (i)  a  +  2^/ab  +  b  =  32 
.-.  V«  +  V6  =  i  4V2.  From  (ii)  a  -  2^/ab  +  b  =  8  .\  V#  -  V6  -  i  2V^ 
.-.  2V«  =  ±  6^2,  whence  a  =  13  j    and  2<\/6  =  i  2^2,  whence  6  =  2 

2ab  4b 

15.  A.M.  =  \(a  +  6),  and  H.M.  =  j^  .-.  1(2  +  b)  =  ^  x  ^| 

646 
=  14  ~7£  .-.  28  +  146  +  146  +  lb2  =  1286  .-.  tyg  -  1006  =  -  28,   or 

2500-196 
~49~ 


62-iflG6  =  -4;  pUlft8-*'«|gftB — =  *fg*    .-.    6   -  4a 


2«6  2a6 

16.  a  +  6  =  30,  and  ^-^  =  13}  .\  ^  =  13J  .-.  2a6  =  400 

a*+  2a6  +  6a  =  900,  and  4ab  =  800  .%  a3-  2a6  +  62=  100,  or  a-b  =  +  10 
a  +  6  =  30,  and  a  -  6  =  ±  10  .%  2a  =  40,  or  20  ;  a  -  20  or  10 
26  =  20  or  40  .-.  6  =  10  or  20  .-.  the  numbers  are  20  and  10 

IT.  a-b  =  16 J,  and  *Jab  =  9,  since  the  G.M.  between  the  A. 
and  H.M.  of  a  and  6  =  G.M.  between  a  and  6,  (see  Art.  261) 
Then  dz-  2ab  +  6*=  ^f|*,  and  ab  -  81  .-.  4«6  =  324  ;  f»+  2«6  +  62 
=  «f|«  +  324=  2  ["'I  ...  a  +  b  =  p4i.  Hence  a  -  6  =  «fc  and  a  +  6 
s  V  •••  2a  =  V  •••  a  =  41  =  20*  ;  26  =  »J  =  8  .-.  6  =  4 


Exercise  LXII. 


2.  (1)   F4  =  8-7-6-5  =   1680;    (11)   V6  =  8-7'6-5-4'3  =  20160; 
f        l-2-3-4'5-6-7'8  =  40320 

3.  We  are  to  find  the  permutations  of  13  letters  of  which  5  are 
(ft,  1  are  6's,  and  3  are  c's 

I*  1-2-3-4-5-6-7-8-9-10-1 1-12-13 

Then  iNT=  j-r-j-  =     V2.3.4.5  x  ^0.3.4  x  12.3     *  360360 
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4.  Fltft  1-2-3-4-5-6-7-8-9-10-1M2  =  whole  number  of  changes 
l-2-3-4-5-6-7-8-9-10-ll'12 

I^^IO  ~  a  49896  a  number  of  days  required 

«s  136  years  222  days. 

5.  V5  u  „(»  -  l)(n  -  2)(n  -  3)(n  -  4),  and  V3  =  »(„  -.  i)(„  -  2) 
Then  »<«  -  1)(„  .  2)(»  -  3)(n  -  4)  =  6  x  rc(?l  -  ])(„  _  2) 
•*•  C*»  -  3)(»  -  4)  =  6  j  that  is  »a  -  7»  =  -  6,  whence  n  =  6 

6.  Vl0  =  1-2-3-4-5-6-7-8-9-10  =  whole  number  of  days 
,\  1-2-3-4-5-6-8-9-10  -  518400  =  number  of  weeks  he  had  to 
board  them,  and  since  board  is  worth  $5  per  week  for  one  per- 
son, it  is  worth  $50  per  week  for  10.  Hence  total  value  of 
board  =  $50  x  518400  =  $25920000;  and  $25920000  -  $5000 
b  $25915000  =  loss  when  the  $5000  is  not, paid  till  the  expira- 
tion of  the  term  of  the  board.    And  amount  of  $5000  at  6  per  cent, 

3628800 
f0I"~365l~  years>    M-   for   9935,H2   years   *   5000(1   +  rt) 

-  5000(1  +  596-112)  =  5000  x  597-112  =  $2985533-60. 
Hence  his  loss  when  the  $5000  is  paid  at  once,  and  put  out 
at  interest  until   the  expiration    of   the   term    =    $25920000 

-  $2985533-60  s  $22934466-40 

*.   Vn  =  15-14-13 (15  -n  +  2)(15  - »  +  1) 

and  Fn_1=  15-1413 [15  -  (n  -  1)  +  l};  then 

15-1*18  —  -(15  -n+2)(15-n+l)=  15-14-13---  -(15-nf2)x  10 
.-.  cancelling  same  factors  of  both  sides,  we  have  15  -  n  +  1  =  io 
.-.  n  =  Q 

8.  (i)  Permutations  of  14  letters  whereof  2  are  o's,  3  are  n% 

and  two  are  fs  =  T~^ J^^S^Ml^n^^^* 

^3632428800  LP    L^ '  1-2  x  1-2-3  x  1-2    ~ 

(ii)  Permutations  of  12  letters  whereof  5  are  i's 

fo        1-2-3-4-5-6-7-8-9-10-11-12 
"    \p    '  l-2-3-4-5"~:~~:  *  3991680 
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(in)  Permutations  of  8  letters  whereof  4  are  o's 
If        1-2-3-4-5-6  7/8 
=  17  =         1*34      ■  =  1680 
(it)  Permutations  of  13  letters  whereof  3  are  o's  and  3  are  7^3 
\n  1-2-3-4-5-6-T-8-9-10-1M2-13 

=  ~WW  '  l'2-3  x  1-2-3 =  H2972800 

9.  (1)  Permutations  of  7  letters  of  which  2  are  a's 
I?        1-2-3-4-5-6-7 

=  T7 =  — n —  =  252° 

(11)  Permutations  of  13  letters  whereof  2  are  o's,  2  are  sfe, 

.  .  „  I?  1-2-3  4-5-6-7-8-9-10-11-12-13 

ana  2  are  rs  =  ; — ; — r-  = llaWTRnn 

|_p  \q  \r  1-2  x  1-2  x  1-2  778377600 

(in)  Permutations  of  7  letters  whereof  2  are  fa  and  3  are  o's 

[?  1-2-3-4-5-6-7 

|p   I?    =    1-2  x  1-2-3    =  420 

I0-T  (t 


'2n  - 

T 

or  5 (5m  -  2)(5n  -  4)  =  V:a(2n  -  3)(2n  -  6)  ;  or  135(25n2  -  30n  +  8) 
2320(2n2  -  9*  +  9)  ;  or  253n2  *  3366n  =  -  3960,  whence  n  =  12 


Exercise  LXIII. 

..(0c3  =  ^.12„;(Il)c^l2^|  =  253i 

10-9 
(in)  C8  =  C2  =  -yy  =  45 

_    ,_    _       15*1413-12-11 

2-  (0  C^       V2^5        =3003; 

,   ,   „        15-14-13-12-11-10-9 

(II)   C^"     1-2-3-4-5-6-7         =  6435i 

,    x  ~         ~       15-14-13 

(in)  r. ,  *  c, =    t,a>>     =455 

1 
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12-1W0-9-8 

4.  Whole  number  of  combinations  of  In  thiug3,  1,  2,  3,  4, 
&c,  ...  2tt  together  =  22n  -  1  ;  similarly  the  whole  number  of 
combinations  of  n  things,  1,  2,  3,  4,  &c,  ..  w  together  =  2n  -  1. 

Then  2~-  1  *  (2»  -  1)  x  513  .-.  ^i  =  513 ;    or  since  ^ ~  i 

=  2n  +  1,  we  have  2n  +  1  =  513  .-.  2n  =  512,  and  .-.  by  inspection 

n-  8 

B  36-35-34-33-32 

5.  (i)  C5  =       i-2g-4  5'     =  439824  =  No.  of  different  selections 

(ii)  Taking  away  one  man  from  the  36  there  remain  35,  and 

35.34.30.3] 
these  combined  together,  4  and  4  give    ■  1<2.^V     =52360  com- 
binations to  each  of  which  the  reserved  man  must  be  attached. 

6.  Number  of  combinations   of  21    consonants,   4  together 
_  21-20-19-18 

~       1-2-3-4      =  5985  >  also  number  of  combinations  of  5  vowels, 

5-4-3 
3  together  =  j~  s  10.     Hence  there  can  be  formed  5985  x  10 

=  59850  different  sets  of  seven  letters,  each  set  containing  four 
consonants  and  three  vowels.  But  each  of  these  59850  sets 
can  be  permutated,  1-2-3-4-5-6-?  =  5040  ways,  each  forming  a 
different  word  .-.  the  required  number  of  words  =  59850  x  5040 
=  301644000. 

7.  The  different  arrangements  of  9  of  the  persons  while  the 
tenth  remains  fixed  =  98-7-6-5-4-3-2-1  =  362880  =  whole  number 
of  different  arrangements  of  the  ten  persons,  so  that  no  one  has 
the  same  neighbours  in  any  two  cases.  But  one  half  of  these 
arrangements  will  be  similar  to  the  other  half  if  the  position  of 
neighbours  on  the  right  and  left  hand  sides  be  nut  regard) 
as  making  a  difference.  So  that  if  A  is  said  to  have  the  sai 
neighbours  in  the  arrangement  BAC  that  he  has  in  the  arrange- 
ment CAB,  then  the  correct  answer  will  be  }  of  362880  =  181440 
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v         yv       ■/  •  1-2-3-4  ..  6  .  1  .-.  cancel- 

»  -  3 
IlD&i  ~X~  =  2>  whence  n  =  7 

9.  "(^-l)(^-2)....(n-_p+l)  =  l0«(«-.l)(n-2)....(n-p  +  2); 
or  dividing  each  by  n(n  -  1)(„  -  2)  . . . .  (»  -  p  +  2),  we  get 
n-p+l  =  io  .\n-p=9(i).     Again 
n(n-l)(n-2)...:(n-p  +  i)     n(n-  l)(n-2). .  .(n-p  +  2) 

[p  : TTffpi ••5;3 

or  multiplying  each  side  by  [p  -  1  we  have 
n(n-l)(»-2)  ....  (»-p+l) 

p  =  f*(n -  1)(« -2)  ....  (7l-p  +  2), 

and  dividing  each  side  by  n(n  -  l)(«  -  2)  ,..,(»-  p  +  2),  we 
have— =  |.  or3/i-3p  +  3  =  5p  ...  3**  8;>  =  -  3  (n). 

frow  multiplying  (i)  by  3,  and  subtracting  from  (n),  we  have 
5p  =  30  .-.  p  =  6,  and  similarly  n  =  15 

10.  1-2-3  ••••  («j-i)a|»-lt  or  i]n-i  according  as  BJC 
and  CAB  are  regarded  as  different  or  the  same  arrangement. 

11.  Number  of  5  flag  signals  with  10  flags  =  -y?j9'8'*'6  =  252  ; 


10-9-8-7 


bomber  of  signals  with  four  flags  out  of  10  =  -       8'7-9 

1-2-3-4      * 


10 


I?:9-8  ,-.       ...         io-9 


=  T2=45 


ber  with  S  flags  a  _,130.  number  with  2 

and  number  with  one  flag  =  10.     Therefore  whole  number  of 
signals  =  10  +  45  +  120  +  210  +  252  =  637 

12.  There  are  in  all  nine  coins  and  they  may  be  combined, 

iy  number  together,  to  make  a  sum ;  then  the  combinations  of 

"a  li  2-  3, 9  together  =  2n- 1  =  2°- 1-512- 1  =  511 
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Exercise  LXIV. 

3  3-4  3-4-5  3-4-5-6 

1.  (i  +  xy* a  i  _  -x  +  —^  _  ---^  +  ——*  m  &c, 

a  1.-3*  +  6a;2  -  10a:3  +  15a:4  -  &c 

2  2-3  2-3-4  2-3-4-5 

2.  (1  +  a:)"2  =  1  -  -x  +  — *8  -  y^  +  ^^a:4  -  &c. 

-  1  -  2a:  +  3a:2  -  4a.-3  +  5a;4  -  &c. 

1  1-2  1-2-3  1-2-3-4 

3.(1-  2Jr)r»- 1  +  I(2x)  +  —  (2*)2+  1T2T3(2*)8+  pjfjT^)*  +  &c. 

=  1  +  2a:  +  4x2  +  8a:3  +  16a:4  +  &c 

5  5-6  5-6-7  5-6-7-8 

4.  (1  -§«)-•*  1  +  y(|*)  +  -(I*)2  +  ^(l*)8  +  fa^Ci*)4 

+  &C.  =   1  +  |*  +  *£«*  +  3&a;8  +  35^4  +  &c> 

2  2-3        o     2-3-4        .     2-3-4-5 

5.  (l+3z)-=  1  -T(3x)  4-  -(3a:)2-  — 3(3*)3  +  p^S*)* 

-  &c.  =  1  -  6x  +  27a;2  -  108a:3  +  405a:4  -  &c. 

5  5-6  5-C-7        ,     5-6-7-8 

6.  (1  -  2x)  -  «  =  1  +  j<J»)  +  —(2a;)2  +  ^^Qxf  +  fj^W* 

+  &c.  =  1  +  10a;  +  60a;2  +  280a;3  +  1120a;4  +  &c. 

4  4-5  „      4-5-6  .      4-5-6-7 

7.  (I  -  x)-4  =  1  +  -x  +  -a:2  +  — ^  +  __^  + 

=  1  +  4a:  +  10a:2  +  20a:3  +  35a:4  +  &c. 


ixy 


■     i  1  l-(-l)         „      l-(-l)(-3) 

8.  (l-4x)-l-T(4x)  +  -^(4^--~^1-^F--(4 

l-(-  1)(  *-3)(-5) 
+  ~       ;. 2 -3.4- 16 (*x)  "  &C'  =  1  "  2x  "  2x2'"  4*3  "  10x4  ~  &C' 

3  2  2-5  2-5-8     b      2-5-8-11 

9.  (1+*)  3  =  l-T^I^9^2-i^^^+1T2T3^i^-&c. 

*  1  -  |x  +  |;a;2  -  i^x3  +  $\lx*  -  Ac. 

a  4  4(-l)         „     4(-l)(-6) 

4(-l)(-6)(-ll) 
+  1-2-3-4-625         (^)4"&C. 

=  1  -  ?*  -  2S17*2  "  flfo*8  "  T&Voo*4  "  &C 
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1  1  l(-2)  l(-2){-5) 

l(-2)(-5)(-8) 
+  1-2-3-481 <§X)4  +  &C' 

*  1  +  |x  -  ^-x2  +  i^t*3  -  -rMh*4  +  &c- 

,\ '..  _*  4  4-9     ,       4-9-14     ,       4-9-14-19 

12.(1-,)    o  =  1+_x  +  __^  +  ___^  +  I___x4 

+  &c.  =  1  +  ±x  +  Hx2  +  ■#,**  +  Iff**  +  &c. 

13.  (a  -  x2)-3  =  {a(l  -  a-ix2)}"3  =  a-3(l  -  «-ix2)"3 

=  a  3{1  +  ^a-^2)  a.  2i(a-^2)2  +  j~?(a  i*2)3  +  3^^a-ix2y  +  &c.j 

=  a"3{l  +  3a-ix2  +  6a"2a;*  +  10a~sxG  +  15a-*x*  +  &c.} 
=  a-3  +  3a-4x2  +  6a-5a;4+  lOa^e  +  \^a-'xH  +  &c. 

14.  (a2  +  a:3)-i  =  {a2(l  +  a"2*3)}"1  =  «"2(l  -  a-2*3)"1 

I  1*2  1-2-3  1-2-3-4 

=  «-{!-  y(a  -x3)  +  —  (a"2*3)2  -  — 3((fV)»  +  ___(a-2x3)4+ &c>| 

=  a"2(l  -  «rV  +  a-4x«  -  a"  6*9  +  a~  8a;12  -  &c.) 
c  a"2-a-4x3  +  a-6x6  -a"8x?  +  a"10,12  -  &c. 

*W.-»)-%f^i-<W)j-%,-i(1_.-y)-« 

-ifi   ,    2f    -2   i'\         2'3/'    -1   U2         2-3-4/    .i    iN3 
=   a    ^l  +  yU    »**)   +  —(a    2xJ)     +    fT^U    ***) 

2-3-4-5/    .1    i\4  ) 

*  l-3-4^      *    ^    +  &C'I 

*  a-!|l  +  2a~M  +3a-!x^  +  4<r%x  +  5a~2x*  +  &c. } 

=  «-»+  2a"ixi  +  3a"2x*  +  4a~*x  +  5a,-3x*+&c. 

16.  (***)*•   {a*(l-a-v)}f» /(l-a  **3)* 
2  2(  -  1)  2(  -  1)(  -  4*) 

2(-  l)(-4)(-  7) 

I  ;  -  j*~  *x3-  UT^**1  -  ^-a"'3***  -  ?4-aa"*3V2-  &0. 
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11.  (a3  4-  x-2)-*  =  [a3(l  +  a-3*"2)]"4  =  a-l\l  +  a"3*-2)"4 

4-5-6-Y  4 

t=a-i2(i  -4a-3x-2+  X0a-6x-4_20a-9a;-6  +  35a"i2x-8  -  &c.) 
=  a-i2-4a-i5a;-2+  lOa"18*"4  -  20a~21x'6  +  35a~2ix-s  -  &c. 

18.(a*-af>) ~*  =  {a*(l-a"  V*)  }~*  sa'i1*"}  l-a"«a;  *}"" 

-  tV,  *  v    "    i  1#4  -  2-  1-4't  „  S 

14-MO  4. 

=  a  «  +  i«P 5af  *  9.  Jff  "1  Far"  »  +  ijef  V  °  +  -^.3-a  1  •*"  *  +  &c. 
19.  (0%  -  x*)  "        =     {a2//j(l   -  a-2/ft-ix')}  "  § 
*(l  -   a"2/;i    »x*)' 


=  <rV§ 


_±    :%(  2{x*\  2-5  /^V  2'5-8    /^V 

2-5-8-n  /**y 

2/x^\     5/je_\     40/  x2  \     110  /  x2  \ 


*{1  + 


1  t  I  a"  '  ■    3x5    +  5a    3 


=  a    *j»    *   +   $   a"  *m    *a:*    +  #a     J  m    Jx  +  f^a     3  m     3  *s 

j  1 

2  4  »' 


+  iHa"  am""3'a:2  +  &c. 


20.  (a  +  x"3)*   =  (a(i   +  o-i*-«)|8  =    af(l    +  a- *«-•)* 

-  Al  +  2f~\   -f    2(   "   3)/-LV  +  2(  -  3)(  -  8)/  1  \» 
"      !         5\a*y  *      l-2'25     (^y    +        1-2-3-125       ^J 

,  2(-3)(-8)(-13)/  1  y     .    ; 
+  1-2-3-4-625         [ax3  J    +  &C'* 
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ALGEBRA. 

2     •        2/    1    \ 
=  a5{l  +  -[  — r)  H 

2                _  3 

=  a5  +  £a    5x-3- 

25\a 

5^-  6   + 

125  \a 

135 


+  Tl5«"l5^~9--622^"l6&X-12 

21.  (a  -   &*)"*  =  «1  -  a-ifix)}"^   =  a"*(l  -  «-»&0  "  * 
—-if..i/**V.l:3  f**\'     1-3-5   /6x\3     1-3-5T    /bxY 

-a  I'MtJ+itiU-;  +i-2.3-8( t;  +r^iT6u) +&c-i 

-  "      »l  +  2^a  J   +  i[lfi)   +  16^   +  128  (ir)  +  &c.} 
=  a~*  +  ia'Hx  +  |a"*W  +  -fta"  W  +  ?&«"*&***  &c. 


Exercise  LXV. 

1.  Gen.  term  of  (1  -«)-."!  «<» +  »)(»+»> (»  +  r-l) 

3-4-5----(2+r)  L 

=  jr *' 

(n)  Since  general  term  =  the  (r  +  l)th  term  *  6th  term  .-.  r  =  5 

_,  fc  3-4-5-6-7 

Hence  6th  term  =  ^  a;5  =  21a;5 

2.(i)Gen.termof(l+x)-^(-i)rx^^l)(^2>^n  +  r-l)a;r 

4-5-6---(3  +  r)  ^ 

=  ("l)rx gr '*' 

(n)  Since  general  term  =  6*  term  =  (1  +  r)th  term  .-.  r=  5 

4,5*6,t7,8 
Hence  6th  term  *  (-  I)«  x  J^.g^.g*5  =  -  56x5 

3.  (i)  General  term  of  (1  -a:)~* 

_  -y(P   +    g)(P   +    2ff)    •' (p    +    rr   -    1)9} 

V       '  |rxo"  '     *  *r 

.(_iyx  2-5-s. -..(3T-1)     - 

v       7  [r  x  3r 

(n)  Since  general  term  =  (r  +  l)th  term  =  6th  term  .-.  r  =  5 

Hence  ethterra  =  (-  ,)-•  x  J%**™-,,  ,  .  !!!-, 

1        ;        1-2-3 -4-5  x  24a1  729 
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4.  (i)  General  terra  of  (1  -  x)$ 
[rxtf 


\r  x  qr  x 


=  (-iyx 


fxW-*>—pr*ov 


\rx  3' 


(n)  As  before  r  =  5  .-.  6th  term  =  ( -  i)«  x  4,1'(-2>(-5)(-8) 


=  f-  iw       5  ^s        8     ,  1-2-3-4-5-243 


5.  (i)  General  term  of  (1  +  x)"* 

=  (  -  1)'  x  ^±g) (P  +  2y)  ■  •  ■  -fPjHfr-1)^  p 
|r  x  gr  * 

y  |r  x  2r  x 

(ii)  As  before  r  =  5  .-.  6th  term  =  (  -  iw  x  mi'1315 
=  -s^ar5  1-2-3-4-5-32"' 

6.  (i)  General  term  of  (1  +x)"3 

-  (  _  i  y  x  ?(P  +  9)(P  +  2g) {p  +  (r  -.  i)y|  ^ 

[r  x  5r  x 

v        '  [r  x  3r  x 

(ii)  As  before  r  =  5  ...  6th  term  =  (  -  1)«  x  g^1'14'1*'20, 5 
B-if||%r<  l-2-3-4'5-243X 

7.  (a-*)    i  =  {a(i  -•'•*)J-1«i-l(i^^4)'.i 
.-.  (i)  Gen.  term  of  (a  -  *)-*  =  «-i  x  *(»  +  !  )"""(»  »r~i>      )  , 

1      l-2-3--.-r  t 

-  «_1  x c a-V  =  a-i  +  a-rxr  =  «-f»'H/jr 

(n)  .-.  6th  term  =  a~  *xs 

8.  (a  +  ixy  =  \a(\  +  |«-I*)jf  =  a^A  +  f.V 
(i)  .'.  Gen.  term  of  (a  +  |z)s  *         *' 

=  J  x  P(P  -  g)(P  -  2g) \p-(r-l)g}/xy 
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c  J  x  6'1'(-4>O9)",'01-5r)/*r\ 
[r  x  5r  V2"a  / 

/     ,  {       6-l-4----(5r~ll) 

■<-****■* Fx^ *-'** 

(ii)    .-.    6th    term    =    (  -  *)-  x  a"  x  fr£^|^T  »> 
*  -  fl*  x  -  nllTn*  -  '**  -  -  l*8&nr«  "  V*« 

9.  (i)  Gen.  term  of  (1  -  2*)-=  ^^D(^2). .  "(n  +  r-1)^ 
2-3-4----(r+l)  2-3-4- •• -r(r  +  1)     * 

r  [r **  =  i.2-3---T *f.  =  <T  +  ?>f£ 

(n)  Since  general  term  =  (r  +  l)th  term  =  5*  term  .-.  fst  \ 
Hence  5th  term  =  (4  +  l)24.r4  =  5  x  16a;4  =  80a:4 

10.  General  term  of  (1  +  §x2)  "1 

KP-HXP  +  2g)--{J)  +  (r-l)jt 

v       7  |r  x  gr  v3X  >> 

5-7-9 f3  + 


57-9----(3  +  2r)     2'x»  5-7-9-  •  •  -(3  +  2r)  , 

i  As  before  r  - 

T  *■  *  2  Hi-*      -  2  16* 


(n)  As  before  r  =   4   .-.   5th  term  =  (  -  1)*  x  x* 


_  2 


11.  (.-+V1)     ={a-\l  +*-»>}  "?=^(l+^»)"i 

.-.  (i)  General  term  of  (a~2  +  x~5) 

■  •*  *  < -  V'^  +  M+^  +  cr-^^y 

■A(-iy,mVf-^-r 

v  |r  x  5r 

2-7-12 (5r-3)         .    _?r 

=  <-1>'x — jf^ — «2'***  • 

.'.  (i)  General  term  of  (a" '  -  »"')*' 
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2-3-4----(r+l)     J     ,  r           1-2-3/4-  •  •  -r  x  (r+ 1)     i      ,  r 
-ax jX (at,  I)  =ax ppj^pTW  *> 

l»*  +  i   -- 
=  (r  +  l)as      x    » 

13.  r*°  =  1024       14.  r7  =  128       15.  O*3  =  0       16.  r*2  =  4096 
11.  r    is  the  least  integer  equal  to  or  next  greater  than 
x  2 

&  +  ^aTx'  or  <4  +  ^r+2'  or  5  x  t  or  Y-j  but  the  first  integer 

>  l3Ms  4  ,\  the  greatest  term  of  the  expansion  is  the  4th  term 
=  32 

x  -i 

18.  r  is  the  least  integer  =  or  next  >(n-l)- ;  or  (5-1)— ^— ; 

or  4  x  1 ;  or  4  .-.  r  c  4th  term  =  5th  term  =  4| 

19.  r  is  the  least  integer  =  or  next  >  (n  +■  1) or 

3  'a+x> 

(20  +  1)— ;  or  21  x  I ;  or  %*  which  is  13  .-.  the  greatest  term 
is  the  13th  term  =  125970  x  28  x  312 

X  3 

20.  r  is  the  least  integer  a  or  next  >  (n  -  1)~ ,  or  (7  - 1)-^-; 

or  6  x  | ;  or  9  .-.  the  9th  term  =  ^f  ^ff3  =  the  10th  term 


Exercise  LXVI. 


1.  1x<  35  .-.  x  <  5     2.  16z  -  84  >  108  ,  or  16a:  >  192  .-.  x  >  12 

3.  4x<12.-.x-<3     4.  4x  +  10>x-20;  3x>~30  .-.  z>-  10 

6.  ax  +  5bx  -  Bab  >  a2 ;  ax  -  a2  +  bbx  -  5ab  >  0  ;  a(x  -  a) 

+  5b(x   -  a)  >  0 ;  (a?  -  a)(a  +  56)  >  0  .-.  x   -  a  >  0  .-.  x  >  a. 

Also  bx  -  lax  +  lab  <  b2,  bx  -  b2  -  lax  +  lab  <  0,  b(x  -  b)  - 

1a(x  -b)<0,(b-  1a)(x  -  b)  <  0  .-.  x  -  b  <  0  .-.  x  <  b 

6.  a3+l>a2+ a,  according  a3+l>a(a+l);  or  as  a2-a  +  l>a; 
or  as  a2  +  1  >  la.  Now  if  a  =  1,  a2  +  1  =  2  =  2  x  1 ;  but  if  a  >  1 
then  Art.  134,  a2  +  1  >  2a  .-.  a3  +  1  >  a2  +  a,  arnnrH;™  a3  a  5  i 
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7.  As  above  a3  +  1  >  a2  +  a,  if  a2  +  1  >  2a ;  but  Art.  134  For 
all  values  of  a,  except  a  =  1,  a2  +  1  >  2a  .-.  a3  +  1  >  a2  +  a,  when 
a  is  a  negative  improper  fraction. 

8.  -?-  +  —  >  2,  if  a2  +  b2  >  2ab ;  but  a2  +  63  >  2a6  by  Art.  134 

b       a         1 

9.  Multiplying  each  by  12,  and  reducing,  we  have  *lx  +  6<6x 
+  12,  and  1x  +  6  >  Gx  +  10  .-.  a:  <  6,  and  x  >  4  .*.  a;  =  5 

10.  a2  +  b2  >  2ab,  Art.  134 ;  also  a2  +  c2  >  2ac,  and  b2  +  c2  >  26c. 
Then  by  addition  a2  +  b2  +  a2  +  c2  +  b2  +  c2  >  2ab  +  lac  +  26c ; 
that  is  2a2+  262+2c2>2a6  +  2ac  +  26c  .-.  a2  +  62+c3>a6  +  ac  +  bc 

11.  a2  >  a2-  (6  -  c)2,  since  (6  -  c)2  is  necessarily  positive 
.•«  a2  >  (a  -  6  +  c)(a  +  6  -  c),  these  being  the  factors  of  a2-  (6  -  c)3 
similarly  62  >  (a  +  6  -  c)(6  +  c  -  a),  and  c2  >  (a  +  c  -  6)(6  +  c-a). 
Multiplying  unequals  by  unequals,  a262c2  >  (a  -  6  +  c)\a  +  6  -  c)2 
(6  +  c  -  a)2 ;  extracting  sq.  root  abc  >  (a  -  6  +  c)(a  +  6  -  c)(6  +  c  -  a) 

13.  Let  6  =  a  +  7/i,  and  c  -  a  +  w,  a  being  the  least  of  the  three 
quantities  ;  then  ab(a  +  6)  x  a(a  +  m)(2a  +  m)  =  2a3  +  Za2tn  +  cwi2 
ac(a  +  c)  =  a(a  +  n)(2a  4-  n)  =  2u3  +  3a2»  +  an2 
bc(b  +  c)   =   (a  +  m)(a  +  n)(2a  +  m  +  n) 
=  2a3  +  3a2(7/i  +  n)  +  a(m  +  w)2+  mn(m  +  n) 

.-.  by  addition 

(i)  ab(a  +  6)  +  ac(a  +  c)  +  6c(6  +  c)  =  6a3  +  6a2(/»  +  n) 
+  2a(m2  +  n2)  +  2amn  +  mn(m  +  n) 

(h)  Also  6a6c  =  6a(a  +  m)(a  +  «)  =  6a3  +  6a2(m  +  n)  +  6a»i/i ; 
subtracting  (n)  from  (i)  we  have  (i)  -  (u)  =  2a(m2  -  2mn  +  n2) 
+  mn(m  +  n)  =  2a(m  -  n)2  +  mn(in  +  n)  ;  but  since  by  supposition 
a  <  b  and  <  c,  it  follows  that  m  and  n  are  positivs  quantities 
.  .  2a(M  -  n)2  +  mn(w  +  n)  is  positive  .-.  ab(a  +  6)  +  ac(a  +  c) 
+  6c(6  +  c)  -  6a6c  is  a  positive  quantity  .-.  a6(a  +  6)  +  ac(a  +  c) 
+  6c(6  +  c)  >  6a6c 

(in)  Also  2(a3  +  63  +  c3)  =  2a3  +  2(a  +  «n)3  +  2(a  +  n)3 
=  6a3  +  6a2(/n  +  n)  +  6a(m2  +  n2)  +  2(mi*+  n3) ;  subtracting  (i)  from 
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(ni)  we  have  (in)  -  (i)  =  Aa(m2+n2)  -  2amn+  2(m3i-n3)  -  mn(m+n) 
=  4:a(m*r-2mn+n2)  +  8amn-2amn+2(7n+n)(m2-mn-t-?i2)-(m+n)mn 
m  4a(m  -  n)2  +  Qamn  +  (m  +  n){2(m2  -  mn  +  n2)  -  mn] 
=  4a(m  -  n)2  +  6am?i  f  (m  +  n){2(m2  -  2»m  +  n2)  +  mn\ 
=  4a(m  -  n)2  +  6a»m  +  (m  +  n){2(m  -  n)2  +  mn]  which  as 
before  is  a  positive  quantity  v  a,  m,  and  n  are  all  positive 
.-.  2(a3  +  b3  +  c3)  -  a&(a  +  6)  +  ac(a  +  c)  +  bc(b  +  c)  =  a  positive 
quantity  .-.  a6(a  +  5)  +  ac(a  +  c)  +  bc(b  +  c)  <  2(a3  +  63  +  c3) 

12.  3(1  +  a2  +  a*)  -  (1  +  a  +  a2)2  =  2  -  2a  -  2a3  +  2a* 
=  2(1  -  a)  ^  2a3(l  -  a)  =  2(1  -  a)(l  -  a3).  Now  1  -  a  and  1  -  a3 
have  the  same  sign  whether  a  >  or  <  1  .-.  their  product  is 
positive.  Hence  3(1  +  a2  +  a*)  -  (i  +  a  +  a2)3  =  a  positive 
quantity  .-.  (1  +  a  +  a2)2  <  3(1  +  a2  +  a*)  unless  a  =  1 

14.  xY  -   (ac  +  bd)2  =    (a2  +  62)(c2  +  d2)   -    (ac  +  ftd)» 

=  a2^2-  2abcd  +  b2c2  =  (ad  -  be)2  which  is  necessarily  positive; 

unless  ad  =  be ;  but  x2y2  «•  (ac  +  6a")2  =  £ry  +  (ac  +  6d)}{xy  -  (ac  +  bd)\ 

.-.  {zy  +  (ac  +  bd)}{xy  -  (ac  +  bd)}  =  (ad  -  be)2  .-.  xy  -  (ac  +  bd) 

(ad  -  be)2 
9  xy  +  ac  +  bd  *  a  Positive  quantity  .-.  xy  >  ac  +  bd 

15.  t/a^Tp  +  </2ab  -  b2  >  a,  if  V2a&  -  b2  >  a  -  ^^^2. 
or  if  2a6  -  62  >  a2-  2ay/a^Tz+  a2-b2-,  or  if  2a6 >  2a2-  2a<fe?^~b~2~; 
orif  b>a-<Ja2-b2;  orif  ^/a«^b2>  a -b;  or  if  a2-i2>a2-2a&+62; 
orif2a6>262;  orifa>6 

16.  Making  the  same  supposition  as  in  Ex.  13 

(i)  (a  +  6  +  c)3  =  (3a  +  m  +  n)*  a    27a3  +   27a2(?/i  +   n) 
+  9a(m  +  n)2  +  (7/1  +  n)3 

(11)  27a5c  *  27a(a  +  m)(a  +  n)  =  27a3  +  27a2(m  +  n)  +  21ann 
(in)  9(a3+  b3  +  c3)  =  9{a3+  (a  +  m)3+  (a  +  n)3}  =  27a3  +  27a2(w  +i) 
+  27a(m2  +  n2)  +  9(m3  +  n3) 
.-.  (1)  -  (11)  =  9a(m  +  n)2  -  27am?i  +  (m  +  n)3 

=  9a(m  +  n)2  -  36amn  +  damn  +  (m  +  n)3 

9  $a(m  -  n)2  +  damn  +  (m  +  n)z  =  a  positive  quantitv 
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That  is  (o  +  b  +  c)3  -  27et6c  =  a  positive  quantity 

.  .  (a  +  b  +  c)3>  llabc 
Again(ni)-(i)  =  27a(;n2+n2)-9a(m  +  n)2  +  9(m3  +  n3)-(m  +  n)3 

=  9a{3(m2  I  nz)  -  (/«  +  n)'1}  +  (m  +  n){9(»i2  -  *»  +  **)  -  («•  +  «)2} 

=  9a(2m2  +  2n2  -  2mn)  +  (in  +  n)(8?n2  -  77titi  +  8n2) 

=  18a(;n2  -"■»  +  n2)  -  18amn  +  ISainn  +  (in  +  «){(8/n2  -  16**  +  8/i2) 

+  9; Tin} 
=  18a(m  -  n)2  +  18am»  +  (*  +  »){8(m  -  *)"  +  9«w} 
=  a  positive  quantity 

That  is  9(a?  +  63  +  c3)  -  (a  +  b  +  cf  =  a  positive  quantity 
.-.  (a  +  6  +  cf  <  9(a3  +  b3  +  c3) 

17.  (a  +  b)(b  +  c)(c  +  a)  ^  8a6c,  according  as 
d26  +  a&2  +  a2c  +  ac*  +  b2c  +  be?  ^  6a6c 

or  as  (at2  -  2a6c  +  ac2)  +  b(c2  -  2ac  +  a2)  +  c(a2  -  2o6  +  b2)  ^  0 

or  as  a(b  -  c)2  +  b(c  -  a)2  +  c(a  -  b)2  >■  0 

But  a(6  -  c)2  +  6(c  -  a)2  +  c(a  -  b)2  >  0  unless  a  =  6  =  c 

.-.  (a  +  J)(6  +  c)(c  +  a)  >  8a6c 

18.  Let  y3^!7?  ■  » i  then  *2  +  34*  -  71  =  mx2  +  2mx  -  1m ; 
that    is    (m    -    l)x2  +    2(m    -    17)*    =    7»    -    71,    whence 

x  =  -{17  -  7/i  ±  V8(w  -  5)(m  -  9)},  where  if  x  is  to  be  real, 

m  -  5  and  7M  -  9  must  both  have  the  same  sign  :  i.  e.  m  must 
be  >  9  or  <  5  .*.  the  given  expression  can  have  no  value  between 
9  and  5 

19.  First  n]  "  I  t  \  >  Ti  if  3n2  -  3n  +  3  >  n2  +  n  +  l; 

7r  +  n  +   1         o 

or  if  2/i2  -  4u  +  2  >  0  ;  or  if  n2  -  2/i  +  1  >  0  ;  or  if  n2  +  1  >  2n  : 
but  ir  +  1  is  >  In  .-.  &C. 

Secondly  ^HnH  <  3,  if  n2  -  n  +   1  <  3ti*  +  3ti  +  3; 
or  ifO  C2n2  +  47H-2;  or  if  0  <  »3  +  2rc+  1 ;   or  ifO  <  {n  +  l)2; 
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but  (n  +  l)2  is  necessarily  positive  .-.  0  is  <  (n  +  l)2  .-.  &c. 
n2  -  n  +  1 
e  n2  +  n  +  1  lies  between  3  and  I 

Note. —If  n  =  1,  the  expression  —  J. 


Exercise  LXVtr. 


1 

1- 
'  1- 

xn 

x  =  1  +  x  +  x2  +  x3  +  &c.  ""ton  terras  = 

1+1+1+1 

+  & 

c.  •• 

•  •  to  n  terms  =  n 

? 

(* 

-  a)  (x2  +  ax  +  a2)     x 

3  +  ax  +  a2     a2 

+  a2  + 

a2     3a2     3a 

(x  -  a)(x  +  a) 

x  +  a 

a  +  a 

~  ~2a~  ~  T 

3 

1      i         1 
x2(x2  -  a*) 

**            a2" 

1 
"    2. 

(P 

+  a2)(x*  -  a2)       x 

^+a2       2a2 

4. 

(x  +  1)(x  -  5)       a:  +  1 
(x  f  3)(x  -  5)  *  x  +  3  = 

12 

5. 

(ar- 

0(^-3)       x+3 
|){a?  -2)  ~  x-  2  ~ 

31 

*  6. 

a^x2 

+  6)  -  a(x2  +  6)       (a: 

-  a)(x2  +  6) 

-  a)(x  +  62)  ~ 

x2+b 
x  +  b2 

a2  +  b 

x(x 

-  a)  +  ^(x  -  a)  ~  (x 

~  a~Tb2 

7. 

a(x 
b(x~ 

-  c)(x  -  c)        a 

g 

x(a  -  a?) 

a 

a 

(a- 

x)(a3-  a2x  ~ax2  +  x'i) 

a3  -  a3  -  a3 

+  a3  ~ 

-  =  cc 

H 

x(x2 

-a2)  +  2a(x2-a2)     (xH 

-2a)(x-a)(x  + 
-a)(x2-i-ax-12 

a)     (x 

+  2a)(x  +  a) 

(*- 

Oix'+ax-Ua2)     (x- 

l2)  ~  X2 

+  ax-  12a1 

3a  > 

2a               6a2 

3 

a2 

+  a2 

-  12a?  "  -  10a2  '  " 

y 
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Exercise  L  XVIII. 

1.  Dividing  by  3,  we  have  x  +  y  +  — -  =  3  +  §  .-.  -^-  is  integral 

-  /  say.  Then  x  =  3/  +  2  ;  substituting  this  for  x  in  the  given 
equation  we  have  3y  -  11  -  4(3*  +  2)  .-.  y  =  1  -  4/ ;  letting  t  =  0 
we  have  x  =  2  and  y  =  1. 

2.  Divide  by  5, .and  we  have  at-  2y-~  a  2  +  £  .•'. is 


5 

2  +  6y  .  2  +  y 


integral  .♦.  so  also  — - —  integral  .\  — —  =  t,  whence  y  =  5/ 


,  Q 


Substituting  this  for  y  in  the  given  equation,  we  have  5x  =  11 
+  13(5/  -  2)  .-.  x  -  13t  -  3.  Hence  taking  in  succession  £=1,2, 
3,  &c,  we  have  x  =  10,  23,  36,  49,  &c,   and  y  =  3,  8,  13,  18,  &c, 

3.  Divide  by  2,  and  we  have  x  +  3y  +  —  =  29  +  £  .*.  =~-  =  / ; 

whence  y  c  2*  +  L  Substituting  this  for  y  in  the  given  equation, 
we  have  2x  =  59  -  7(2t  +  Ij  .-.  x  =  26  -  7/,  and  taking  in  suc- 
cession t  =  0,  1,  2,  &c,  we  have  x  a  26,  19,  12  or  5,  and  y  s  1, 
3,  5,  or  7 

4.  Dividing  by  5,  and  we  have  r  +  2y  +  -r-  =  5  +  4-  .-.  ^—  =  /  • 

5  5 

whence  y  =  5/  +  1.     Substituting  this  in  the  given  equation 
for  y,  we  have  5a:  =  26  -  11(5*  +  1)  ;   whence  x  =  3  -  11/,  and 
when  /  =  0,  we  have  a;  =  3  and  y  =  1 

ft  7/  9  9-t-fiw 

5.  Divide  by  9,  and  we  get  x  -  y  -  —  =  —  ...  — ^-i  fe  integral, 

,       .      l  +  4y   .                                           7   +  28y 
so   also   is    — - — ■  integral,    .-..  so  also  is integral, 

y  +  1  y-H  7 

.-.  so  also  is  —  integral.     Let  —  =  /,   then  y  =  9/  -  7; 

g  this  for  y  in  the  given  equation,  we  have  9x 
=  2  +  17(W  -  7;  .-.  x  -  17/  -  13.  Now  writing  in  succession 
/  =  1,  2,  3,  &c,  we  have  x  =  4,  21,  38,  55,  &c,  and  y  «  2,  11,  20, 
29,  &c. 
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6.  Divide  by  13,  and  we  get  x  +  y  +  ?%  =  6  +  -  .-.  ^— *  i3 

*3  13  13 

40y  -  55  v  _  3 

integral,  .-.         - is  integral,  .-.  3y  -  4  +  ~-  is  integral, 

y-3  _ 

•'•  13  -  /,  whence  y  =  13/  +  3  ;  substituting  this  for  y  in  the 
given  equation,  we  have  13*  =  89  -  21(13/  +  3),  whence 
*  =  2  -  21/.     Now  writing  t  =  0,  we  have  *  =  2  and  y  =  3 

7.  Divide   by  12,   and   we   get  x  -  3y  -   —  =  -   i   _  — 

.   5-?/"5.  ■         .  v-i  U       v-i  U 

'  '   ~U~  1S  inteSral>  •"•  so  also  is  -—  integral.     Let  - =  /, 

then  y  =  12/  +  1 ;  substituting  this  in  the  given  equation  for  y, 
we  have  x  =  41(12/  +  1)  -  1 7,  whence  x  =  41/  +  2.  Now  writing 
in  succession,  0,  1,  2,  &c,  for  /,  we  have  x  =  2,  43,  34,  125,  &c, 
and  y  =  1,  13,  25,  37,  <fec. 

8.  Divide  by  37,  and  we  get*  4- y  +  ^  =  9  +  -   •   6y"24  (g 

&  ^     37  T37"      37       13 

y  -  4 
integral,  .-.  so  also  is  — - ■  wLich  say  =  /;    then  y  =  37/  +  4 

Then  37*  =  357  -  43(37/  +  4),  whence  *  =  5-43/;  wherefore 
taking  /  =  0,  we  have  *  =  5  and  y  =  4 

9.  Divide  by  22,  and  we  get  .  -  „  -  ^  =  1 ...  2^±i  U 

integral,  ,.  So  also  is  y  -  ^±5  integral ;  that  is  ^^^-6, 

or  ~^2~"  1S  lnteSral  =  'i  say  then  y  =  22/  +  6.  Hence  22* 
=  6  +  43(22/  +  6)  .-.  *  =  43/  +  12.  tfow  writing  in  succession, 
0,  1,  2,  &c,  for  /  we  get  *  =  12,  55,  98j  &c,  and  y  =  6,  28j  50,  &c. 

10.  Divide  by  7,  and  we  have  *  +  3y  +  ^=25  +  ~  •  Ay  "  2- 

7  7  "       7 

is  integral,  ...  so  also  is  —^  integral,  .-.  V~  =  /,  whence 

y  =  7/  +  4.  Then  7*  =  177  -  25(7/  +  4),  whence  *  =  H  -  25/t 
Hence  taking  /  =  0,  we  have  *  s  11  and  y  =  4 
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61y  38       61?/+  38 

11.  Divide  by  99,  and  we  get  x-y-  -^  =  3  +  —  .\  — -^ — 

305.y  +  190  y\m 

is  integral,  .*.  so  also  is  — ~zx integral,    .\  so  also  is 

8y  +  91                                              104i/ +  1183   . 
Zy  +  1  +  — jjo —  integral,  ,\  so  also  is ^ integral, 

5y  +  94                                        100y+  1880 
.-..  so  also  is  y  +  11  +  — x^—  integral,  ,\  so  also  is ^ 

y  +  98 
integral,  .-.so  also  is  ty  +  18  +  — ^ —  integral,  .♦.  y  =  99*  -  98  ; 

substituting  thi3  in  the  given  equation  for  y,  we  have  99x 

=  335  +  160(99*  -  98),  whence  x  =  160*  -  155.     Now  substituting 

in  succession  1,  2,  3,  &c,  for  *,  we  have  x  =  5,  165,  325,  485, 

Ac,  and  y  =  I.  100,  199,  298,  &c. 

'  a        '        '         '        '  x  2        x-2 

12.  Divide  by  4,  and  we  have  Ax  -  y  +  —  =  5  +  —  .-.  — —  =  *, 

whence  x  =  At  +  2  ;  then  Ay  =  17(4*  +  2)  -  22  .-.  y  =  lit  +  3. 
Taking  *  =  0,  1,  2,  3,  &c,  we  have  x  =  2,  6,  10,  14,  &c,  and 
t/  =  3,  20,  37,  54,  &c. 

13.  Multiplying  the  first  equation  by  3,  and  the  lower  by  4, 

and  adding  the  results,  we  have  18x  +  29y  =  123.     Divide  by 

lly  15       lly-  15 

18,  and  we  have  x  +  y  +  -~  =  6  +   —  .'.  ■ — yg —  is  integral, 

5fW/-75  .  y-3 

.•.  so  also  is  — Vq —  integral.  .*.  so  also  is  3y  -  4  +    .  -  integ., 

10  lo 

.*.  y  =  18*  +  3.  Hence  18*  =  123  -  29(18*  +  3)  .-.  x  =  2  -  29*. 
Now  taking  *  =  0,  we  have  x  =  2,  and  y  =  3,  and  consequently 
z-  4 

14.  Multiplying  the  upper  equation  by  11,  the  lower  by  6, 

and  adding  the  results,  we  get  5Gx  -  A9y  =  469,  or  8x  -  7y  =  67. 

x  4        x-A 

Dividing  this  by  7,  we  have  x  -  y  +  -y  =  9  +  -r- .'.  —  *—  =  *. 

whence  x  =  It  +  4 ;  then  7j/  =  8(7*  +  4)  -  67,  whence  y  =  8*  -  5. 
Now  taking  *  -  1,  2,  3,  &c.,  we  have  x  =  11,  18,  25,  &c,  and 
V  -  3,  11,  19,  &c. ;  but  since  z  must  also  be  positive  and  integral, 
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we  find  upon  trial  that  the  only  admissible  values  are  x  =  1 1 
and  y  =  3,  and  consequently  z  =  2 

15.  Let  x  a  the  number  of  $3  notes,  and  y  =  the  number  of 

$5  notes  ;  then  3x  +  by  =  697,  or  x  +  y  +  —  =  232  +  —  .-.  — — 

3  3   '         3 


4y-2 


18  integral,  .-.  — ^—  is  integral,  and  .-.  also  -  -  =  f,  that  ia 
y  =  3/  +  2 ;  then  3x  =  697  -  5(3/  +  2),  whence  x  =  229  -  5/, 
Hence  5/  <  229,  or  /  <  *fft;  i.  e.  <  45*  .-.  the  given  sum  can 
be  made  up  of  $3  and  $5  notes  only  in  45  different  ways. 

16.  Let  x  -  the  number  of  25  cent  pieces,  and  y  =  the  number 

of  10  cent  pieces;  then  25x  +  lOy  =  2730,  or  5a;  +  ly  =  546 

x 
/.  2x  +  y  +  —  =  273  .-.  x  =  2/.     Also  2y  =  546  -  10/  .-.  y  =  273  -  5/. 

Hence  5/  <  273,  or  /  <  54§  .-.  the  given  sum  may  be  made  up 
as  directed  in  54  different  ways. 

17.  Let  x  -  the  number  of  guineas  paid,  and  y  =  the  number 

of  half-crowns  received  in  change;   then  21a;  -  ~  =  150^  or 

2a;  1        2a;  -  1 

42a;  -  by  =  301,  .-.  8a;  -  y  +  -  =  60  +  y  ...  — —  is  integral, 

16a;  -  8         x  -  3 
.-.   so   also  is   — g — .....  —   =  t,   or  x  =  5/  +  3.     Also 

5y  =  42(5/ +3) -301  =  210/ -175  .-.  y  =  42/-35;  and  taking 
/  =  1,  we  have  x  =  8,  and  y  =  7 

18.  Let  x2  and  y2  be  the  two  square  numbers  required,  and 
assume  a;2  +  y2  =  (nx  -  y)2  =  n2x2  -  2nxy  +  y2 ;  then  x2  =  n2x2-  2nxy ; 

or  a;  =  n2x  -  2ny  .-.  (n2  -  l)x  =  2ny,  or  x  =  -^7,  where  n  and  y 

n'-V 

may  be  assumed  at  pleasure,  and  it  will  be  found  that  x2  +  y2 
a  complete  square. 
But  if  only  integral  values  are  required  assume  in  the  expres- 
2ny 
sion  x  =  ^~^t  that  y  =  n2  -  1,  then  *  e  2n,  where  n  may  be 
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taken  =  any  integral  number,  and  it  will  be  found  that  x2  +  y2 
is  a  complete  square. 

19.  Let  x2  and  y2  be  the  two  squares  Tequired,  and  assume 
**  ~  'f  =  (*  ~  nV)2  -  x2  -  2nxy  +  fftj*.     Then  y2  =  2nxy  -  n2y2  ; 

n*  +  1 
or  y=  2nx  -  try  ;    or  2nx  =  (a-  +  l)y  .-.  x  =  — — —  x  y,  where 

n  aud  y  may  be  assumed  at  pleasure,  and  it  will  be  found  that 
x2  -  y2  is  a  complete  square. 

But  if  only  integral  values  are  required,  assume  in  the  above 
expression  y  =  2n;  then  x  =  n2  +  1,  where  it  will  be  found  that 
when  n  is  taken  =  any  integral  number,  x2  -  y2  will  be  a  com- 
plete square. 

20.  Assume  that  the  basket  contains  .r  parcels  of  4  with  2 

over,  or  y  parcels  of  6  with  2  over.     Then  Ax  +  2  =  6y  +  2  ;  or 

y  V 

4x-6y  =  Q]  or2.r-3y  =  0;  or  x  -y  -  —  =  0  .-.  —  =  /;  ory~2t. 

A  A 

Also  2x  =  Zy  .-.  x  =  3/.     Hence  taking  t  =  1,  2,  3,  <fec,  we  have 

x  =  3,  6,  9,  12,  &c,  and  y  =  2,  4,  6,  8,  &c. 

But  x  and  y  must  be  taken  such  that  both  6y  +  2  and  4x  +  2 

are  >  90  and  <  100  .-.  y  =  16,  and  x  =  24,  and  the  number  of 

apples  =  I6y  +  2  =  98 

21.  Let  the  number  =  6x  +  1  =  8u  +  5  =  10c  +  9 

i/2 
Then  6a:  -  8y  =  4 ;    or  3x  -  4y  =  2  ;    or  z  -  y  -  -—  =  — 

.-.  y  =  3/-  2,  and  re  =  4/ -  2 

Also  Ox  +  l'  =  102  +  9 ;   or  6x  -  102  =  8  ;    or  3x  -  5z  =  4,  but 

2t 
x  =  it -2  .'.  3(4/-  2) -52  =  4;  or  12/- 52  =10  .-.  2t  -z+  -  -  2, 

whence  t  -  5/'  and  2  =  12/'  -  2.  Then  x  =  4/  -  2  =  20/'  -  2  ; 
y  =  3t  -  2  =  15/'  -  2,  and  2  =  12/'  -  2,  whence  taking  /'  =  1,  we 
have  x  =  18,  y  =  13,  and  2  =  10,  and  .-.  the  least'nnmber  divisible 
as  required  =  Gx  +  1  =  (18  x  6)  +  1  =  108  +  1  =  109 
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22.  Let  —  and  —  be  the  two  fractions,  then  ~  +  ~  =  —  ; 

or  clearing  of  fractions  3x  +  2y  =  19  .-.  x  +  y  +  -r  =  9  +  —  (  and 
consequently  x  =  2t  +  1,  whence  y  =  8  -  3t.     Now  taking  t  =  0, 
1  and  2,  we  hare  x  =  1,  3  or  5,  and  y  =  8,  5  and  2 
.-.  the  required  fractions  are  ^  and  ft ;  -^  and  *  ;  and  &  and  fs 

Note.— We  cannot  take  t  =  3,  since  then  y  =  8  -  3/  =  8  -  9  =  -  1  =s  a 
negative  quantity 

23.  Let  x,  y  and  z  =  barrels  respectively  ;  then  x  +  y  +  z 
-  50  (1),  and  2x  +  5y  +  4z  =  230  (11).  Multiplying  (1)  by  2,  and 
subtracting  the  result  from  (11),  we  hare  3y  +  Iz  =  150,  whence 
y  =  2t  and  2 =  15  -  3t 

Also  x  =  50  -  y  -  2  =  50  -  It  -  (15  -  3t)  =  2  -  25 
.  Then  in  order  that  z  may  be  positive  15  -  3t  must  be  positive, 
and  .-.  3t  <  15,  or  t  <  25,  and  in  order  that  x  may  be  positive 
*-  25  must  be  positive,  that  is  t>'25;  therefore  *  is  both  less 
than  and  greater  than  25,  which  is  impossible. 

24.  Let  x,  y  and  z  =  the  number  of  pieces  respectively; 
then  x  +  y  +  z  =  100  (r),  and  lOOx  -f  20y  +  5s  «  2000  (n). 
Dividing  (11)  by  5,  and  from  the  result  subtracting  (1),  we 
have  19x  +  3y  -  300,  whence  x  =  3,'  and  y  =  100  -  I'Jt 
.-.  z=  100-x-y=  100  -  3;  -  (100  -  19/)  =  16/.  Now  taking 
t*  1,  2,  3,  Ac,  we  have  a;  =  1,  6,  9,  12  or  15 ;  y  =  81,  62,  43,  24 
or  5  ;  and  2  =  16,  32,  48,  64  or  80 

25.  2x  +  3y  =  25,  whence  x  =  11  -  3/,  and  y  =  2/  +  I.  Now 
taking  £  =  0,  1,  2  or  3,  we  have  x  =  11,  8,  5  or  2,  and  ?/  =  1,  3,  5 
or  7,  and  hence  the  parts  are  2x  and  3y  -  22  and  3  ;  16  and  9  ; 
10  and  15,  or  4  and  21. 

26.  Let  x,  y  and  z  be  the  three  parts  ;  then  x  +  y  +  z  =  24  (1), 
and  36z  +  24y  +  8s  =516  (11).  Dividing  (11)  by  4,  and 
multiplying  (1)  by  2,  and  taking  the  difference  of  the  results, 
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we  have  7x  +  4y  =  81,  whence  x  =  42  -  1,  and  y  =  22  -  fa 
.-.  c  =  24  -  (42  -  1)  -  (22  -  72)  =  3  +  32.  Now  taking  2=1,2 
or  3,  we  have  x  =  3,  7  or  11 ;  y  =  15,  18  or  1 ;  and  2  =•  6,  9  or  12 

27.  Assume  ynx  to  be  a  perfect  number;  then  its  divisors  are 

1,  y,  y*    ....   yn,  sr,  xy,  xy2,   ....   xy71"1  .-.  ynx  =   1  +  y  +  y2 

+  ....  yn  +  x  +  xy  +  xy2  + acy*"1.     Now  1  +  y  +  y2  + yn 

Vn+1  -  1         ,                        ,  y»  -  1 

=  l     ,   and  x  +  xy  +  xy2  +   xy11'1  =    — — -  x  x 

n        y*1*1  "  1  +  0/n  -  l)x 
.'.  y  x  -  v  -  l >    or   clearing   of  fractions 

yn  +  lx-ynx  =  yn  +  i_   L  +  ynx  _  x  .  0r  yn  +  1X  ~  2ynX  +  X  =  yn +  *  -  1 

yn+1-i 
•*•  x  ~  yn  +  \  _  2Vn  _  y     Now  in  order  that  x  may  be  a  whole 

number,  let  yn^  -  2yn  =  0,  or  y  =  2  ;  then  x  =  2n  +  1  -  1.  Also 
let  n  be  so  assumed  that  2n  +  1  -  1  may  be  a  prime  number ;  then 
it  will  be  found  that  ynx  =  2n  x  (2n  +  1-  1)  will  be  a  perfect 
number.  Thus  if  n  =  2,  we  have  22  x  (23  -  1)  =  4  x  (8  -  1) 
=  4x7  =  28  =14  +  7  +  4+2+1=  sum  of  all  the  divisors  of  28. 

28.  Let  the  number  =  lOx  +  7  =  12y  +  9  =  14s  +  11  ;  then 
lOx  -  12y  =  2,  or  5x  -  6y  =  1,  whence  x  »  62  -  1,  and  y  =  tt  -  1. 
Also  lOx  -  14c  =  4,  or  302  -  1z  =  7,  whence  2  =  72',  and  *  =  302'  -  1. 
Then  x  =  6/  -  1  =  42/'  -  1 ;  y  =  52  -  1  =  352'  -  1,  and  z  =  302'  -  1. 
Now  assuming  2'=  1,  we  have  x  =  41 ;  y  =  34 ;  and  t  =  29. 
Hence  the  least  odd  integer  =  10x-  +  7  =  410  +  7  =  417. 

29.  Let  x,  y  and  s  represent  the  numbers  respectively  ;  then 
x  +  y  +  s  =  100  (i),  and  50x  +  30y  +  2z  =  500  (n).  Dividing  (n) 
bj  2,  and  from  the  result  subtracting  (i),  we  have  24x  +  14y  =  150, 

ice*=  72  +  1,  andy  =  9-122.\z  =  100 -(72  +  1)  -  (9  -  122) 

122.     Now  2  must  be  <  1  •.•  y  =  9  -  122  must  be  positive  ; 

i  mu3t  be  >  -  1  because  x  =  72  +  1  must  be  positive,  and 

t,  y  and  z  must  be  integral,  2  can  only  =  0.     Hence,  when 

2  =  0,  we  have  x  =  1,  y  =  9,  and  z  m  90. 


ISO 


KEY  TO 


[Mis,  Ex  1-7.' 


Miscellaneous  Exercises. 

9*  '       4       4        3  +  9  -        36~ 

2.  {(*2-*-2)+l}2-{(^-;r-2)-ij2 

=  (*2-  x-2)2  +  2(z»-  «'-■)  +  i  .  {(^2_  a.-2)2  _  2(x2_  x.2)  +  n 
=  4(x2-x-2) 

3.  The  G.C.M.  of  the  first  three  quantities  is  evidently  a  +  b, 
and  as  it  is  also  a  measure  of  the  remaining  quantity  it  is 
their  G.C.M. 

b2  -  b2  +  ab         ab 
b2  b2  -  ab  +  a2 


iA.^-i.i.*.:-i;. 


and  x  -  a  =  -,- 

o  -  a  b  -  a 

X~b     *~«        b         Vt-ab  +  a2     b2-b2+ab-a2     ab  -  a* 


a  b      ~  b  -  a  ~     (6  -  a)b 

a(b  -  a)        a 
6(6  -  a)  ~  ~b 


(b-a)b        ~b(b-a) 


Adding  (i)  to  (in),  we  have  2c  =  18  .-.  *  =  9 

Adding  (1)  to  (11),  we  have  2x  +  2z  =  20  .-.  2x  =  2,  and  x  =  1 

Hence  x  +  y  +  z=  1  +  y  +  9  =  15  .-.  y  =  5 

6.  5^/27lT5  -  3^1T5  +  2^l25lT5  -  4^/64^1  =  15^/5  -  6^/5 
+  10^/5  -  1^5  =  (15  -  6  +  10  -  16)^/5  =  3^/5 

?.  *4  +  1  =  0.     Divide  each  side  by  x2 ;    then  x2  +  -i  =  0 
•"•  *2  +  2  +  p  =  2  .♦.  x  +  —  =  +  ^2;    clearing  of  fractions 

W2  =  -l;z2  +  *V2+(^Y:=i-l:=-i   ..z-L-L^Zi 
*l+</Ti  W  >"*  +  V2-      V2 


Hence  a:  = 


i 1 +V-1 
V2 
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a        b        c 

;   then  ■ 

i+6      b+c 
~b~  =  ~c~  '*• 

a+b       b 
b  +  c  ~    c 

,,      b+c      c+d 

Also s  — r-  . 

c             d 

b+c 

'  c+d 

c              6 

=  -T.    But  ~-  = 

a               c 

c         a+b      b+c 
d   '  '  b  +  c  "  c+d 

Hence  a  +  b  :  b  +  c 

::  6  +  c 

:  c  +  d 

9.  a  :  c  ::  2a  - 

6  :  26 

-  c  .'.  a  :  2a 

-  6  ::  c  :  26  -  c 

a              c 

2a 

2c          2a 

2c 

' '  2a  -  6  ~  26  -  c 

2a  - 

b  "  26  -  c  "  6 

"3c-26<Art-10G> 

a           c 

:  3ac  - 

2ab  ;    or  3ac  =  I 

b  ~  3c  -  26  •  *  hc  " 

te  +  2a£  =  6(c  +  2a) 

b            ac           c 

c 

1   X    2 

c 

,+    2 

26       2a  x  j 

*  3                 c  ' 

a  +  - 

26 

'3        c  +  2a  ~ 

c 

that  is  —  is  the  H. 

c  26  c 

mean  between  a  and  —  .-.  a,  y  and  —  are  in  H.P. 

10.  Sum  to  n  terms  when  r  is  a  proper  fraction 


1-r 


;  -  (■  -*)'    4'  -  (■  -  i)) 

Sum  to  oc  =  ^ =  —r   =    — 

=  P  times  the  sum  to  n  terms. 

11.  X  a    -x      i/u    -    x~  s  \xn  +    I   +  x~n 


in 

xa     . 

-   X  » 

■ 
xT 

_ 

x  "  T 

3c"a* 

- 

•< 
X  "  a 

x  "  T 

S 
-  x  "  * 

x  "  T 

-  x  "T 
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KEY  TO 


[His.  Ex,  ll-i; 


*§  +  «M  f  «»)x*  +  «M  +  JfjJI  _  ay  +  a§ 


x3  +  o*a;  +  aM 

-  a3*  +  aJ 

-  a**  -  aM  -  ax* 


«3*3  +  a#*  +  a3* 
A3"  +  tf**  +  at 
12*  1*  trial  diV.    a  147^4 

1st  comp.  div.  =  ]  47x4  -  Qzxhj  +  9x2y2 
2*  trial  dir.  =  147,,*  -  12G^y  +  27*y 
2-  comp.  div.  =  147,4  -  126^  +  m*y  -  *fc^  *  i6y4 


a  a£c  x  a:0  =  a5c  x  1  =  afo  tf6c 


£P-2+2-r+r-p 


Of  +  m<$%  +  J^)  =  X»  t«  +  ,t»y  +  ^y  +  y„  t , 

15.   <M±JZJ?B1  +  W5_^3V3)(3V5   +   2V3) 

33  "33 

=  ,',<«  -  12VT5  f  12  +  30  -  VI5  +  4Vl5  -  18)  =  --(69  -  1 7Vl5) 


12z2+  1 
24xlr+'6x 


^  - 1)       ■  2(2x  -  ix^TT)  *  »(5rri) 

?^-t_l_____  (4a:2.  +    1)    +    C2,    +    lVa*    4-    l\ 

2(2,    .    i;^T-T)    T     2^^^^ 

2(4*8-l)(4x*.+  l)     ~  ~lto4— - 
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18    (1)       x(a  -  c> a~c      .  *  1 

":     0*  +  «)(*  +  c)  "  x  +  a  -  c  '  ■  (x  +  a)(x  +  c)  ~  a:  +  a  -  c 

;.  x2  +  ax  -  ex  =  x2  +  ax  +  ex  +  ac  ;  2ex  -  -  ac  .:  x  -  -  — 


(ii)  V(*  -   1)<*  -  2)  -  2  »  V(x~  -  3)(x  -  I)  ;    squaring 
(x  -   l)(x  -   2)  +  4  -  4V0T~l)(x  _-2~)  =  (X  _  3)(<r  _  4); 
.-.  2Vx2-  3x  +  2  =  2x  -  3  .-.  4x2-  12x  +  8  =  4x2-  12x  +  9  .-.  8  =  9 
which  is  absurd  .-.  the  equation  has  no  possible  roots. 
1  1  1 

(III)  (x  +  3)(x~5)  +  (x  -  5)(x  +  7)  "  (x  +  3)<^^16)  =  ° 
.-.  (x  -  l)(x  -  16)  +  (x  +  3)(x  -  16)  -  (x  -  5)(x  +  7)  =  0 
x2  -  9x  -  112  f  x2  -  13x  -  48  -  x2  -  2x  +  35  =  0  ;  x2  -  24x  =  125, 
whence  x  =  12  +  ^269  « 

m    o-  b  +  c     l  b-c 

19.  bince  »  =  ^^,  —  will  =  ^;;    then  H.  mean  between 

a    l  2  2  b2  -  c2 

"Md7s^c      h-  c  =  WTT?  =  ¥T~?'    Buta:6::6:r 

b - c  +  b  +  c        62  -  c2 
r  —  -  **        a*-b2       b*  -c*  a2-62 

Y*  b-  ~  c2  •'*  a^TP  =  62  +  c*  *'•  also  a2  +  6*  is  the  ^  mean 

between  n  and  — 
n 

20.  Let  w  a  work  and  x,  y,  z  =  times  in  which  ^,  JS  and  C 

can  separately  perform  it; 

w 
Then  —  =  d'a  daily  work  +  B's  daily  work  (1) 


00 
(m) 

(IV) 


w 

u 

+  Cs 

to 

a 

+  Cs 

to          to 

~7T  *~  — JT: 

-F 

S    " 

-  C3 

tO        to 


Then  adding  (111)  and  (iv),  we  have =  2B'a  daily 
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KEY  TO 


[Misv  Ex.  20-26. 


work  =  2—.    Hence  i8i.i  +  i-  blJLal±^ 
y  V         a  b    r     c    "  abc 

^ ,  *>2  c* 

(a-6)(a-c).+  (c-6)(a-6)  "  (JT^)(C-&j>  by  changing 
signs.    Hence  /.  e.  ».  =  («-.  6)(a  _  C)(C  _  j) 

(a  -  5)(o-7)(c  -  6)  =  a2c  -  a*b  +  ab*-cb*^c*  +  b?  =  X 


21. 


46 


B  (a  +  26)2-(3c)2       (3c)2  -  (a  -  26)2 
46  x  "  46 

B  CgLL^±3c)(a  +  2^3c)       (3c  +  a  -  26)(3r  -  a  +  26) 
46  *  ^ 

a  (g  +  2b  +  3cXa  +  26  -  3c)(a  -  26  +  3c)(26  -  a  +  3c) 
1662        "  ~ 

23.  a*  +  2a262  +  6*  -  2a262  =  (a2  +  62)2  -  (a6y2)2 
=  (a2  +  a6V2  +  62)(a2  -  a6V2  +  62) 

Similarly  a*  +  2a262  +  64  -  3a262  =  (a2  +  $*)*.  (ahjZf 
=  (a2  +  62  +  a6V3)(a2  +  62  -  a6V3) 


24. 


xy  +  y*  +  a;- 


25.  G;CJf.  of  (a?+  7y)(r  -  4y),  and  (*  +  2y)(x  -  4#),  and 
(x  -  y)(x  -  4y)  is  a;  -  4y  .-.  I.  c.  ».  =  (*-  y)(x  +  2y)(x  -  Ay)(x  +  7y) 
«  z4  +  4*3?/  -  27x22/2  -  Mxy*  +  56*/* 

26.  When  r  =  +  1,  the  formula  5  =  ^^-}  becomes  S  =  £fi!=I> 

=  ff(in"1  +  I""2  +  ln"3  +  Ac.  to  n  terms)  *  «<1  +  1  +  l  +  Ac.  to  » 
terms)  =  na 
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When  r  -  -  1,  ■*  „  ^>   becomes   S  ,  &gj$ 
m  a{(  -  1)"   i  +  (  -  i)»-  2  +  (  _  1}n-3  +  kQ  )| 
=  a(l  -  1  +  1  -  1  +  1  -  1  +  &c.  to  n  terms)  =  a  if  n  is  odd,  and 
=  a(  -1  +  1-1  +  1-1  +  &c.)  =  0  if  n  is  even. 

2  7.  (i)  a,  =  <*  +  (£-  i)i;  then  by  same  notation  am=a+ (to -l)d, 
a,  =  a  +  (n  -  1)*/,  a,  =  a  +  (p  -  l)rf,  and  aq  =  a  +  (q-  l)d.     Then 

=  (to  -  n){a  +  (p  -  i)d  -  a  -  (q  -  l)d\ ;  since  -we  have  merely 
added  a-d-a  +  d^Oto  each  of  the  2nd  factors. 
•••  CP  ~  lXam  ~  «-)  a  (»  -  n)(ap  -  aq) 

(n)  Since  at  =  or*"1;  therefore  by  same  notation  am  =  or*-1, 
aA  =  a/-71-1,  ap  b  or*  -*  and  a?  =  ar?1.  Then  since  (p  -  q)(m  -  n) 
(B  (TO  - /l)(p -  ^);  r'p  "  *W*-»J  =  rrwi - njrp -  qj   ^  Arm-  n\p -  g  _  /yp  -  g\m- n 

But  rm-  n  =  __    and  rp -2  =  __    Algo  gince  _  =  _  =  ^  multiplying 

by  the  latter,  we  have  (^j       =  ^  ...  g^j 

rW  ithat,st)  =fe) 

28.  On  Is'  morning  the  watch  is  behind  the  clock  by  lis., 
and  45  hours  afterwards  it  is  only  2s.  behind  .-.  the  watch 
gains  upon  the  clock  to  the  amount  of  9s.  in  45  hours,  or  £  sec. 
in  1  hour. 

Let  x  b  gaining  rate  of  watch  per  hour ;  then  since  the  gain- 
ing rate  of  the  clock  is  -^  s.  in  24  h.,  or  1  s.  in  240  h.,  it  is  yfr  s. 
in  1  h.  .-.  x  -  yj^  is  the  gain  of  the  watch  on  the  clock  per  hour 
•*•  *  -  rkt  *  li  whence  i=Hiii  +  fftj  hence  watch  gains 
per  day  #fe  x  24  ■-;  ff  =  4-9  s. 

29.  (i)  S  to  12  terms  =  J\_x     '  =  16{Q)12  -  1}  =  2059}}^ 
(n)  3r*  term  =  a  +  2d  =  4,  and  6th  term  =  a  +  5i  =  |f 

,.8da|f-4a-|f  j  henced=-Jf  .-.  a  =  4~2</  =  4  + W  =  5£i 
\  ^?  series  =  5ft  +  4Jt  +  4  +  3-*-  +  &c. 


15G 


KEY  TO 


[Mis.  Ex.  20-31. 


(m)  3rd  term  =  ar2-  4,  and  6th  term  a  ars  =  ff  ,\  ar5  f  ar2  =  §|  -f  4 

.-.  r3  =  -/f  ■   whence  r  =  §.    And  a,  =  -p  «  4  *  f  «  9  ...  Q,  series 
=  9  +  6  +  4  +  2§  +  &c. 

30.  Let  x  =  length,  then  x  -  60  =  breadth  in  yards,  and 
x(x  -  60)  ---  5500 ;   that  is  x2  -  60x  =  5500,  whence  x  a  110,  and 

*  -  60  =  50 

31.  (I)    (*3_  ff   ,    (x  _  yy  n    f^Zff   s    {x*  +  ^   *  ^ 

=  x4  +  2x3y  +  3* Y  4-  2X2/3  +  y*  V  ' 


(n)  1 
+  0 
-  2 
+  1 


(in) 


7  +  0+     0  +  0+     5-     4 

+  0+     0  +  0+     0+    0 

-14  +  0  +  28-14 


+  7  +    0-14+     7  + 


+    0  + 
+     0 

-  GQ  + 


3+9 


64 
33 


32 


7  +  0-14+7  +  33 


32 


7x5  -  I4x3  +  7x2  +  33x  -  32  -  ~V~r" 


59  +  100  -  23 
59r2  -  lOOx  +  23 
Xs  +  2a?  -  1 


rm-i 


+  xm-3  +  x™-«  +  xm~7  +  xm~9  +  Ac. 
We  observe  here  that  each  term  is  derived,  from  that  preceding 
it  by  dividing  by  x2.  Let  us  now  assume  that  this  is  true  to  r  -  1 
terms,  and  we  have  then  left  as  remainder  *»-£*-*>  ~  x~m. 
Dividing  this  by  x  -  x  -\  and  we  get  as  first  term  .of  the  quotient 
*»-*fti)  Which  will  be  the  r»  term  of  the  quotient  of  xm  -  x 

*r-v+i  +  xi=(r-  i)th  term  f  jj 
1  terms,  it  is  true  for  r  terms. 


x-x-1.     But  arm"2r  +  1  =  'xr> 


.*.  if  the  law  is  true  for  1 
Now  it  evidently  holds  for  5  terms  ,\  for  6  and  .-.  for  7  terms 
and  so  on,  and  .-.  it  is  generally  true,  and  since  the  first  term  is 
xm- \  and  each  term  is  derived  from  the  preceding  by  ■=-  by  xl 
.-.  the  r*  term  is  *»-i-**-U  s  xm-  »•«     If  m  be  an  even  number 

the  quotient  will  contain  an  even  number  of  terms,  and  will  be 
t-a+  xm-6  +  £c   +  zm-(rn-i)  +  xm-(m  +  i)  +  xm- (m  +  ^ 


+  *' 


+    &C.    +    X771*!-2"*    =    X'»(X-1    +    X-3    +    X-ff     +    &C.     tO    X1     m) 

+  x-!+  x-3  +  x~*  +  &c.  to  X1'™  .-.  first  part  of  quotient 
*  second  part  x  xm 


Mis.  Ex.  32-57.] 


ALGEBRA. 
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32.  (i)  Let  V37  +  20 V3  =  \jx  +  *Jy ;  then  V37  -  20V3  =  \fx-^y 

V1369  -  1200  =  V169  =   13  =  x  -  y.     Also   37  +   20V3 

x  +  y  +  2<Jxy  ,\  x  +  y  =  37;    hence  a:  =  25,  and  y  =  12. 

len  V*  +  V#  =  V25  +  V^2"  =  5  +  2V3 


(n)  Let  V4x  +  2V4x2  -  1  =  V*'  +  V#  5    tQen  V4x  -  2V4x2  -  1 
V*'  ~  y/v  •'•  V  L6x2-16x2+4  =  a/4  =  2  =  x'  - y.     Also  4x  +  2^/4**- 1 
x'  +  y  +  2^0^  .*.  x'  +  y  =  4x  .*.  2x'  =  4x  +  2,  or  x'  =  2x  +  1,  and 
2y  =  4x  -  2  .-.  y  =  2x  -  1 .     Then  V*'  +  Vy  =  a/2F+1  +  V2*  -  1 


33.  (a4  -  x4)"    =  {a4(l 

3  34 

ar12(l  +--a-*x_*+  — a- 
V       1  12 


'>} 


3-4-5 


a"12(l  -  a"4x~4) 
3-4-5-6 


1-2-3-4 


3-4-5-6 

+  &c.)   Hence  5th  term  =  a"  12x— — — a-16x-16  =  a-12xl5a_16x-16 

1*2 "o"4 

=  15-28x"16 

28  x  27  x  26  x  25  x  24  x  23  x  22 
34.   C7  = r~~  .  -  ~» —  ~  =  1184040 


1-2-3-4-5-6-7 


!5.  (x4  -  4x2  +   10 


12x 


+   9x"4)*    =    {(x4  -   4x2  +   4) 


+  6x "  2(x2  -  2)  +  9x  "  4}*  =  {(x2  -  2)2  +  2  x  3x  -  2(x2  -  2)  +  (3x  -  2)2j* 
=  x2-2  +  3x"2 

36.  Letx  =  ^l;  thenx3=  1  andx3-l  =  0  .-.  (x-l)(x2+x+ 1)  =  0 
.-.  x  -  1  =  0  or  x=  1.  Alsox2  +  x  =  -  1,  whence  x  =  l(-  1  +  V~3) 
.-.  tyl  =  1,  or  K  -  1  +  <J~=3).     Also  l2  =  1,  and  {l(  -  1  J  V~3)}2 

=  K  -  i  +  V^s)  •-.  i2  +  (K  -  i  ±  V"1^)}3  =  i  +  k  -  i  +  V^s) 

=  1  +  J(  -  I  +  V~3),  i.  e.  sum  of  the  cube  roots  of  unity  =  sum 
of  their  squares. 

37.  (i)  bx  +  ay  =  ab  =  ax -a2  +  by~b2;  ax-  bx-ay  +  by  =  a2+  b2f 

a2+b2       b(a2  +  b2) 
or  x(a  -  6) -y(a- 6)  =  a2+ ft2;  x  =  y  + r-  .•. t —  +  by  +  ay  =  ab 

b2(a  +  6) 
a-  b 


hu2  +  b3  ba?+b3 

a_b   +  2/(«  +  6)  =  ab  ;  y(a  +  b)  =  ab-    fl_6 

-  62(a  +  6)  ft2  62 


.'/ 


6 -a* 


and 


=  y +  'v^t 


b2 


+  62 


fc2  +  a2  4-  b2 
a-6 
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KEY  TO  [Mis.  Ex.  37-42. 


(n)  If  in  these  equations  we  write  x  for  y,  we  shall  obtain 
values  of  x  and  yf  which  will  simultaneously  satisfy  the  given 
equations.  Thus  x2  =  6x  +  Ax  ;  or  x2  -  10.r  =  0  .-.  a:2  -  10,r  is  a 
factor  of  the  reduced  equation  in  x.     Now  from  first  equation, 

x2  -   6x 
y  _  _        .   substitute  this  for  y  in  the  second  equation. 

fx2-6x\2              3(x2-6x) 
Then  (  — 4— "  )    ^  4x  + ...  x*  -  12a;3  +  12x2  +  80.r  =  0. 

But  we  have  shown  that  x2  -  10a;  is  a  factor  of  the  left  hand 
member  of  this  .-.  (x2-  10x)(a;2-  2x  -  8)  =  0.  Hence  a;2-  10a;  =  0 ; 
whence  x  =  0or  10.  And  x2  -  2x  =  8 ;  whence  x  =  4  or  -  2. 
Then  a;  =  y  =  0,  or  10,  or  -  2,  or  4 

38.  Let  x  =  yds  B  sold  for  $1 ;  then  x  +  J  =  yds  A  sold  for  $1 ; 
1  1 

—  -  what  B  received  for  1  yard,  and  —7  =  what  A  received. 

x  +  3 
90         40 
Then  —  +  ™jr  =  42  ;    whence  21a;2-  53a;  =  15  .-.  a;  =  3,  and 

x  +  i  *  3J 

39.  Insert  5  ^.  means  between  2  and  7 :  d  =  -^  =  J^-  =  — 

1         »-l      7-1      6* 

Hence  ^.  series  is  2  +  2jf  +  3$  +  4|  +  5J  +  6&  +  7;    that  is 
2  +  V  +  V  +  i  +  V  +  3e7  +  7.     Therefore  the  H.  series  is 

40.  The  Z.  c.  w.  of  denominators  =  (a  -  &)(x  -  a)(a:  -  6)  ;  then 
clearing  of  fractions  (a  +  c)(x  -  b)  -  (b  +  c)(x  -  a)  =  (x  +  c)(a-b)  ; 
or  aa;  +  ex  -  a&  -  6c  -  bx  -  ex  +  ab  +  ac  =  ax  +  ac  -  bx  -  be ; 
ax  -  be  -  bx  +  ac  =  ax  -  be  -  bx  +  ac.  Therefore  the  given 
expression  is  an  identity. 

41.  tyW+T  =  1  -  V*  .'.  x2  +  1  =  1  -  4*Jx  +  6x  -  Ax^Jx  +  x2 

.'.  -  A^Jx  +  6x-  Ax^Jx  =  0  .-.  2<Jx(2x  -  3^/x  +  2)  =  0  .-.  2<Jx  s  0, 

whence  a:  =  0  

/3  4.  a/  _  7\  ^ 
Also  2a;  -  3^x  =  -  2,  whence  a:  =  (  — —■ J    =  i(l  +  3<v^~7) 

42.  ab  -  (26  +  Jc  -  3ac  -  a&  +  2atf  -  26c)  =  ab  +'bc  +  ac 
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43.  £  x2  -  \xy  -  -j30y  _  mx  +  ny  +  *x2  +  xy  _  .^y  +  px  m  gy 
=  \%x2  +  hxy  -  Hif  +  (p-  m)x  +  (n  -  q)y 

And  *x2  -  %xy  -  -^y2  *.  mx  +  ny  -  \x2  -  xy  +  ^y  -  px  +  qy 
s  -Jg-x2  -  faff  -  ^y2  -  (m  +  p)x  +  (n  +  q)y 

(x  -  8)(x  +  6)(x  +  7j(*  -  4)  _  *+7 
'  (x  -  4)(x  +  6)(x  -  8)(x  +  5)  "  x  +  5 

* a  b  1 

■  (x  -  a)(x  -b)  (a  -  b)(x  -  a)  +  (a-b)(x-b)  ~  a  -  b 
.-.  1.  c.  m.  of  denominators  =  (x  -  a)(x  -  b)(a  -  b).  Hence 
x(a  -  6)  -  a(x  -  b)  +  6(x  -  a)  =  (x  -  a)(x  -  b)  ;  that  i3 
ax  -  bx  +  ab  -  ax  +  bx  -  ab  =  x2  -  ax  -  bx  +  ab ;    that  is 

»  *-(.+*)*=-.« ,.  ^- (.+»)-  ♦  (^)2=  f^)'-,* 

a2  -  2a&  +  62  _  a2  -  2a5  +  62  a  +  6        a  -  6 

s  4  afi  -  ^  .'.  ^-— ^— =  +  — g— ,  whence 

x  =  a  or  6 

(in)  Multiplying  by  168 

168  +  63x  -  48x  +  8  =  T86  .'.  15x  s  10  .•.  x  =  § 

46.  Multiplying  by  (x  -  y),  (y  -  s)  and  {z  -  x)  respectively, 


,\  by  addition  18x  -  9y  -  9z  =  0 


.-.   2x  -  y  =  2;    substituting  this   in   third   given   equation, 

(2x  -  y)2  +  x(2x  -  y)  +  x2  =  19  .-.  7x2  -  5xy  +  y2  =  19  ;   subtract 

from  this  the  first  equation,  and  we  have  6x2  -  6xy  =  -  18 

x2  +  3 
•*•  V  =  ~x~\  substitute  this  in  the  first  given  equation,  and  we 

/x2+  3\  /x2  +  3\  2  /x2  +  <*\  2 

have  x2  +  [^rj1  +  \~T~J    "  x2+  x2+  3  +  (~ jt)    =  37 

clearing  of  fractions  ;  2x4  +  9  +  9x2  +  x*  =  37x2  .-.  3x4  -  28x2  =  -  9, 
whence  xa  ■  9  or  i  .-,  x  *  ±  3  or  ±  J  V3 ;  y  =  -^  -  ^_ti  =  ±  4f 


we  1 

iave 

x3  - 

y3  = 

37(x 

-  y) 

y3- 

z3  = 

28(y 

-  *) 

z3  - 

x3  = 

19(* 

-x) 

160  KEY  TO  [Mis.  Ex.  40-49. 

i  +  3  10  Jtf         +  10V3 

0rnV3=£V3  =  rV3  =  :=_3—  >   *=2x-<,  =  +  6  +  4  =  ±2, 

3 
or  =  +  IV3  I  W*  =  T  !V3 

47.  The  question  amounts  to  finding  the  least  real  value  of  x, 
which  will  satisfy  the  given  equation 
62x2  -  2abx  =  m  ~  a262  -  2a26  -  2a2,  where  m  represents  the  least 

2a        m-  a2b2  -  2a2b  -  2d1 
value  which  makes  x  rational ;   x2  -  -r-x  = 


6"  ~  b 


)a       a2       a2  +  m-  a2b2  -  2a2b  -  2a2       m  -  a2b2  -  2a2b  -  a2 
_  +  _  =  _  =  __  , 


a    _±*Jm-  a2(^2  +26  +  1)  a  +  sjm  ~  a2(6  +  l)2 

•'•  X  ~  T  ~  1>  *'•  X  '  ~         ~6 

Therefore  the  least  value  of  m  that  will  render  x  rational,  is 

m  ~  a?(b  +  l)2,  and  .•.  the  least  possible  value  of  the  given 

a 
expression  is  found  when  x  =  -t-,  and  is  therefore  a2(b  +  l)2 

48.  {(x6*  +  6  +  9x-6^)  -  4xP(x3^  +  3x"8*)  +  4x2*}* 
a  { (xW  +  3x~  SP)2  -  2  x  2xP(x*p  +  3x  " 3P)  +  i2xp)*$ 
=    x*p    +    3x-'6P    -    2xP 

49.  (i)  S  =  {2a  +  (n  -  l)d}  ~  =  {6f  +  (8  -  1)^]|  =  (6f  +  20)4 
=  4x2G^  =  107f 

,  x  c     g(1-r*)     8ix^i  -C-f*-^)*} 

f  /256x"  16y8\*l  /  256x-16y8\ 


243*14 


1   +   3X"2y  3x2  +   2y 

256x~V 

27  6561x14-  256x~V 


3x2  +  2y       •  81x2  +  54y 

243^{l-(-§x-2y)"i     243(1  -  (  -  Qe 
(in)  6M  .  as  above ^^- . g— — 

243  x  1       243 

—J—  =  -T  =  60J 
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50-  ~7^~l~  "  sum  of  first  three  terms,  and  "——  =  sum 

of  next  six.    Then  72<f^^l  -  £?£i^   /'  .,.* 

'n     r-1     r~       r-  i — »  or  dividing  each 
*(r3-l)  1  J 

b^  T^T-'  we  Set  ^  =  r*(r*  +  1),  whence  r3  =  8  or  -  9  .-.  r  =  2 

.'.  any  series  having  r  =  2  will  answer. 

62  Lxi±i^lJ)_L^Lli)     (*2  +  i)2  +  *(*2  +  l) 

'  (x*  4-  2x2  +    1)  -  x(x*  +    !)    ■    (<iHy,  g(jg,  + 
_  (g_+l)(x»  +  *+i)       x2  +  x  +  l 
(x2+l)(x2-x  +  l)  =  x2-x  +  l 

53.  x2-2(a  f  6)X  =  3a2-  10a6  +  362;  complete  the  gquare 
x2  -  2(a  +  6)x  +  (a  +  6)2  *  3a2  -  lOaft  +  3&2  +  a2  +  2a6  +  62 
=  4a2-8a6  +  462  =  4(a  -  6)2  ...  x  -  (a  +  6)  =  ±  2(a  -  6);  0r 
x  =  a  +  b  ±  2(a  -  6)  =  3a  -  b  or  36  -,  a 

54.  Because  ViP^  :  ValTTx  ::  2  :  2  ...  Vy^~x  *  V^TT^ 
.-.  y  -  x^20  -  x;  hence  y  =  20.  Then  from  first  given  equation, 
y/y  -  V20  -  x  =  V20-x  .-.  Vy  =  2V20~T^}  and  hence  y  =  80  -  4x, 
but  y  =  20  .-.  20  =  80  -  4x,  or  4x  =  60,  and  x  =  16,  and  y  =  20 

55.  ((x2  +    1)   -  2x}((x2  +    1)   +  2x\  +   2(x2  +    2x    +    1) 

=  (x2+l)2-4x2+2(x2+2x+l)  =  xH2x2+l-4x2+2x24.4x  +  2 
=  x*+4x  +  3; 

(x*  +   2x^  +  ftp  .   2x2y*    +  ft   -   2y*p  .   ^   +  y3) 

=  (*2  +  vh\x2  -  y  V  +  2jf  (x«  -  2xy£  +  y^) 

-  (*4  -  y3)2  +  2x*y»  -  4xy^  +  2y6 

=  x*  -  2xV  +  y6  +  2xV  -  4xy£  +  2y es  zs  _  4;ryf  +  3y , 

56.  Multiply  2no  given  equation  by  3,  then  3x2y  +  3xy2  =  363. 
Add  this  to  1"  given  equation,  and  we  get 
x»  +    3x2y  f   3xy2  +  y*  =   a*  f  36*   ...   x  +  y   .   ^T^P. 

But  xy(x  +  y)  =  43    .    xy({/a8  +  363)  =  6*  .-.  xy  -  *!__, 
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2  4i3 

Then  x2  +  Ixy  +  y2  =   (a3  +  363)3,  and  4xy  = 

g           46*  <«'  +  36!r 

.;.  a:2  -  2xy  +  y2  =  (a3  +  3&3)* - 

(a3  +  363)i 


Then  x  -  y  =  +  \/(a3  +  363)§  £,  _  _^M 
x+,y=(a3  +  363)* 


35 
57.  Let  x  =  number  at  first,  then  —  -  what  each  had  to  pay , 

but  two  left,  therefore  the  number  remainining  =  x  -  2,  and  con- 

35  35         35 

consequently  - — -  =  what  each  paid.     Hence  -  =  —  +  2 

X- A  r  x-2         X 

.-.  x2  -  2x  =  35 ;  or  x2  -  2x  +  1  =  36  .-.  x  -  1  =  ±  6,  and  x  =  1 

ss.  (o*  +  b*y  =  a2{\  f  a~h*y 

"( i    ,     4    -ill       4'3/'    -J.^X2       4-3-2/   i   i\3 
Hence  4">  term  =  a2  x  ^_  («-£&*  )3  -  ^  x  4rt    f6I  B  4a*6l 

59.  (  -  2a2x4)2  =  4a*x8     -  2a2x4  x  -  3ax7  x  2  =  12a3xu 

-  Jax2x  ^x2=-^aV     -  xs   x   £ax6   x   2  =  -  ax11 

«x   x  -  3ax7  x  2  =  -  6a2x8  (12a3-a)xu 

-  -  ya2x*         .-.  coef.  of  x11  ■  (12a3  -  a) 

(4a4  -  A/*a2)x8  .-.  coef.  of  x8  =  (4a4  _  i3a2) 
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60.  Let  x  and  y  be  the  numbers,  x  being  the  greater ;    then 
*  •"  y  ::  x  +  y  :  a,  and  *  :  y  ::  x,-  y  :  b  ...  y(*  +  y)  a  flar 
and  y(a:  -y)  =  bx 
xy  +  y2=  ax 
xy  -y2  =  bx 
2xy       =ax  +  bx;  or  dividing  by  2x,  we  have  y.=  J  (a  +  6) 

2y2=ax-bx=(a-b)x.:x=:-i£--  *(*+*?      («  +  *)2 
a  -  6       4(a  -  6)        2 (a  -T&) 

61.  (i)  2  « L_  =  2  *j£fl  _  i^Li?? 

o,   x~1  13x-10  ~  13*  -  10 

4* -3 


*+«  i-4 


62. ,    »-4  a;  +  2 

■'•    '  R  '"•  °f  dettom-  "  (*  +  'X*  -  «X*  *  3)  i   then  reducing  to 
common  denom.  =  <*  +  6X*  +  3)  +  (i  -  4)(*  -  5)  -  (*  +  2)(x  +  7) 

(x  +  7)(i  -  5)(i  +  3)        " 

.  ^+te+J8J^_to±M_^te^  ,,  _  9x  +  24 

^  +  5^-29^-105  ~5°>4.|fa.-2ftr.10fl 

(")   {(x*  -  2*3  +  X2)  +  J  (X2  __  x)  +  ^jj 

-  x27"  -  3xmyrt  +  2y2n  - 

K  4   («-  -  o)J(>  -  ((B-  _  6)(  =   {^  _  _ 

a  x«*  -  a2x*n  +  2abxm  -  &» 
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KEY  TO 


[Mis.  Ex.  65-71. 


65.  (i)  12(x*  -   24)    4    3(x   -    2)    =    4(x3  +   2x2  +  4x   +   8) 
=  4x3  +  8x2  +  16x  +  32 

(n)  4  -  2  +  1)20  -22  +  11-3(5-3  .-.  quotient  =  5aW  -  3ab4 
20  -  10  +    5 


-  12+    6-3 

-  12+    6-3 

66.  Let   a  :  b  ::  b  :  c  ::  c  : 

d]    then   a  :  d  ::   a3 

:   63. 

a       a       b       c             a       b 
a       b        c       d1           be 

e         a       a       a       a 

r"  ¥  •'•  ¥  =  T  x  T  x  T 

a3 

.*.  a  :  rf  ::  a3  :  63 

67.  a:2  <  10*  -  16,  or  x2  -  10*  <  -  16,  or  x2  -  10s  +  25  <  9,. 
or  a:  -  5  <  +  3,  or  x  <  8  or  >  2  .-.  values  are  3,  4,  5,  6  and  7 ;  or 
thus(-x2+10x-16)>0;  -(x2-10x+16)>0;  -(x-2)(x-8)>0, 
.*.  x  -  8  must  be  negative,  .-.  x  <  8  and  x  -  2  must  be  positive, 
.-.  x>2 

26  26  1  1 

68.  By   Art.    106,    (vn) 


A^x  -^5 
=  <Jx  -  5  ;  or  x  -  5  =  25  .-.  x  =  30 

a        b 


20 


Yx-5 


69.  y  +  —  >  2  ;   if  a2  +  62  >  lab,  but  a2  +  b2  is  greater  than 

6 


lab  by  Art.  134,  Note  2, 


1T  +  —  >2 
o       a 


70.  Let  n  -  1,  n  and  n  +  1  be  the  three  numbers  ; 
then  (n  -  I)3  +  n3  +  (n  +  l)a  =  the  sum  of  their  cubes 
=  ns  -  3n?  +  3?i  -  1  +  ns  +  ?j3  +  3n2  +  3n  +  1  =  3w8  +  6n  -  3n(ri!  +  2) 
which  is  evidently  divisible  by  3n}  i.  e.  by  three  times  the 
middle  number. 

71. 


1 

1  +  0-4+       7+       0 

5  +        6 

-  5 

-  5  +  25  -  125  +  690 

-  3950 

+  4 

+4-20  +100 

-     552  +  3160 

1  -  5  +  25  -  138  +  790 

-  4507  +  3166 

.'.  q 

uotient  =  a4  -  5a3  +  25a2  - 

4507a  -  ,-UGG 
138a  +  790  -  — -  •      -     M, 

az+  5a  -  4 
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(n)  (*3  -  x  ' 3)3  v    (*  -  x  '  »>'  =   (x2  +    1   +  X  -  2)2 
=  *4  +  2*2  +  3  +  2*-2  +  *-4 

72.    It    is    evident    that    the    (?i    -    l)tb    factor    of 

(*2  +  «*)(**  +  a*)  &c->  tnat  is  the  «*  factor  of  the  given 

(l\n-i  /i\n-l 

series   is  xKi'        +  aS2j      ,  and  that  the  term  before  this  is 

xyiJ       +  aK2J      ,  and  so  on.     Hence  the  series  is  the  eanie  as 

(xO)"-1  -  aa)-1)^)"-1  +  a(i)»-1)(I«r-a  +  „<»— ) 

....    (*2  +  a5).     Now   the  product  of  the  first  two   terras 

/1VI-2  /1NTI-2 

-  *V2'       -  aV2'       ;  and  the  product  of  this  by  the  third  factor 

/l\n-3  /i\n-3 

-  xK2'        -  aK2j      ,  and  so  on.     Hence  the  product  of  the 

first  n-  1  factors  will  be  (*5  -  a2),  and  the  product  of  this 

by  the  nth  factor  \x2  +  a2)  will  be  x  -  a  which  .-.  =  the  pro^ 
duct  of  the  given  factors. 


Note.—  All  this  will  be  perhaps  moro  evident  to  the  student,  if  he 
takes  a  numerical  example,  and  examines  how  the  indices  arc  affected  by 
ifc'iltlplying  them  as  in  the  above  question.    Thus  suppose  n  —  5. 

Tbeai^'-a^-1)!^5'1!^)3-1! 

13(2* +  3)-  7(2* -3)         *-4  12*4-60  *-4 


12(4*3-9)  4*2  +  9  "   12(4*--  9)       4*2  4-  9 

*  +  5  *-4        4*3+ 20*2+9*  4-45- 4*34- 16*2+ 9*- 16 

i^-9  ~  4**4-9  5  r      16/4-81 

31*24-  18*  4-  9 
T6x4  -  81 
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74.  (i)  {(J*2  +  If)  +  !*y}{(i*»  +  %y2)  -  \xy]  =  (\x2  +  |j#  -  J*y 
^>   (***    +  ■3y*)(2**   -    3y*){(4**    *    By*)    *   6*V  J 

{(***  +  M)  -  6*y} 

=  (4*1  -  9y*)(l6a;  +  I2*ty  +  81y  -  3&cM) 

e  (4**  -  9y*)(l6a:  +  36*  V  +  81y) 

=  64x2  +  144:n/5  f  324x*y  -  144a^  -  324**?/  -  729y* 

=  64*"  -  729y^ 

75.  Multiplying  first  equation  by  V2,  and  second  by  ^3,  we 
have  2x*/Q  -  6y  =  6^/2  (i) ;    3xa/6  -  By  =   5<Jl8  =    15V2  (n). 

Subtracting  (i)  from  (n)  x^B  =  9V2  .-.  x  =  -™  =  -^-  ^  3V3  ; 

then   2xV3  -  3yV2   =    6V3  x  *J3  -   3y^/2   =    18  -  3?/V2  =  6 

.-.  3yV2  =  12and.-.t/  =  ^2  =  V2 

76.  Sn  of  1  +  3  +  5,  &c,  =  {2  +  (?i-  J)2]y  =  (2  +  2n  -  2)y  =  n2 

S  to  Jn  terms  =  {2  +  (Jit  -  l)2}y  =  (2  +  n  -  2)~  =  \?i2- 

n2 
then  sum  of  last  half  of  the  series  =  n2  -  — -  =  In2  =  3  times  J/i2 


**    m,      „  •    a2+2ab  +  b2       (a  +  b)2 

77.  The  A.  mean  is ^ =       a6     ,  and  the  H.  mean 

a3  -  2ab  +  b2       (a-  b)2 

is  ab =  ~ab~ »    tbei1  Art*  262»  the  G-  mean  =  *JjlH 

b)  _  a2  -  fr*       a        6 
a&  6   "~   a 

78.  By  Art.  260,  it  appears  that   H  =  — ^-  .-.  6  =  — — , 

fl  +  c  a  +  c' 

substitute  this  for  b 

Then  -  ■'  +  ■     ■■■!  — ...i  = +  1 — 

«  2ac  2ac  a(c  -  a)  +  c(a  -  c 


• 


/  (a  +  b)*(a  -  by  _  (a  +  b)  (a 


«  +  c  a  +  c 


' 


ttis.  Ex.  78-81.]  ALGEBRA.  ltT< 

•    ~  =         1        .         *        _  ac  -  a1  +  ac  -  c2 

*  *  *e      a(c-  a)      C(a  -  c)  T  ac(c  -  a)<«  -  r) 

_    2ac  -  a2  -  c2 
''•    1  ~  (c-a)Xa-c)   •'•   2ac  "  «2  -  c2  =  2ac  -  a2  -  <?.    Now 
reversing  the  steps  of  this  operation,  we  shall  have  proved 
the  point  required. 


79.  v  =  r  +  s  +  tt  and  5  =  m— ,  and  *  -  n*y*  .'.  v  =  r+~  +  nxy* 
6  %  f+'  m  +  n     J  y 

8  =  r  +  »i+27»C  From  these  equations  r  =  1,  m  =  -  j|,  and  n  =  A 
1  =  r +  0  +  0       j 

80.  {(a  +  *)*  +  («  -  6)}{(a  +  b)x  -  (a  -  6)}  =  (a  +  ft)2*2  -  (a  -  £)* 
=  lab  .-.  (a  +  b)2x2  =  4ab  +  (a  -  6)2  =  («  +  ft)2  ...  a:2  =  1  .-.  x  =  +  l 
ox      6  6 

(II}    6  "  T  =  *  +  ^  •'•  a2x*-  h'ix  =  «^2+  62;  a2*2-  «^_  ft 

=   V;    (a2  -  a6)x2  -  bh    =   b*  :    *2 - ,  -  ** 

a(a  -  6)     ~  a(a  -  6)5 

x2  -    -yik-    +  »  *  62 

«<a  -  6)         4a2(a  -  6)2   -    4a2(Vr"6)-a   +  "^T^ 

-  b*  4a62(a  -  6)       frM.  4^2  _  4a6s  ft2 
*«X«-by      4a\a  -  6)2  =       4kr»<a-fr)»  J  "  *  -  3^^ 

-  ifeV&a+  4a2-  4aA  &(£  4  yp  +  4a*-  4*6 

2a(a-6)       "    •"•  *  =  2^^)— " 

81.  Product  of  first  two  factors  =  *•->;    hence  product  of 
first  three  factors  =  a*  -  ^,  aLd  product  of  first  four  factors 

-  «*  -  6s.  Hence  it  is  evident  that  the  exponent  of  a  or  of  6  in 
first  term  is  2",  in  product  of  first  two  terms  2\  in  product  of. 
first  three  terms  22,  of  four  factors  2\  of  five  2*,  and  so  on  ;  hence 
the  exponent  in  the  product  of  first  n  factors  will  be  V>'-\  and 
of  the  series  to  n  +  l  factors,  the  exponent  will  be  2\  Hence 
the  required  continued  product  is  a2n  -  b2n 


168  KEy*°  [M,6.Ex.62-S; 

+  Pl  +        P         -(ap  +  bp)  _cp 

Hence  quotient  =  i2  -  (a  +  4)j.  _  c 
83.{(aV+    2ff6l*+   bV)    ;    (W  +    2>c)    +  j 

2x2  +  2ai  "  **  +  ab 

S5.G.C.M.    of    (**   +   px    +p*Xx*_px 

oi+  p* :  t + ~  - p2)  «■  •*-*«■  *  2*  7 

Otherwise  by  ordinary  rule,  thus : 

x4+p2x3  +  p*  ,       v    ~p 

*-p>x -jf^t^t 

pV+P°x  +  p*  =  p^+px+p*) ...  GC3j  ax, 
SM(*  +  o)(x_4);   V(x.6)(x  +  5);  ^  ^ 

Henee  /,.„,.  .  fc,  +  e)(,  .  4)(,  _  6)  =  ^  ^  _  ^+      * 

87.  x*  -  2-^±i>x  .  £i£.  2(o6  +  1)      /„6  +   "  , 

v      V      a  -  *  (^ryp    ■ — 

'  n^iT  •••  *  -  W  =  i  3^.  and  x  .  ?i±iaii?iL) 
.  (j^^mj)  =  toifojj      (»  +  I)(.  +  ,",  "  1  + 1 

"2-i  (<•+!)(«- 1>  =  oTT 


Mi =.  Ex.  88-90.] 


ALGEBRA. 
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88.  Multiply  both  numerator  and  denominator  of  the  first 
factor  by  x;  then 


r*  +  x-2+2(x2+l) 
v4-V--2(x2-l) 


x2+l 


2-l\2     ar*(a<>  +  l)  +  2(s2+l) 
2Tw    =  x  2(x6-l)-2(x2-l) 
x    -(x*  -  x2  +  1)  +  2\  /x2-  1\  _  /x2-  1+x'2  4-  2\  /x2-  1\ 

x-2(x4Tx3"+T)^2y  \x2Ti)  "  \^x2  + 1  -  x'3  -  2y  ^x^TTy 

/x3  +  1  +  x  -  *\  /x2  -    1\       /x*  +  x2  +  1\  /x2  -    1\  _ 
l*»  -  1  +  x  •  y  (^x3  +   ly  =  [x*  -  x2  +  l)  [x*  +   l)~ 


89.  Let  w  represent  any  square  number;   then 


n-l 


+  1 


will  bes 


n+1 


half  the  next  lower  number,  and  — —  will  be  half  the  next  higher. 


/n-l\2           n2-2n+l 
Then  n+(  — )    =  n  + i 


4n  +  n2  -  In  +  1      n2  +  In  +  1 


4  4 

2 

90.  Let  x,  t/  and  z  represent  the  number  of  hours  taken  by  Jty 
B  and  C  respectively  to  fill  or  empty  the  cistern ;  consequently, 

in  1  hour  A  will  fill  — th  of  it,  Bx  — th  of  it,  and  C  will  empty 

1 
— th  of  it,  v 


6(7-t)+J 


1  >i.  e,  once  the  contents  of  the  cistern 


5 

Tx  + 

7       3 
Hence  —  -  — 

2x       2 

1                      1 

»       -1) 

27      5                   5       1 

=  1,'^-T:=1'an<i3i+2i;  =  1- 

Multiplying  the  first  of  these  by  $,'and  the  third  by  \ 

35      5       5    ] 

6x       2       3 
35      7       7 
6x  +  4y=  2    . 

7       5       7       5       11 

•'*  4y  +  2  "   2  "  3  =  ¥ 

Also  \l  -  \ 


fy  =  il  =  V  J  whence  £ 


1T0  KEY  TO  [Mis.  Ex.  90-93. 

4y     *     12     z        -  z  "12     1-i2or7  =  T'',z=4 

Also-      1-1       3  7        7  11 

2*  ~  *  -  2x  ~  4  =  !  •'•  2*  a  T5   0r  Tx  =  T  •'•  *  =  2 
91-  2x-5  +  2^_^+4x3^9 

_3 

£e*  +  3*»  -  10r*  -  *  +  3\  6a;5  +~6ir^T5^n^l  27(2>r 

/6^  +  6a:4 -20a;3-    2a.'2  +    6a; 

5a;3  +  14ar^~ 6a:  -  27 

Sa:4  +  3a:3-10a;2-a:  +  3(3a:-27 
5 
W  +  14*3 -  6a;  ~  2*\  15**  +  \&  -  Mrf  -  fe  +  15 

'  15*4  +  42X3-  18a;2 -  81a; 

-  2 7a;3  -"32aT2  +  76a;  +  15 
5 


-  135a;3  -  160a;2  +  380a;  +  75 
-135a;3- 378a;2 +_16 2a;  +  729 
~218xTTJl8x~^e5i 

/  5a;3  +  5a;2  -  15a; 

9a?  +  9a:  -  27 
9a;2  +  9a; -27 

92.  I.    c.   m.   of  (aa:  +  b)(px  +  q),   and    (ax  +  b)(qx   -  ^) 
=  (ax  +  b)(px  +  y)(?a;  -  /,) 
=  apoa:3  +  (af  +  bpq  -  ap^x*  -  (apq  +  bp*  -  bq2)x  -  bpq 

I  c  m.  of  x(x  -  „>',  (**  +  ^)(x§  _  yi).  and  KJ  +  ?A 
that  is  of  x(x*  -  y$)(J  +  AJ  +  ,,*)  ;  (x*  +  ,*)(,*  _  Jfl)j 
and  *(**  +  ,*).(ji  _  jyi  +  yi)  =  x(x  _  y){x  +  ^ 
=  xy(a;2  -  ^2)  =  a^y  -  xf 

93.  (1)  Multiplying  by  273,  we  have 
91*-  182a  =  78a;  +  234a  -  21a;  -  42a;   or  34a;  =  374a,  whence 
x  -  11a 


Mis.  Ex.  93-97.]  ALGEBRA.  171 

(n)  Reducing  first  member,  and  also  the  second  member, 
*- 5        x- 5  11 

~6~  =  x^J '    or  diyidinS  by  z  -  5,  we  have  —  =  ^TZTv 

whence  x3  -  1  =  6,  or  x2  =  7,  or  x  =  ±  V7 

(in)  Squaring  each  side,  x  +  4  +  2^2x2  +  14*  +  24  4-  2x  +  G 
=  3x  +  34  .-.  2V2X12  +  14x  +  24  =  24 ;  or  j2x*  +  14x  +  34  =  12 
.-.  2x3  +  14x  +  24  =  144,  or  x2  +  1x  =  60  ;  x3  +  7x  +  (|)2  =  60  +  ^ 
-  ;:  ■  .-.  x  +  J  =  +  ii  ...  x=  5  or-  12 

(iv)  x2y   -    x3  +    3xhj    -    3y    =    <Jx*  +    3y,   but    x2y    =    5 

.\  5  -  x3  +  15  -  3y  =  V^+  3y,  or  20  -  (x2  +  3y)  =  </x*+3y 

.-.  (x2  +  3y)  +  V»»+3f  =  20  .-.  (x2  +  3y)  +  (x3  +  3y)*  ffaf 

.-.  (x2+  3y)    -  +  3  -  i  =  4  or  -  5  ;  squaring-  these,  x2+  3y  =  16  or  25. 

5         5 
But  since  x3y  =  5,  x2  =  —  .-.—  +  3y  =  16  or  25.     Hence  3y2  -  16y 

=  -  5  ;  or  3y2  -  'loy  =  -  5.     From  first  of  these  equat.  y  =  5  or  J. 
Hence  x  =  1  or  ±  <jT& 

94.  (x  -  2)(x  -  3)(x  f  2  -  V~^~3)(^  +  2  +  V~^3) 
5  (x2  -  5*  +  6)(x2  +  4r  +  7)  =  x*  -  x3  -  7x2  -  9x  +  42  ^  0 

95.  a-a  +  m  +  a-m  +  m-a  =  m 

96.  a8  +  69  =  a8  +  2a464  +  68  _  2a46*  ^  (a*  +  6*)2  -  (a262V2)2 
=  (a*  +  64  +  a262V2)(a4  +  6*  -  a262V2) 

97.  Since  Art.  260,  A m  J<«  +  b);  H  =  ^,  and  G  =  V^i  ^e 
have  by  substituting  these  values  for  A,  H  and  G 

a  +  b 

«  +  b         *    "  '         Zb~ 

2 

4«6  (2a6-a2-a6)(2ai  -  b2  -  ab) 

0T  (a  +  b)*sl+  ab(a  +  by 

4aZ>  a6(a_+^)2  +  (a6  -  a2)(a&  -  62) 

0r   (a  +  6)2  ~  ab(a  +  &)* 

,au  _  ab(a  +  6)3  +  a(6  -  aXa  -  &>6       <**>(<*  -f  6)a  +  q&(6  -  g)(a  -  6) 


/  2a6  \  /  2ab  \ 
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KEY  TO  [Mis.  Ex.  97-100. 


.-.  4ab  =  (a+bf  +  (6  -  a)(a  -  6)  =  a'  +  lab  +  b*  +  ab  -  b* -  a*+ ab 
or  4ab  =  4a6 

98.  Let  x  =  minute  divisions  the  hour  hand  passes  over ;  then 
Ux  =  divisions  passed  over  by  minute  hand.  Also  60  +  x 
=  minute  divisions  passed  over  by  minute  hand  between  two 
successive  transits  .-.  Ux  =  60  +  x-  or  11*  =  60  .-.  x  s  BA- 
=  minute  divisions  passed  over  by  hour  hand,  hence  time  in 
minutes  =  5-/Y  x  12  =  1  h.  5-^,  m. 

99.  Let  x  and  y  =  sides  of  rectangle  ;  then  xy  =  area, 
(x  +  a)(y  -b)~xy  +  ay-bx-ba  =  xy 

(x  +  c)(y  -d)  =  xy  +  cy-dx-cd  =  xy-c 

ay-bx  =  ab      -)        ady  -  bdx  =  abd 

cy  -dx^cd-e]  "  bey  -  bdx  =  bed  -  be 

.'.  (be  -  ad)y  =  bed  -be-  abd 

b(cd  -  e  -  ad) 

whence  y  =  — *-s = — - 

J  be -ad 

Also  flcy  -  &cx  =  a&c 

acy-adx^acd  -  oe 

(6c  -  arf)x  =  acd  -  ae  -  abc 

a(cd-e-bc) 

whence  x  = : ; — ~ 

be  -  ad 

If  ad  =  be,  and  be  +  e  =  cd 

Then  x   -  **"*  "  (6C  *  e)]      aX°       ° 

men  *  -         6c  _  arf         -  —  -  y  =  any  value  whatever 

Ai  _  &(c<*  -  e  -  ad)       fe(cd  -  c  -  be) 

Also   y  ~  be -ad  =  be  -~a~d 5    since  ad  =  ^ 

6[cd  -  (e  +  be)}      bxO        0 

be -ad  0      s  "flF  a  _  6 

100    A     — V-l      3<fl-*>      ,       3^^     j     «"6 

U*  V      x-bj   -       z-26+a"1  a-6'forJT6writey 

o  a:  -  6 

Then  (1  -  y)^  1  -  ^ ;    or  1  -  Zy  +  3f-  f  a  j  _  -J*. 


Ifrs.  Ex.  100-102. 


.-.  -  3  +  3?/  -if 
or  2 y2-  y3~  0  . 


ALGEBRA, 


3 
~  1  +  y  *'• 

2y2  =  y3-}  or  2  =  y  . 


or  2a-  =  a  +  b,  whence  x  =  i(a  +  b) 


3  +  3y-y2 
a-b 
x-b 
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3y  +  3y2  -  y3  = -  3  ; 
2  .-.  2x-2b  =  a-b: 


101. 


1|5  +     0+    0-    3+    0+    1 


+  2 
-  3 


+  10+20  +  10 
-  15-30 


46 

15  +  69 


+  0+0+  0+  0 
-  122-  104+  158  +  628 
+  183  +  156-237-942 


5  +  10  +    5  -  23j-  61  +  70 

I-  61  -  52   +    79  +  314  +  391 

5x3  +  10a3  +  5x  -  23  -    f1X~*? 

x-  -  2x  +  3 

or  5x3  +  10a2  +  5a  -  23a°  -  61*-»-  52a~2  +  79a   3  +  314a"* 
+  391x"«  +&Ct 

102.  G.C.J/.  of  (y  -  3)x2  +  (f  -  9)a  -  y(2y2  -  3y  -  9) 
and  (y  +  l)a2  +  2(y  +  l)2x  -  y(3y2  +  5y  +  2) 

=  G.C.J*/,  of  0/  -  3)a2+  (y  -  3)(y  +  3)x  -  y(y  -  3)(2y  +  3) 
and  (y  +  l)x2  +  2(y  +  l)2x  -  y{y  +  i)(3y  +  2) 

=  G.C.Jlf.  of  a2+  (y  +  3)a-y(2y  +  3)  and  a2+  2(y  +  l)a-y(3y  +  2) 

=  G.C.M.  of  (a  -  y)(x  +  2y  +  3)  and  (a  -  y)(x  +  3y  +  2) 

-x-y.     See  Algebra  Art.  73 

If  the  student  does  not  clearly  understand  this  method  of 
factoring,  he  may  obtain  the  G.C.M.  by  rule. 
Thus  a2  +  (y  +  3)*  -  y(2y  +  8))j£+  2(y  +  1)*  _  y{Zy  +  2)(l 

*2  +     (y  +  3)a  -  y(2y  +  3) 
(y  -  l)x  -  y(  y  _  1) 

=  (y-l)(a-y) 
Then  x-y)a2+  (y  +  3)a  -  y(2y  +  3) (a  +  (2j/  +  3) 

*2  -  a-y 

(2y  +  3)a  -  y(2y  +  3) 
(2y  +  3)r  -  y(2y  +  3) 

Hence  G.C.M.  s  x-m 
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KEY   TO  [Mis.  Ex.  i02-108. 


When  y  =  1,  the  given  quantities  become  -  2x2  -  8x  +  10,  and 
2a;2  +  8*  -  10,  of  which  the  G.C.M.  is  evidently  x2  +  Ax  -  5 

103.  a  =  mb2,  and  c2  a  nb3  .-.  c  «  nh*  ,-.  ac  m  mnh2  .-.  ac  oc  b2 

1 04.  (a4)3  +  (m4)3  =  (o*  +  m*Xa*  -  a%4  +  Wl8)  =  (a2  +  aw^2  +  m^ 
(a2  -  aan/2  +  7w2)(a4  +  tft»y3  +  ro*)(a*  -  a2/«V3  +  ?n4).  See 
problem  23  in  Miscellaneous  Exercises. 

-  (m  +  P-  9Xj^_2£±9)  _m  +  p-q 
\m-p  +  q )(m  +  p  +  qj  ~  m+p  +  q 

Prd-mr    _    (P  -   q   +   m)(p  +   q   -   m)         p   +    g   _   m 
(m  +  p)2-52   ~    (,»+,,_  9j(Bi  +  ^  +  9)    =    m   +  p    ~q 

q2  -  (m  -  p)2   _    (?  -  m  +  p)(q  +  m  ~  p)         q_+  m  -  p 
(P  +   7)2  -  m*    "    lp  +  q  +  mxp  +  q  _  m)    "   p   +~yT~^ 

.-.  sum  of  three  fractions  *  m+P-f  +  P+J^*      q  +  m-p 
m+p  +  q       m  +  p  +  q  ^  p  +  q+m 

^  w+ff-g  +  p+g-m-l-g  +  m-p       m+p  +  q 

an+p  +  q  ~~  ^  m+p  +  q=  l 

106.  2  x  2*+  2*  =s80  .-,  2**  +  2(2-) '+  1  =  81  .-.  2*+  1  a  9 
2*  =  8  -  23  .-.  x  =  3 

107.  Let  xi  -  8x  +  22  =  w,  then  a;2  -  8x  +  16  =  m  -  6  j 
or  x  -  4  =  i  V/»  -  6,  and  x  =  4  ±  Vw  -  6,  in  which  m  -  6  cannot 
be  negative  if  a  be  real,  that  is  m  must  not  be  less  than  6 

108.  If  a,  b,  c  had  each  oc  d;  then  a  =  md,  b  =  nd  and  c  =  pd 
.-.  a&c  =  mnpd3,  that  i3  a6c  oc  d3 

Now  by  hypothesis  ace  d2  .-.a  =  md2  .-.  a3  a  m8dG 
Also  63  oc  na4  .-.  b3  a  nd* 


And  c3  oc  -j  .-.  c3  =  pd 


.■.a3b3c3=?n*npd9 
Then    taking    cube  root  of   each   side,   abc  =  tyXp'  x  rf8 
abccctPoc  as  if  each  of  the  three,  a,  b,  c,  varied  directly  as  d 


■i 


kui  Ex.  169-111]  ALGEBRA.  175 

109.  Sn  of  1+  3  +  5  +  Ac.  =  n2.     (See  Ex.  LIX,  Example  13). 

S9  of  (2/n  +  1)  +  (2m  +  3)  +  (2»i+  5)  +  &c.  =  {2(2/>i  +  1)  +  (n-  1)2}^- 

a 

-  (4*  +  2  +  2*  -  2)y  =  (4»  +  2n)y  =  (2m  +  n)»  1  ?«*  +  ** 

and  It  is  manifest  that  the  latter  sum  exceeds  the  former  by 
2mn,  i.  p.  by  twice  the  product  of  m  and  n 

110.  Let  /3  and  y  be  the  roots,  then  $  :  y  ::  m  :  n  .-.  ~*  =  — 

7         n 
5  c 

And  Art.  208  Cor.,  p  +  y  = ,  and  $y  *  — 


Then  Art.  106, 


a 

b_ 
&  +  7  _  TO  +  w  a      m  +  » 

7  »    !  '  "     7  n 


b         n  ,         '«  m         b         n  b        m 

c       6*         W«  a2c  mn  h*      6»4-^ 


or 


« g  _      mn  b2     (m  +  7i)* 


a      a*    («i  +  n)3'        a62     (a -»)»*' 4. 


7/i/i 


111.  The  denominator  =  a\b  -  c)  +  i2c  -•  be2  -  b2a  +  ac2 
=  a\b  -  c)  +  bc(b  -  c)  -  a(62  -  c2) 
=  (b-c){a2-a(b  +  c)  +  bc\ 
=  (b-c)(a~bXa-c) 
Similarly  the  numerator  =  a4(62  -  c2)  +  64c2  -  62c4  -  a264  +  a-c* 
=  a4(62  -  c2)  +  6  V(i2  -  c2)  -  a2(J4  -  c4) 
=  (62  -  c2)^4  -  a2(62  +  c2)  +  b2c2\ 
K  <**  -  c2)("2  -  62)(a2  -  c2) 
Then  -_-^_^_^      =  («  +  b)(b  +  c)(a  +  c) 
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KEY  TO 


LMis.  Es.  112^115 


112.  (n)  Every  number  is  of  the  form  of  3n  or  3n  +  1  .-.  every 
square  number  is  of  the  form  of  9»2  or  9n2  ±  6/i  +  ],  the  former 
is  evidently  divisible  by  3,  and  the  latter  becomes  so  when 
increased  by  2. 

(i)  Of  any  three  consecutive  integers,  one  must  be  divisible 
by  3,  and  since  every  even  integer  is  divisible  by  2,  and  two  of 
the  given  integers  are  even,  it  is  manifest  the  latter  of  the  two 
even  integers  is  divisible  by  4,  and  hence  that  the  product  of 
the  three  given  integers  must  be  divisible  by  3  x  2  x  4  =  24 

113.  {n(n  +  1)]2  -  (,*(*  _  jjja  =  n2^n  +  jj^  (n  _  ^ 
fc  »?(«  +  1  -  n  +  l)(n  +  1  +  n  -  1)  =  w2  x  2  x  2w  =  4n3 

1  +  a  2  2(1  +  a2) 


114.  x  = 
1  +  6 


r^  •'•*  + 1  =  ]— ?  wd^+i 


(l  +  a)(l+6) 


(1  -  ay 
2(1+  ab) 


^r^-^l  =  rr3,and,y  =  +f-^^,.,yM,(i_^__ 


Then 


(o6_+_l)(x2  +  1) 
(xy+l)(a2+l)~^ 


»+i  c      i;l  (i  -  arf    m 

+  1  ~  J      2(1 +a6)     1  "*       2    " 

l(l-«)(l-6)j^+1)       IT6 


2(a6  +   1)(1   +   a2) 

T^O2  1    -   b       (1   -  a)(l   -  6)       1    _    b 

2(1   +  a6)(a'T"7)  "  1  •-  a  "  (1  ~^~ay         *  fTl 


(1  -  a)(l 

1-6       1-6 
1  -a  "~  1  -a 


&) 


=  0 


115.    1 
-1 


7  +  21  +33 +  35 +  21 +  7 
-    7-14-21-14-7 


7  +  14  +  21  +  14  +  7  =  7x*  +  14afy+  21xV+  14xy3+  7^ 
1  7+14  +  21  +  14+  7 


7-    7 
-    7 


7 
7-7 


7  +    7  +    7  =  7x2  +  Ixy  +  72/=* 


■ 
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116.    8  +  4 -6-1-}- 1)72 +  36- 68 -16 +  16(9 
72  +  36-54-    9  +    9 
^"14-    7+     7 
-?)   2  +    1-    l 
2+!*l)8  +  4-6-l  +  l(4  +  0-»l 
8  +  4-4 
+  0-2^T+l 

Zl^il±l  •'•  &£•*  =  2xz  +  a:  -  1 

117.  (2*  +  x  -  1)(9^  -  4)  -  (2.  -  1)(*  +  1)(3x  +  J&  :  2) 
(2X2  +  *  ~  ^  -  J>  =  (2-  -  1)(*  +  1)(8,  +  l)(2x  -  1) 

118.  i:C.».    of  denominators   =   8(1   +  x*)(l   +  *)(l   -  *)« 
.-.  the  given  expression  = 

8(1  +  x)(l  +  ^(fT^T - 

8(1-^(1  +  ^(1-,)  =  (T^Kirr)  =  r^TOi 

119.    (z  +  YJ  ^  _  ^j    +    ^    =    (a?  +   ga)(a;  _   ^   +     .^ 

15a 

.'.*»f2«-  —  =  *»+2«-I6a.Hli|.2«.2«r  =  l5«-^a 

4 


'-HI 


fgg  -  *5  45a  -  45 


.'.    x(2a   -    2«)   =    ITL_^     .     ^  _  _45a  -  45_  _  45a   -  45 

4                     "  4(2a  -   2a)  ~      ~~o 

•  •    ^  is  an  indeterminate  equation.  If  a  =  l  it  becomes  an 
identity. 

■■i-i,    «|.i.(i.i).  (1.1) 

M 
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KEY   TO  [Mis.  Ex.  120-124. 


a+c     a+b     b+ c     a+c      a+b  a+c         b+c 
''•    ac    "    ab    =    be    ~~aT  '''HFf~^c~&nd~bTa'TeinA-r' 
.     ,    ab       ac  be 

Aud  al~b>  aTe  aud  bTc~  are  ia  U'  Pr0^ 

/no-  1111 

00  bince  y  -  -  =  —  -  —  we  have  multiplying  by  a  +  b~  c 

a  +  b+c      a  +  b  +  c      a  +  b  +  c      a  +  b+c 

b         "        a  c 1 

a+c  b  +  c  a+b  a+c 

•••-r  +  1-  —  -1=—  +  1-—-1 

«  +  c      &+ca+£a+c 

6  a  c  6 

b  +  c    a  +  c  a  +  b 

•'•  ~~ ~>  ~~y  aQd  — —  are  in  A.  Prog. 

121.  A  oc  6  and  c  oc  d  .-.  a  =  rofc,  and  c  =  ?u/,  .•    d  =  — 

7  n 

m 
Inen  ad  =  — be  .-.  ad  oc  be 


122.  Area  of  circle  varies  as  (radius)2  .-.  area  s  ^radius)2 
.-.  area  of  circles  =  st9  +  m9  +  mlQ  +  m25  +  m36  +  m49 
=  by  addition  to  ml44  =  ?nl22  .-.  radius  of  resulting  circle  =  12 

123.  S=  {2a  +  (n-  l)d\j  =  {22  +  (3-  l)d}j  =  sumof  1*3  terms 

9 
4  {22  +  (9  -  1)0*} y  =  sum  of  Is*  9  terms 

.♦.  (U+d)3  =  (11  +  4J)9j    11  +  d  =  33  +  Ud  .-.   lid  -  -  22 
or  d  =  -  2  .-.  series  is  11,  9,  1,  5,  &c. 

124.  Let  m  =  the  mth,  and  n  =  the  n*  terms  of  a  G.  series  ; 
also  let  a  =  l«»  term,  and  r  =  common  ratio,  then  m  =  arm-i  and 
n  =  flr71-1 

m       arm-x      r"1"1  /„>m4 

n        arn    x       »-n  - 1  -  '  ~  7 


/ra\m'-'n 


ata 
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and  common  ratio 

m.yT'"s 

—  J  ,  where  m  -  the  7/ith  and  n  the  ntjl  terms  of  the  series. 

If  one  of  the  terms  be  taken  as  the  first,  the  above  becomes 
n 
a 

125.  a  =  3  :  or*  =  }|  ...  H  =  |$  .-.  r  =  ±  §.     Art.  254,  r  =  1~ 
2  JU  -  3         -  2  9  9  6 

rL  i-i  =  -it  =  - "t  •'•  the  series  is  3  -  2  +  —  _  A  ,  IG 

-'-'7       -'"  27  3  3        9       27 


m.  Sn  =   {2a  +  («  -    l)d}Tj    52n  =   {2a  +   (2n  -   l)^n 

and  ^  =  {2a  +  (3*  -  l),i}--.     Then  latter  half  of 

s-m   *    $»   "    $,   =    {2a   +    (2/i   -    l>/]/i   -    j2a   +    (n   -    \)J]!L 

,     3    .j       ni  nd  n 

=  an  +  -n-d  -  -  =  an  +  (3»  -   l)y  =  {2«  +  (3n  -  i)rf}~ 

1  3rc 

3  y('^  +  (3^-iM]y 

127.  Since    Sl    and    S2    are    each    to    n    terms,   we    have 
S,  +  S2  =  1  +5  +  9  +  &c.  ton  terms +  3+ 7+ 11 +  &c.  to  n  terms 

-  1  +  3  +  5  +  7  +  9  +  11  +  &c.  to  2n  terms  =  (2n)2  =  u2. 
Also  fif,  -  S2  =  f(l  -  3)  +  (5  -  7)  +  (9  -  11)  +  &c.  to  n  terms} 
•••  (S  -  52)2  =  {(1  -  3)  +  (C  -  7)  +  &C.  to  »  terms}2  =  (  -  2  -  2  -  2 

-  &c.  to  n  terms)2  =  (  -  2n)2  =  An2  .-.  5,  +  S2  =  (SL  -  ff^ 
When  S2  =  sum  to  n  -  1  terms 

■"_  -  1  +  3  +  5  +  7  +  &q.  to  (2/i  -  i)  terma  -  (2*  -  ]V 
(Sf  8t)**  {l  +  (5  -  3)  +  (9  -  7)  +  &c.   to   (n  -   l)  ,,.,-„,   - 

fc  (i  +  2(n  -  i)}2  -  (2n  -  i)2 ...  s1  +  s2  =  (s,  -  s,y 


180  KEY  TO  [Mrs.  Ex.  128-133. 

128.  General  term  of  (1  +  x~2)~* 

~(-iyy.  P^P  +  g)(P  +  29)  •  •  •  •  fp  +  (r  -  l)g\ 
\r  xlf  ~*r 

v        7  [r  x  3*"  v*    > 

v        J  [rx3r  x 

When  (r  +  I)*h  term  =  7*  term,  r  =  6 

^**    term*    (-    i)«    x    -**±I!^^.U        2618 
When  (r  -  l)a»  term  =  10*  term,  r  =  9 

.  ikoi^».t-:.V1.),:r»g'»'tM4-H-20-as-ae  559130      - 

l-2"3-4-5-6^-8-9x3^       =  ~1594323* 

129.  (x-  l)(.r  4-  l)(x  -  2)(x  +  2)(*  -  3  -  j~l){x  _  3  +  ^'f|) 
=  («■  -  !)(**  -  4)(^  »*r+  H)  «  *•  _  3^  +  6;r4  +  30x3  _  51x2 
-  24*  +  44  =  0 

130.  (*  +  l)(x  _  1)(x  _  1}  =  x3  _  x2  _  x  +  1  =  Q  .  th^ 
x'  +  2x*-3x*-  3x*+  2x+lv  *»-**-*  +  1  =  **  +  3x  +  1 
.'.  x-  +  3x  +  1  -  0  ;  or  x2  +  3x  =  -  1  ...  ^  +  3x  +  0*  =  a  _  i  B  J 
.-.  .r.  +  |  =  ±  |V5,  and  x  =  £(  -  3  +  ^5) 

131.  Let  x  =  the  quantity,  then  £~|  =  ~ ... ad+d* a Hci  4c*; 

or  <fe  -  4cx  =  4bc  -  ad  ,.  x  =  %^- 
d-  Ac 

132.  2--^l  _  ir^V3     /Vs  -  i 


2  +  V~3       4  +  2V3  ~    \^V3  +  1 
^i^-ZVa^y     (V3-_1)*(V3+1)*     (3-!)*         V2 

2+V3;  ~W3  +  v  *    ""Wi      =73Tr  =  v3~i 

133.  Multiplying  the  lower  equation  by  2  and  subtracting, 
we  have  l,j  -  2*  *  13  (,„)  ...  3y  -  *  +  |  =  6  +  ±   ,  tzi  is  int. 

y- 1 

Let  — -  =  t;   then  y  -  1  »  2tt  and  y  =  2?  +  1.     Substitute  this 
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in  (in  .  :hi.|     z  =  ly  -  13  =  \±t  +  7  -  13  =  14/  -  6  .».  z  =  7/  -  3, 

and  y  =  2/  +  1.     Then,  i    t ~ 1,  we  have  y *  3,  and  *  =  4,  and 

x  =  2 

xn+i-t/*  +  i     xn  +  xn-1y  +  xn-2y2  +  a:Tl-3y3+&c.torc-!-l  terms 

xn  +  a:71  +  xn  +  xn  +  &c.  to  (>i  +  1)  terms 
■  when  y  ■=  x  to ^ 

1  +  1  +  1  -f-  &c.  to  n  +  1  terms       n  +  1 


134. 


x7i  xn 

135.  Let  m   be   their   G.C.M.,    and  qr  and  q*  the  quotients 

arising  from  dividing  them  by  this  G.C.M.    Then  mq  +  mq'  ~  45 

mq  +  mo'       c  +   </        45        15 

and    jh00'  =    168.      Therefore    — — -—  =  - — -?r-  =  —  -  =  — 

"  rnqq*  qq[  1(38        50 

Whence  by  solving  the  quadratic,  or  by  inspection,  q  =  7  and  q' 

45         45 
-  8,  and  m  =  — -—  =  —  =  3  .-.  the  numbers  are   7x3=21, 
q+q        lo 

and  8x3  =  24 

1     **•  2* -3       1     x2-2x-15       2     a2 -2* -35       92 
]3G"  T  '  z2-2a--8  +  9  '  a-2-2x-24  ~  13  '  x2-  2x  -~48  =  685 

Let  (r  -  l)2  =  y ;  then  —  ■ +  — — s 

v  y'  5     y  -9        9     y -25        13    y-49       585 

1  1  2         92 

ROW  --  +  —  -  —  =  ^  .-.  subtracting  corresponding  terms* 

1  2^11  1  1 


+  ,7r^-,7— ^  =  °;  or 


y-  9       ?/ -25       y-49         »         y-9       y-49  ~  y  -49  ~  y  -  25 

y  -  49  -  y  +  9  y  -  25  -  y  +  49  -  40  24 

,F  (y  -  9)(y  -  49)  ~  (y  -  25)Cy  -  49)  ;  0r  "y ^T  =  y~-~25 
or  5y  -  125  +  3y  -  27  =  0;  or  By  u  152  .-.  y  =  19.  Then 
(x  +  l)2  =  19,  x  -  1  =  +  ^l9  and  x  =  1  ±  yT9 


*Thuc  1     y"4     lly-16     1     2_y-86      2       92     1     12 
6     y-9     5T9     y-25     9     13  '  y  -  49^13     586~5~~9+13 
or  —  y  "4-y +  9    ,     1      y  -  16  -  y  +  25        2^  y  -  30  -  y  +  49  _ 
5~      y-9       "  "*"    9    *       ~     y  -  25  18  y  ,"49  ™  ° 

15  1  9  2       13 

. =;  0     Arc 

5      y  -  y  T  9      y  -  25      13  y  -  49         '  A 


182  KEY   TO  [Mis.  Ex.  137-139. 

137.  Let  x  =  v  +  z,  and  y  =  v  -  z\  then  2xy  -  Ay2  +  x'1 
=  2(v2-z2)-  4(v2-2vz  +  c2)  +  tr+2i>£  +  c2"4  .\  lOvz-  v2-  5z2  =  4 
Also  x2  -  ^3  =  v2  +  2vz  +  z2  -v2  +  2vz  -  z2  =  4»s  =  36  .*.  vz  =  9 
.-.  WW  -  t?2  -  5z2  =  90  -  v2  -  5i2  =  4  ,\  fl2  4-  5c2  -  86 
.-.  v2  ±  2vz^5  +  5z2  =  86  +  18V».  Extracting  square  root  (right 
hand  member  by  inspection,  and  left  hand  member  by  Art.  189) 
we  have  v  +  z*J5  =  9  i  V5  •'•  Art.  186,  v  =  9,  and  ±  z\J\J  ~  +  ^5 
.-.  z  =  1  .-.  x  =  10,  y  -  8 

138-  ST  =  S3  =  9~2  =  (10  ~  1)"2-     Expanding   by  binomial 
81        9 

theorem,  we  have  (10  -  l)"2  =  10  "2  +  2  x  10 "3  +  3-10  ~4  +  &c. 

+  7-10   1  +  8-10"9  +  9-10"10  +  10-10-u  +  &c. 

+  17-10-1"  +  18-10"19  +  19-10"30  ,+  20-10"21-!-  &c.  to  infinity. 

Now  8-10-9  +  9-10-10  +  10-10"11  +  11-10"12  +  12-10'13+  &c. 

-8-10-9  +  9-10"10  +  MO"10  +(1-10-11  +  1-10-12)  +  (1-10"12 

+  2-10"18)  +  (l'10-wt  &c.) 

a  8-10-9  +  10-10"10  +  10"u  +  2-10-12  +  3-l0-13+  kc. 

=  8-10-9  +  MO"9  +  io-"  +  2-10  ""+  3-10  -i3  +  &c. 

■  9-10-9  +  0-10-1°  +  i-io-n  +  2-10-X2  +  3-10-i3+  &c. 

Similarly  for  18-10-1*  +  1910"20  +  20  •  10  -  n  +  &c.  and  generally 

for  (10n-2)10-i°n  +  i,  &c. 

...  (io  -  l)-a-  10 "2+  2-10-3  +  3-10"4+  &c.  +  7.10  "8  +  9-10-9 

+  10-H  +  2-10-i2  +  &c.  +  7-10-17  +  9-10-13  +  IO"20  +  2-10"2! 

+  &c.  to  infinity  =  -012345679012345679,  &c.  to  infinity. 

Note.— The  point  in  this  operation  is  the  sign  of  multiplication,  and 
not  the  decimal  point. 

139.  ax2  -  bx  -  a2x  -  ab    .'.   ax2  -  a2x  -  bx  +  ab  -  0 ;    or 

(at  -  6)(x  -  a)  =  0.    Now  if  we  assume  ax  -  b  -  0  ;  or  x  -  a  =  0  ; 

b 
the  equation  will  be  satisfied  ,\  ax  -  b  -  0  ;  or  ax  =  b  .'.  x  =  -— 

b 
Also  x  -  a  =  0  .*.  x  =  a.     Therefore  the  roots  are  — ,  and  a, 

Which  are  rational  if  a  and  b  are  rational. 


Mis.  Ex.  140-144.]  ALGEBRA.  1^3 

140.  x2+(a±b)x  =  (n-l)ab- 

4x2  +  4(«  +  b)x  +  (a  +  b)2  =  4(n  -  \)ab  +  (a  +  6)2 

2x  +  a  +  b  =  4  V4»a6-4a&  +  a*+2a£  +  &2  =  ±  V4?«*6 +  a2- 2</6 +62 

2ar  =  -«-6  +  V4na6  +  (o-6)'.-.a;=J{±V4nad  +  (a-6)=«-(a  +  i)j 

141.  6x-v^=i;  ^-^^i^-^  +  Tk^k+i2/^,^- 

•••  V*  -  &  =  i  A  •••  V*  =  *  or  -  J  ...  or  =  \  or  £ 

142.  V*  *  v^+l  -  V^I  .'.  x  =  x  +  1  -  2V^3-I  +  x  -  1 


x2  +  xy  +  xz  =  a2  \ 
xy  +  y2  +  yz  =  b2\  .-. 
arc  +  yz  +  c2  =  c2  ) 


by  addition 


^2  +  2xy  +  2xr  +  y2  +  gjg  +  s2  =  g2  +  £*  +  fl  and  extracting  the 

square  root  x  +  y  +  2  =  +  ^a2  +  b2  +  c2 

a2 

V  "T  -  ±  V"2  +  62  +  c2  .-.   x  =  + 


V<*2  +  62  +    c2 

62  62 

—  =  i  V<*2  +  62  +  c2  .-.   3/  =   ±  - 


V«2  +   62  + 


—  =  ±  V«2  +  &2  +  c2   .-.   2   =  +   - 1 

V<*2  +  b*  +   c2 

144.  Let«110»  +  a,io»-i  +  a3-10«-»  +  Ac.l  +^.,10  +  an  be 
any  number  =  (10*  -  1)^  +  (io»-i  -  l)a2  +  (10«-2  -  i)fl;  +  &c., 
+  C10-1K.J  (..a.,  +  a2 +  «.,,.-•  +^^4-^ 

Now  9  =  10  -  l,  and  each  of  the  coef.  (10n  -  1),  (ion -1  -  i) 

(io«-2  -  i)...(l0  .  0  is  divi3ible  by  (10  _  l)f  .  e<  hy  J 

.'.  the  number  =  9*  +  «,  +  Bf  +  a3  +  . . . .  ^  +  ^  where 
m  is   the  quotient  by  dividing  (10n  -  l)a,    +  (io«-x  -  na 
+  (10-2-l)a3+....(10-iK_iby9 
Similarly  the   number  reversed  =  9ml  +  an  +  a        +  a 

+ a,  +  «,  iiat. 

Number  x  4  -  36m  +  4a,  +  4a,  +  4a3  +  .  ■ . .  4an  .,  +  4an 


184 


KEY  TO 


[Mis.  Ex.  4G-49. 


Number  reversed  x  5  =  45m*  +  5an  +  5an_x  +  5an _  2  +••••+  5«3 

+  5a2  +  bal 

.'.  sum  =  :36m  +  45m*  +  9a,  +  9a,  +  9a3  +    .  • .  •   +  9%  \  +  9«„ 

=  9{4/*  +  5mi  +  a,  +  a2  +  a3  +■•••+  tf^  +  0?ij 
Thii  statement  may  be  generalized  as  follows  :— 

General  Theorem.— Z«f  r  be  the  radix  of  any  system  of 
UK. -iters,  then  if  any  number  in  that  system  be  multiplied  by  any 
rubber  n  and  the  same  number  reversed,  as  to  its  orders,  be 
multiplied  by  r  -  (n  +  1)  ;  then  the  sum  of  the  two  products  'thus 
obtained  is  divisible  by  (r  -  1). 

145.  (a,  +  b)(b  +  c)  -   («   +    i)(c   +    1)   -   (a  +  c)(b   -   I) 
=  ab  +  ac  +  be  +  b2  -  ac  -  a  -  c  -  1  -  ab  +  a  -  be  +  c  =  b2  -  1 

2 


14v{©2-<?)-j(f-)  =  (f)3+-f 


+  27 


(147) 


a2  +  b2  +  c2  +  (P 


a:2  +  ^2 

-   ffi*  +  f*>    *'   ^»'+  >) V  <W   +    |ft    +__^(a:*    +     £ 

a:2  +  y2 

=  (ff2  +  ft2  +  ^+_g)(a?2  +  t/2) 
*a  +  ^ 

148.  V{«2(*2  +  4*  +  4)  -  2a(*  +  2)  +  1]  =  +  (a(r  +  2)  -  1} 

149.  G.C.ilf.  of  a2  +  2a&  +  62  -  c2,  and  a2  -  b2  +  2fc  -  r2; 
that  is  of  (a  +  6)2  -  fl  and  a2  -  (6  -  c)2 ;  that  is  of  (a  +  b~  c) 
(a  +  6  +  c),  and  (a-b  +  c)(a  +  6  -  c)  is  evidently  a  +  b  -  c 


150.  1 
+  0 
-2 
+  1 


+  0 

0 


4  +  0 


+5+0+1 
+  0 
-8  +  0 

+  4  +  0 
-  3  +  4  +  1  =  Ax  - 


3*2  -  4a?  -  1 

a:3  +  2x  -  1 


Mi^.  Ex.  150-155] 


ALGEBRA. 
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1 4+0+5+0+1 
+0      +0+0+0+0+0 
-2  -8  +  0  +  6-8-14 

+  1|  +4  +  0-3  +  4  +  1 

4  +  0-3  +  4+7-11-10 

4x-3x"1  +  4x-2+  7x"3-  llr'*-  \0x~ 

151.      1  1  +  0  +  0  +  0  +  0  +  0+0  +  0 

+1+1+0-1-1+0+1 

-1-1+0+1+1+0 


&c. 


+ 1 
- 1 


1  +  1  +  0-1-1  +  0  +  1  +  1  +  &c. 
=  1  +  x  -  x3  -  x4  +  a;6  +  x7  -  x9  -  x1( 


&c. 


152 


(—  +—  \x  f—        h    V       a2  +  ^  "2+^2 

'^  +  6     fl-^      ^-6     «  +  6r(a+6)(a-6)X(a-6)(aT/0 


("l+J'T  _  a4  +  2a262  +  6* 
(a*  +  6^)2  "  a*  -  20*6*  +  A* 

c(a  -  6)  c(a  -  6) 


153. 

154. 
3fx 


c(a~b)        (a  +  c)(b  +  c) 


(>t  +  c)(b  +  c)  •  («  +  c)(i+c)~(^+7)(6+7)x    <&a-hy 

3(J  -  2)  a; -3  x  -  i  , 

(*  -  l)(z  -  3)  ~  (x  -  |)(x  -  3)  ~  (FIT)(arr3)  -  x~^i 
-  -)  -  x  +  3  -  x  +  1           l                    a;_2  x 

(x  -  l)(x  -  3)~~  x^2  =  (x~^T)(x^)  "  .,  _  , 

(x  -  2)2  -  (x  -   ljC^-J)  _  x2  -  4x  +  4  -  x2  +  4x  -  3 
(x  -  l)(x  -  3)(x  -  2) 
1 


(x  -  l)(x  -  2)(x  -  3) 


(x-  l)(x  -2)(x-3) 

155    f(^  +  1)  +  2xll(xJ!±})j^M^x  -  vY 
xhf  +  1  -  x'i  -  y2 
a  «V  +  2xy  +   1  +  2x(xyjLl)_+jy(xy+    1)    +jg   +  y)» 
*V  +  1  -  x2  -  y* 
(*y  +  l)2  +  2(xy  +  l)(x  +  y)  +  (x  +  v)»         (xy  +  1  +  x  +  y)* 
(*Y  +  2xy  +  1)  -  (x2  +  2xy  +  ,f)        =  (*y +  !)»-(* +  f)* 
(xy+x  +  y+1)2  xy  +  x  +  y+1       (x  +  l)(y+i) 

(xy  +  x  +  y+l)(xy-x-y+l)  e  xyl~x-y+l  =  (g-l)(yJl) 


186  KEY  TO  [Mrs.Ex.lflMft). 

156.  (i)  ax2  +  bx  +  c  =  0) 

a^  +  b.x  +  cj  ^oJDividebycoemcient3ofx^  then 

2      h         c 

«         a         I  Let  r  and  r, ,  be  roots  of  first,  and 
**  *,-i    +  fi  =  o  1  r  and  r2'  the  roots  of  2nd  equat. : 

b  c 

Then  a:2  +  —  x  +  —  =  (x  -  r)(x  -  r,)  =  0 

And  x*  +  -x  +  —  =(x-  r)(X  -  r2)  =  0 

Hence  in  order  that  the  equations  may  have  a  common  root, 
they  must  have  a  common  measure. 

(n)  Having  divided  as  before  by  coef.  of  a-2,   let  r  and  r, 
=  roots  of  one,  and  -  r  and  j-  r,  the  roots  of  the  other  equation. 

Then  x*+-x  ♦  £•<«-  r)(*  -  r,)  =  x*  -  (r  +  rx)x  +  rr,  =  0 
And  *+Sj    +^  =  (a;  +  0(^r1)^2+(r-f-ri)x  +  rr]  =0 


a   '-W^ri  and  -  *  rn  =  -4.    Hence  in  order 


that  the  roots  may  be  equal  in  magnitude  but  opposite  in  signs, 
the  coefficients  of  x  must  be  equal  in  magnitude  but  opposite  in 
sign,  and  the  coefficients  of  a-2  and  also  of  z*  must  be  equal. 

157    ?(^±JO^(^+4)       (2x  -  1)  -  (5*  -  G) 

4  ~  ~~  3—  .-.  -  Zx  -  6 

*  -  12c  +  20  .-.  x  =  2$ 

158.  (x-  1)2(*  +  4)  e  (x  +  3)2(x  -  2)  .-.  ^+  2jca-i  7x  +  4 

*  C*  +  4a:2-  3x  -  18  .-.  ar  +  2x  =  11 ;  y^+2*4fl  =  ±^U  =  ±2^/3 
.'.  a:  =  1  ±  2V3 

159    1_±_?f  _  2  +  2a:  +  2yIT~2^ 

'  x  "  2*  '  2  -  2a:  +  tyf— &  ;    extractinS  the  square 


Mis.  Ex.  159, 160.}  ALGEBRA.  187 

Vl  -  4.1-=   -   Vl   +  'lx    =    ±   (V"^"4^2   +   V1*  -  2x) 

.-.  (i)  Vl    -   4x'  -  ^TT"Ec   =   VT^--"4^2  +   Vl"-"2*  ;    or 

-  Vl  +  2*  =  \/T~^2x  .-.  1  +  2z  -  1  -  2x  .-.2x  =-2x-j  orx^O 
And    (n)   Vl  "  ±x*  ~  Vl   +    2X   =   "  Vl  ~  4x*  ~  Vl   -   2* 

.*.    2Vl  -  4a;2   -    Vl  +  2-r    -   Vl   -  2x 

Squaring,  4(1-  4ar2)  =  2  -  J^l  -  4*»  .'.  2(1  -4x2)  +  (1  -4x2)"  =  1 

.-.  (1  -  4x2)  +  |(1  -  4a:2)*  =  I  .-.  (1  -  4x2)  +  i(l  -  4a:2)*  4-  -^  =  & 

.-.  (1  -  4.r2)^  4  i  =  i  3  .-.  (1  -  4.c2)-  =  I  or  -  1  .-.  1  -  4**«  J  or  1 
...  4x2  =  £  or  0  ;  2x  =  4  JV3  or  0  .*.  a:  =  4  |V3  or  0 

(n  -  l)2a:2  -  2(n  -  l)2.r  4-  (n  -  l)2  +  4n 

1G0-  (n^T)2xa  +  2(n  -T)2*  +  (w  -  l)2  4  An  = 

(7i  _   i)2x2  _  2(n  -  \)2x  +  («  4   l)2       P  in,    ,      N 

.    v_ ^ i ' 1 '    -  _  ...  Art.  103  O*11) 

*•(•'-   l)2a;  4-  2(7i  -   l)2a:  4-  (»  +  l)2        1  v 

2(n-l)2x34-2(7t+l)2  _  P41  (n  -  l)2a.-2  +  (ft  4-1)2  =  P  +  1 

-  4(n  -  l?2a;  "  P-  1  '   °r         -  2(»  -  l)2x  "  P-  1 

.-.  c«  -  i)2(P  -  i)*2  +  O  +  i)2(p  -  i)  =  -  2(7i  -  i)2^  +  *>*{ 

or  (n  -  1)2(1  -  P)x2  -  2(n  -  1)2(1  4-  P)x  =  -  (n  4-  1)2(1  -  P) ; 

4(n  -  1)4(1  -  Pfx2-  8(7i  -  1)4(12  -  P2)x  4  4(7i  -  1)4(1  4-  P)2 

=  4(n  -  1)4(1  *  P)2  -  4(n  -  l)2(n  4-  1)2(1  -  P)2.     Dividing  by 

4(»  -  l)2,  (n  -  1)2(1  -  P2)x2-  2(n  -  1)2(1  -  P2)x  4  (n-  1)2(1  4  P)2 

=  (n  -  1  )2(1  4  P)2  -  (n  4-  1)2(1  -  P)2  

.•.(?i-l)(l-P)x-(7i.-l)(l+P)  =  4V(«-l)2(l  +  P)2-(»+l)2(l-P)2 

,\  (n  -  1)(1  -  P)x  =  (n  -  1)(1  4  P)  4  V4Pn2  -  4P2/*  -  4n  +  ~AP 

.-.  (n  -  1)(1   -  P)x  =  (n  -   1)(1    4-  P)  ±  2V(Pn  -   1)(»  -  P) 

14-P  2  

.-.  x  =  — rj  4  (n  -  i)(TTp)V(Pw  ~  1)0  -  P) ;   where  in  order 

that  x  may  be  real  *J(Pn  -  l)(n  -  P)  must  be  real,  that  is 
(P7i  -  l)(n  -  P)  must  be  positive,  and  if  n  is  positive,  in  order 
that  (Pn  -  l)(/t  -  P)  may  be  positive,  P  must  neither  Jbe  >  « 

nor  <  — 


1 RR 

^Y  TO  [>Iis.Ex.l61-lca 

lei,  ^K<*  +  A)  =  ^  +  3)  -x;.  =  ^_;1_v 

//-  J«i_2_xjx;<        2 

1(12    //-  — 2ab 

=  a  + ;  *  •••  &  +  »&  =  lab  ,\  Ha  -  ab  =  ab  -  Hb 

that  is  ^ i-.-jL    I        J       1  1 

#    tf-a     #__6     //"•//- a' #and/^arein  A.  prog. 

tt V  "'I  H&Qd  S"  '  '^  "  *  P'—  >  *■«  is,  //is 
the  //  mean  between  //-  a  and  // -  Z> 

163.  The  »th  term  =  a  +  (n  -  iw    .    o7th  t  „    , 

3   r  &^* 

165.  s  =  _1- .  __JL_     i      r 

1  -  r         l  -  7TT7TV  = rr~-z — 


ftc^A**^ 


"  "4)n      of        /     2  \  *i 


Mis.  Ex.  166-170.]  ALGEBRA.  189 

Of  3-  series  Sn  =  {6  +  (n  -  1)5}|-  =  (5n  +  1)~  and  Sp  =  (5p  +  1)|- 
71  n  p 


Of  4th  series  Sn  =  |8  +  (n  _  1)7|_.  =  (Yn  +  x)_  and  ^  =  (^  +  x) 

.-.  of  the  series  (»  +  l)y  +   (3»  +  l)y  +  (5n  +  1)^-  +  kc., 
where  the  first  term  is  (n  +  1)—  and  the  common  difference  is 


P 


2nxj  =  n2,theSp  =  {2(n+l)Y  +  (P-l)n^j=(n2  +  n+p?r-rit)r!) 


„    v  vn 

(n+pn2)—=  (\+pnf- 


P    ,   ,0     .  .vl» P 


Also  of  the  series  (p  +  I)—  +  (3/)  +  1)-|-  +  (5jt>  +  l)|-  +  &c. 
where  the  pt  term  is  (p+1)- and  the  common  difference  is  2joxr=;^ 
^  =  {KP  +  l)~  +  («-  l)p2}y  =  (p2  +  p  +  »^  -  j^l  =  (;,  +  V)  11 
=  (1  +  HOy  •••  Sp  of  the  former  series  =  Sn  or  the  latter  series. 

167.  {(x  +  y)  -  <fty)\(x  +  y)  +  <fty\  =  (x2  +  2xy  +  y2)  -  xy 
Y  xy  +  y2 

{(x2  +  t/2)  +  x;/}{(x2  +  y2)  -  xy]  =  (x2  +  y2f  -  xhf  =  x4  +  j^y  +  y4 

168.  8(52  -  3  x  8)*  +  5(52+  3x8)*  =  8(25  -  24)'  +  5(25  +  24)* 
=  8Vl  +  5V49  =  8  +  35  =  43 

169.  Vl6a*-  96a36  +  216a2P~-  216a63  +  816*  =  4a2-  12a6  +  962, 
and  V4a2  -  Uab  +  962  =  2a-  36 

170    1  +  -I-    l  (a  j?J\        a,  *        1  3c        26 

1<0'    «+45-^(T  +  dJ-     Al3°  -26-37  =  -i6"c-  66c-  i 

1  a    '        c  1r  Oh 

but  since  T  =  — ,  it  follows   that  6c  =   ad   .-.   -  -~  -  — 
0         rf  66c        66c 

"  6arf  "  6«£  ~  "  2orf  "  3orf   ~   -   ^  2    X  orfj   "   (^3    x  ^ j 

•  '     a         26       3c   +  U   ~   ad\A     '    7   ~  T  X  arf  ~  T  X  ^ 
1  (a       b        c        \ 

=  a-d[T-T-T  +  d) 


190  KEY  TO  [Mis.  Ex.  171-175. 

171.  Multiply  by  4(x  +  1),  and  8*  +  12  =  Ax  +  5  +  12<X+1Z 

3x  +  1 

Reducing  and  then  clearing  effractions,  we  have  12a:2  +  25x  +  1 

u  12**+ 24a?  +  12  .-.  x  =  5 

2-r  4-  6       2a  +  6 

lt2'  x2T~fo  =  a2  +  o6  ''•  clearinS  of  fractions, 

.'.  2a2x  +  2abx  +  a2b  +  ab2  =  2ax2  +  2abx  +  bx2  +  b'2x 
.-.  2ax2  +  bx2  -  2a2x  +  b2x  =  a2b  +  ab2 
(2a  +  6)x2  -  (2a2  -  b2)x  =  ab(a  +  b) 
4(2a  f  b)2x2  -  4(2a  4-  5)  (2a2  -  b2)  +  (2a2  -  b2)2 
=  4a6(a  +  J)  (2a  +  b)  +  (2a2  -  62)2  =  4a4  +  8a36  +  Sa2Z>2  +  lab*  4-  a* 
.-.  2(2a  +•  &>  -  (2a2  -  b2)  =  ±  V4a*  +  8a36~  4-  8a262  +  4a63  +  b* 
=  ±  (2a2  4-  2a&  +  b2)  .-.  2 (2a  4-  b)x  =  2a2  -  b2  +  (2a2  +  2a&  +  b2) 
=  4a2  +  2ab,  or  =  -  2ab  -  2b2  =  2a(2a  4-  b),  or  =  -  2b(a  +  £) 

2a(2a  +  6)  b(a  +  b) 

•'-X  =  ^(2aTb~)  =  a^TX  =  --2a-Vbr 

i*q    BI.U.  ft+1         ^         fl5  +  a  a+1        a&4-a 

i  to.  oince  x  =  tv — r,  and  v  =  — ; :  a:  4-  v  = .  4. . 

a6  +  lJ       uy     ab  +  l>   x^y-ab+l+  ab  +  l 
2a  +  ai  +  1 

06  +  1  2a  4-  ab  +  1  2a  +  ab  +  1  -  ab  -  1 


a&+  1 

— 

1 

2a  +  ab  + 

1 

T  + 

1 

ab  +  l 
a 

x  +  y  -  I  _  ab+l  ^  ab  +  1 

x  +  V  +  1  ~  '  2a'T'aV  +  1  "    2a  +  ab  +  I  +  ab  +  1 


ab  +  l 
2a 


2a  +  2ab+  2       a  +  ab  +  I 

1 74..  2z2  -  2xz  -  2xy  +  2yz  +  2tf-  2xy  -  2yz  +  2438  +  VJ  -  ZtR 
+  2xy  -  2yz  =  2x2  +  2y2  +  2z2  -  2xy  -  2xz  -  2yz 
=  (x2  -  2xy  +  y2)  +  (x2  -  2xz  +  z2)  +  (y2  -  2yz  +  z2) 
=  (x-y)2+(x-z)2  +  (y-z)2 

1 75.  (a  +  bf  -  c7\  (a2  -  b2)2  +  4abc2-  c*  /(a  -  by  f  & 
)  (a2  -  b2f  -  (a  -  b)2c2\ 

(a  4-  b)2c2  -  c* 
(a  +  6)2c2  -  c4 


Mis.  EX.  176,177.]  ALGEBEA.  ,  191 

116.  **-l)x1°  +  x9+x*  +  2x7  +  2z*+2x*  +  x2+Xrl(r+XTl 


x9  +  2x2 


xs  +  2x2+2x 
x*-l 


2x7  +  2x4  +  2x3  +  2x2  +  2x  +  2 
x~  +  x4  +  x3  +  x2  +  x  +  l)x8-i(x 

X8  +  xs  +  x4  +  X3  +  X2  +  X 
-  x5  -  x4  -  x3  -x2-x 

rT*^  +  *H^+j?4  i)x7+x4  +  x3  +  x2  +  x+i(x2-x 

x7  +  x6  +  x5  +  a4  +  x3  +  x2 
-x6  -X5  +  x  +  1 

«-  X6  -  X5  -  X4  -  X3  -  X2  -  T. 


x4  +  x3  +  x2  +  2x  +  1 
£*  +  *  r  a2  +  2x  +  1  )x*  +  x4  +  x3  +  x2  +  x  +  1  (x 
x5  4-  x4  +  x3  +  2x2  +  x 

—    x2  +  1 
J2  -  1  )x4  +  x3  +  x3  4-  2x  +  1  (x2  *  x  +  2 

x4  -  x2 V 

*  +  2»»  G. <Uf,  *  j:  +  l ) x2  -  l  (x  -  1 

iX2  +  X 


X3 


X  ^2 


2x2  +  3x 
2x2-2 


■x-  1 
•x-  1 


3x  +  3  ' 

3(x  +  1) 

177     0^_±JK5_^_1)         (x    -    7)(x    +    1)        S    +    2 

(x    +    5)(x2    -    1)    "    (FT~5)(x^^~l)    -   jOTl 

=  2^+^-2-^_6xJ-J0       x_+2  x2-7x  +  4  x  +  2 

(x  +  5)(x2  -  1)  -  x2+  1  -  (*  +  5ft±»~l)  ~  x^TT 

B   (f!jLJx_j:_i)(^_±_i)    .    g    +    a)(x,    _    1)(x    + 

(x  +  5)(x4^rj)  

s  (x2  + ■  7x  +  4)x2  +  **  +  7x  +  4 -  (x2  +  7x+10)x2+  x2  +  7x  +  10 

(x  +  5Xx^^Tj 
,  2x2-f  14X+U-6X2       14x  -  4x2  +  14 
(x  +  5)(x4  -  l)       =  (T+5)(x«-i) 


192 


KEY  TO  [Mis.  Ex.  178, 179. 


(178) 

(a  -  6V -i)(a  +  ty^l)     '  ~    aa-^rT)~ 

_  2g2-  ^  _  2(«2  -  i2) 

a2  +  6Y  ~  ~      a2  +  6a 

179.  Let  x  -  3y  be  the  first  of  any  four  positive  quantities  in 
.IP.,  and  let  2y  be  their  common  difference. 
Then  the  four  quantities  are  x  -  Zy,  x  -  y,  x  +  y  and  x  +  3y. 
And  the  sum  of  the  extremes  =  x  -  3y  +  x  +  Zy  =  2*. 
Also  the  sum  of  the  means  =  a:  -  y  +  x  +  y  =  2x.  And  2x  =  2x 
.-,  the  sum  of  the  extremes  =  the  sum  of  the  means. 
x 

Again  let  ^  be  the  first  of  four  positive  quantities  m  G.P.d 

and  let.  y  by  their  common  ratio. 

Then  the  four  quantities  are  — ,  —  t  x  and  xy. 

Sum  of  extremes  =  ~+xy  =  -£p£ ;  sum  of  means  =  £4*  s  -^ 
V  V  y  y 

Th     *  +  *y3  >  *  +  xy  -> 

y*        <        y »  according  as  a;  +  si/3  =  xy  +  xy2; 

orasl+^|y  +  ^;    or  as  (1  +  y)(l  -  y  +  ^)  >  y  (1  +  y)  . 
or  as  1-y  +  y*  >  y;   or  as  1  +  y*  >  3y.     But  i+V  >  2y  by 

Art.  134  Note  2,  ,.  ^^  >  ££!*   that  ig  the  gum  of  ^ 

extremes  is  greater  than  the  sum  of  the  means. 

Lastly,  if  as  before  x  -  3y,  x  -  y}  x  +  y  and  x  +  Zy  are  in  A.P., 

their  reciprocals  j^  ^  ^  and  ^  are  in  HJ>. 

Then  *  .  l  2a: 

■r  -  3y        x  +  Zy    ~   x2  -   9y2   ~   sum    of   extremes. 

And  *  1  2x 

x-y+x  +  y    =    x1  -  y2    B   sum    of  means. 
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Now  whether  y  be  positive  or  negative,  y3  is  necessarily  positive, 


2x       ^         2x 


and  therefore  x2  -  y2  >  x2  -  9y2   and  .-.  -a *  >  - 

9  $  x2  -  9y2      x2   -  y*> 

that  is  the  sum  of  the  extremes  is  greater  than  the  sum  of  the 

means. 
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180.  £..!  *  {2a  +  (2n  -  2)d}— ^ — ,  and  when  d  =  a 
S**-i  =  (2<2  -  (2n  -r  2)«j:L2—  =  {2a  +  2an  -  2a}-^  =  na(2n  9  1) 
Also  (2*  -  l)th  term  =  a  +  (2n  -  2)d  =  a  +  (2»  -  2)a  =  a  +  2are  -  2a 
=  a(2n  -  1)  .-.  sum  of  2»  -  1  terms  =  the  (2n  -  1)*  term  x  n  when 
the  series  is  ascending,  i.  e.  when  the  first  term  is  the  least  and 
the  last  term  is  the  greatest. 

181.  ab  +  b^/d*-  x2  =  x2  .-.  b^Jai  -  x2  =  x2  -  ab  ■  a2b2  -  62x2 
=  x*  -  2abx2  +  tt262  ...  x*  -  2a6x2  +  62x2  =  0  ;  or  x2(x2  -  2a6  +  b2)  =  0 
.*.  x  =  0  or  x  ■  +  y/b(2a  -T) 

182.  3x3+x<>  =  3104;  36x^+  12x«  +  1  =  37249  ;  6x* +  1  =  +  193; 
6x^  =  192  or-194;  **»  32or-32£;  *>*  2,  hence  x  =  64; 
or  x5  =  (  -  32J)6,  whence  x  =  ty(32J5*  =  32*  $/327  =  ¥  V^ 
=  VVW=S97V785l 

183    a;2+2flf3:  +  3;2-^2+2ax-.a2      62  +  26x  +  x2-  62  +  26x-x2 

x2-a\  =  p^a  - 

4ox  4&x  a  b 

*'•  x2  -  a2  =  62-  x2  ''•  x2-  a2  =  o2  -  x2 »  ^-a*2-  &*2-&a3, 

or  ox2  +  ax2  =  ai2  +  6a2 ...  (6  +  a)x2  =  ab(b  +a)  ...  x*  =  ab,  whence 

x  =  +.  V^ 

184.  Vx2+  Vx2  +  96=ll-x  ...  x2+V^T96=121-22x  +  xa 
.'.  V**  +  96  =  121  -  22x.     Again  squaring 
x2  +  96=  14641  -  5324x  +  484x2  .«.  483x*-  5324x  =  -  14545 . 
_     5324  14545 

.  x2_£!24x+/'^V_!??6_2ii     WW?     7086244-7025235 
483"        ^483^    "  233289  "    483    *  233289 


194  KEY  TO  [Mia.  Ex.  184-186, 

2663  _         /  6J009  247 

*'•  X  ~  483  *  -  V  233289  =  *  483 

2662  +  247     2909  2415 

*'•  X  =  ~~~483™~  =  483  5  °r  483*  =  6^-  0r  5 

185.  Let  x  9  the  left  hand  digit,  and  y  =  theright  hanti  digit; 

then  the  number  is  lOx  +  y 

lOx  +  y 
•'••  ~y,y  a21,  whence  10x  +  i/  =  21x-21y,  or  22y  =  11a-,  orx  =  2y 

.,,      10a:  +  y 

"jT+iT  +  **  =  Ity  +  *,  whence  27x  +  18y  =  llxy  +  10t/2+  x2 

But  a;  =  2jr;  substituting  this  in  the  last  equation,  we  have 
54y  -J-  18y  =  22y2  +  10y2  +  4y2  .♦.  72  =  36y,  whence  y  =  2 
And  x  =  2y '=  4  .'*;  the  required  number  is  42 

186.  Let  x  a  minutes   per  mile   taken  by   B,   then  x  +  1 

60 
=  minutes  per  mile  taken  by  A ;    —  =  miles  per  hour  of  B,  and 

60 
j-rfa  =  miles  per  hour  taken  by  .4. 

60 
The  second  time  round  the  rate  per  hour  of  B  ■ 2 

60   -  2x  60  62  +   2x 

-  Z ,  and  rate  per  hour  of  A  -  — — —  +  2  =  j- 

■  x  +  1  x  +   1 

And  since  the  course  is  2  miles  long,  the  time  in  hours  taken  by 
B  to  go  round  =  —■■-■  =  -^TT  =  gff^  .-.  time  in 

X+l  X  +    1 

.     ,  60x  +  60 

minutes  required  to  go  round  =     _.         •    .*.  minutes  per  mile 

ul    +  X 

30x  +  30 
taken  by  A  =    3l  +  x   ;  similarly  minutes  per  mile  in  2nd  round 

30x 
required  by  B  =  3Q  __  x,  and  since  A  does  the  two  miles  in  two 

minutes  less  than  B,  his  time  per  mile  will  be  one  minute  les3 

IV  T>  30X     +     30  30X 

than  B  .-.     31  +  x     +   1    =         ^     f  whence  by  reduction 
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30x'+30  +  31+x     3lx  +  61        30a; 

3iTi =  -sTTT  =  30^  •••  930*  +  1850  -  31*2  -  61* 

=  930x  +  30x2;  or  -  61x2  -  61x  =  -  1830,  whence  x2  +  x  ^   30  ; 

x2  +  x  +  i  ~  i |i  .-.  x  +  I  =  ±  Y,  and  x  =  5 

.-.  d's  rate  1st  round  =  5  +  1  =  G  min.  per  mile  *  10  miles  per  hour 
J3's  rate  1st  round  =  5  minutes  per  mile,  or  12  miles  per  hour 
Jfs  rate  2nd  time  round  =  10  +  2  =  12  mJ'!es  per  hour 
.B's  rate  2nd  time  round  =  12  -  2  =  10  Miles  per  hour 

Whole  time   of  B  for  both  rounds  =   10  +   12   =  22   minutes 

Whole  time   of  A  for  both  rounds  =   12  +  10  =  22  minutes 

.-.  neither  horse  wins. 

187.  Let  x,  x ■  +  1,  x  +  2,  x  +  3  and  x  +  4  be  any  five  conse- 
cutive integers;  then  x(x  +  2)(x  +  4)  +  (x  +  I)3  +  (x  +  3)3 
=  (x  +  2)(x2  +  4x)  +  x3  +  3x2  +  3x  +  1  +  x3  +  Ox2  +  2lx  +  27 

■  (x  +  2)(x2+4x)  +  (x3+  4x2+  5x  +  2)  +  (4x  +  8)  +  (x3  +  8x2  +  21x  + 18) 
=  (x  +  2)(x2+  4x)  +  (x  -f2)(x2+2x  +  l)  +  (x  +  2)4  +  (x  +  2)(x2+  6x  +  9) 
=  (x  +  2){(x2  +  4x)  +  (x2  +  2s  +  1)  +  4  +  (x2  +  6x  +  9)} 
=  (x  +  2){(x2  +  2x  +  1)  +  (x2  +  4x  +  4)  +  (x2  +  6x  +  9)} 
=r  (x  +  2){(x  +  l)2  +  (x  +  2)2  +  (x  +  3)-}  =  product  of  middle 
number  by  the  sum  of  the  squares  of  the  middle  three. 

188.  x*  +  y±  +  x4  +  4x3y  +  6x2y2  +  Axy3  +  y* 

=  2x4  -f  4x3y  +  6x2y2  +  4xy*  +  2y4  =  2(x4  +  2x3y  +  3x2y2+  2xy3  +  y*) 
=  2(x2  +  xy  +  y2f 

189.  (x3  +  y3  +  xhj  +  xy2)(  x3  -  y3  -  xhj  +  xy2) 
=  {(x3  +  xy2)  +  (*/3  +  x2y)]{(x3  +  xy2)  -  (y*  +  xhj)} 

t.  (x3  +  xy2)2  -  (;/3  +  x2y)2  =  x6  +  2xV  +  *V  -  (y6  +  2jfy*  +  z4?/2) 
=  x6  +  x4j/2  -  x2J/4  -  ys 

190.  x2  =    (VoT5  ±  <fa^~b~)2  =  a  +  3  ±  2yfar^l?  +  a  -  b 

■  2a  +  2Va^  -  62  ; 

ox2  -  Jx4  =  x2(a  -  |x2)  =  {2a  ±.  2Var^P|{a  -  (Ja  ±  iVa^TP)] 
»  {2a  ±  2Va2  -  b<\\\a  +  \^W^~¥\  =  {af  V«a  -  *0(a  +  <j#  -  b*) 
=  a2  -  (a2  -  i2)  =  &* 
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KEY  TO 


[Mis.  Ex.  191-1S9. 


191.  ax*  +  (ay  +  az+  2cy)x2  +  (by2  +  2cyz  +  2cyz)x  +  (bf  +  bfz) 
t  x  +  (y  +  z) 

la    +(ay  +  az  +  2cy)     +  (by2  +  2cy2  +  2cyz)  +  (by*  +  by2z) 
■  (ay  +  az) -  (2cy2  +  2cyz)  -  (by3  +  by2z) 


■"(*+*) 


a  +  2cy  +  by2 

.'.  quotient  =  ax2  +  2cyx  +  by2 

192.  (xn)2  -  (\nf  ■=-  (xn  -ln)=xn+ln  =  xn+l 

1 93.  1  -  1  +  1  -  x  +  2x  -  3  +  5x  +  2  +  4  -  5x  -  4 "■+  x 

194.  «(62  +  26c  +  c2)  +  b(c2  +  2ca  +  a2)  +  c(a?  +  lab  +  b2) 
_  {(a2  -  «6  _  aC  +  6c)(6  +  c)  +  (b2  -  be  -  ab  +  ac)(a  +  c) 
+  (c2  -  ac  -  be  +  aZ»)(a  +  6)}  =  a&2  +  ac2  +  be2  +  ba2  +  ca2  +  cb2  +  6abc 

-  a'-'-b  -  a2c  -  b2a  -  b2c  -  c2a  -  c2b  +  6abc  =  Uabc 

195.  {(b  +  c-a)  +  (c  +  a-b)  +  (a  +  6  -  c)}x  +  {(c  +  a  -  b) 
+  (a  +  b-c)  +  (b  +  c-, a))y  +  {(a  +  b  -  c)  +  (b  +  c-a)  +  (c  +  a-  b)\z 
~(a  +  b  +  c)x  +  (a  +  b  +  c)y  +  (a  +  b+c)z  =  (a  +  b  +  c)(x  +  y  +  z) 

196.  (x  +  2y)3x(x-2yy=(x2-4y2f  =  xe-12x*y2+*Sz2y*-64y6 
(a  +  b^~^l)(a  -  b^f^l)  -a2-  b2(  -  1)  =  a2  +  b2 

197.  {(a  +  b  +  c)(a  +  b  -  c)}\(c  -  a  +  b)(c  +  a  -  b)} 
=  {(a  +  b)2  -  c2\\c2  -  (a  -  b)2}  r:  c2{(a  +  b)2  +  (a  -  bf]  -  (a2  -  62)2  -  c* 
=  2a2c2+262c2-a4+2a262-^-c4=  2a262+  2a2c2  +  2b2c2-a*~  6*-c4 
£*  +  1  +  x-i)(x  -  1  +  or1)  =  {(x  +  x-i)  +  1]{(*  +  *•*)  -  lj 

-  (x  f  a;"1)2  -  1  =  x2  +  2  +  x-2  -  1  -  x2  +  1  +  x-2 

198.  (2x4  -  3x3y  +  4z2?/2  -  5xy3  +  6*/4)  -f  6x2y2 

*  h^2y-2-hxy-1  +  ^  -fx-^  +  x-y 


(x4+4x  +  3)-r(x2+2x+  1)  = 
199 


(jc2+2x  +  l)(x2-2x  +  3) 

&+W+1 — =  *2- 2x  +  3 


.<*-**p-i)«{.(.-*)}*(.»-f) 

.  V.  =  8(3:'  +  Jx'y  +  if)  *  8is  +  4i4y  +  2j3 
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(xs  -  apx2  +  a2px  -  a3)  *  (x  -  a)  =  {(x3  -  a3)  -  apx(x  -  a)\  -=-  (r  -  a) 
=  (x2  +  ax  +  a2)  -  apx  =  x2  +  (1  -  ;>)ax  +  a2 

200.  (i)  (x2  -  3x  -  4)  =  (x  +  l)(x  -  4),  and  (x2  -  2x  -  8) 
=  (x  +  2)(x  -  4)  ;  (x2+  x  -  20)  =  (x  -  4)(x  +  5)  .-.  G.C.M.  =  x  -  4 

(ii)  3x3+  4x2-  3x  -  4  =  x2(3x  +  4)  -  (3x  +  4)  =  (x2-  l)(3x  +  4) 
2x*  -  7x2  +  5  =  (2x2  -  5)x2  -  (2x2  -  5)  =  (2x2  -  5)(x2  -  1) 
.-.  G.C.M.  =  x2-  1 

(in)  Let  p  be  the  G.C.M.  of  m  and  n;  then  the  G.C.M.  of 
(xm  +  am),  and  (x*  +  an)  =  xp  +  a?,  and  of  (xm  -  am),  and  xn  -  an 
=  xp  -ap  .*.  required  G.C.M.  =  (x?  +  ap)(x?  -  a?)  =  x2p  -  a2p 

201.  (i)  Levi,  of  (x  -  2a)(x  +  a),  x2(x  +  a),  and  a(x  +  a)(x  -  a) 
=  ax2(x  -  2a)(x  +  a)(x  -  a)  =  ax5  -  2a2x4  -  c^x3  +  2a4x2 

(n)  x3  -  x2y  -  a2x  +  a2y  =  (x2  -  a2)(x  -  y)  ;  x3  +  ax2  -  xy2  -  a? 
=  (x  +  a)(x2 - y2)  .-.  l.c.m.  =  (x2  -  a2)(x2  -  y2)  =  x*  -  x2y2  -  a2x2  +  a2f 

202  (a  +  6-c  +  rf)(a  +  6-c-^)       (6  +  c-«  +  rf)(6  +  c-a-d) 
*  (a  +  b-c-  d)(a  +  b  +  c  +  d)  +  (Hc^o  +  d)(b  +  c-a-dj 

(c  +  a-b  +  d)(c  +  a-b-d) 
+  (c  +  a  +  6  +  rf) (c  +  a-b  -d) 

a+b-c+d       b  +  c- a  +  d       a+c-b+d 

a  +  b  +  c  +  d       a  +  b  +  c  +  d  +  a  +  b  +  c  +  d 

_  a+b-c  +  d+b  +  c-a  +  d  +  a  +  c  -b  +  d      a  +  b  +  c  +  3d 

a  +  b  +  c  +  d  "  =  ~a  +  b  +  c  +  d 

2d 

1  +  a-t-6  +  c  +  d 

203  x'+lxy  +  y2-*       (x  +  y)2-s»       (x  +  y  +  s)(x  +  y-z) 
'  *2-y2+2y*-s»-    x2-(y-s)2   =  (x  +  y  -  *)(*  -  y  f  •) 

_  x  +  y  +  z 
"  x-y  +  z 

204  a2(a  +  6)      g(fl  ~  &)  2a6  a3  -I-  a26  -  g(q  -  6)2  -  2a&2 
'  6(a2  -  62)  "  b(a  +  b)  "  a2  -  b2  =  T^2^2) 

=  a8  +  a26  -  a3  +  2a26  -  a62  -  2a62       3a2b  -  3ab2  3ab(a  -  b) 

K<*  -  ft2>  )    6<a2  -  62)    =  6(^T6)(iTi) 

a  +  6 
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KEY  TO  [Mis.  Ex.  205-210, 


^  +  ax       «2  +  ax  -  ax\    _    (a  +  a;)2  +  (a  -  a;)2 

a  -  a;  a  +  x       J    "  a2-x2 

a4    .  a2 -a;2  o4 


a2  a2  \       2a2  +  2.x2 


x 


a-x       a  +  xj  a1  -  x-        a* -x8    '    2(a2  +  a:2)  ~  2(a2  +  x2) 
4a6  Aab 

oap      a  +"^  +  ^  «±1^ ^        6ao  +  2a2       6fl6  +  262 

4«&  4a6  2ao  -  2a2  +  lab  -  26*  ' 

dividing  numerator  and  denominator  of  1st  by  2a.  and  of  2nd  by  26- 

3b  +  a        3a  +  b        3b  +  a        3a  +  b        2b  -  2a 

we   get  -r +  r   =   -—- —  _  — IT  x   2 

s         6  -  o  a  -  b  b  -  a  b  -  a  b-a         Z 


207.  (i)  y*4  -  4a;3  +  4a-2  -  4x2  +  8a;  +  4 


V(a;4  -  4a;3  +  4a;2)  -  4(x-2  -  2a?)  +  4  =  x2  -  2x  -  2 


W*«{4-4+(?)} 


2bc      c2\*      a       b        c 
c  ~~  a 


be        ab  T  cl       ac  ^  a2  7  ~    6 


208.  The  sqnare  of  which  a2x2  +  bx  are  the  first  and  second 

b°~ 
terms,  is  c¥  +  6a;  +  ^  .-.  in  order  that  a2x2  +  bx  +  be  +  b2  may 

b2         c  1 

be  a  perfect  square,  we  must  have  be  +  b2  =  7-7  .♦.  V  +  t  =  — »- 

4a*-        6  4j2' 

1         c 

an(1--'4^-T=1 

209.  (1)  mnx  +  amn  =  n2x  +  am2  .-.  mnx  -  n2x  =  am2-  amn, 

+,    .  .    ,  ~  „  .  am(m  -  n)       am 

that  is  (mn  -  n2)x  -  am2  -  amn  .-.  x  -  — ; =  — 

n(in  -n)         n 

(11)  2a;2  -  13*  a  -  6,  whence  x  =  6  or  \ 

7x  +  1  400  /a:  -  A        400a:  -  200 


210.  (1)   7*  +  *  *  i00^^ 

W  13   -  6x         3    \x-  \) 


3x-2 

Whence  2421a:2  -  6411a:  =  -  2598,  or  807a:2  -  2137a:  =  -  866; 

xv  _   ?i2?  /2137X2     .    4566769    -    2795448  1771321 

807 X   +    ^1614/  (1014)2~~      "    =    ~(l6Uy 
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2137       ,Vl7Tl32l      +  1330-9  2137+1330-9 

'''  X      161-4  "*     .1614       =      1614     /,X=  1614  =  +  2"14 

or  -  0-49 

(ii)  x2-  2(<*  +  6.)x  +  (a  +  6)2  =  4(a2-  2ab  +  62)  =  4(a  -  b)2 
,-.  x  -  (a  +  6)  e  +  2(a  -  b),  whence  x  -  3a  -  b,  or  36  -  a 


211.  ex  -   acy~=    a6x   +   6y    ,\    x(c   -   a6)    =   y(ac   +   6) 
x(c  -  a&)  .  ax(c  -  ab) 

y  =    ac+6  ■•  But  *  r:.«f  ■..>,?>.*  -  -a7Ty~  =  b 

acx   +   bx  -  acx  +  a2bx        bx   +  d'bx  b  +  a*b 


ac  4  b  ac  +  b       "         ac  +  6 

+  b        tm  c  -  ab 


=  2> 


■  •  -  - 1  +  a2' and  y  - 1  +  ** 

(u)  x2  +  2xy  +  y2  =*49,  and  xz  +  xy  +  y2  n  37  ,\  xy  a  12 

x2-  2xy  +  y2  =  1 
.-.  x  +  y  =  ±  7,  and  x  -  y :  =  ±  1  .-.  2x  =  +  8,  and  x  =  +  4  or  +  3, 
and.y  =  +  3  or  +  4 

212.  Subtracting  the  second  of  the  given  equations  from  the 

first,  we  have  y(z  -  x)  =  a2  -  c2;    to  which  adding  the  third 

'equation,  we  have  2yz  =  2al  .-.  yz  =  a2  .-.  xz  =  b2,  and  xy  -  c2 

yz     y      a*  a*x       o2x        62c*      6c 

••.-  =  -  =  F.-.y  =  -^.-.^  =  x-^r  =  c2.-.x2  =  -^-...x  =  ±- 

ac  ab 

whence  also  y  =  ±  -r-,  and  s  =  +  — 

213.  Let  x  a  A'&   age,  y  =  £'s  age,  and  z  =  Cs  age;  then 

3c  4 

.y  -  x  =  2(z  -  y);  x  +  y  =  —  and  x  +  y  -  12  =  —{z  -  6)  J 

3y  -  /  =  2z ;  2x  +  2y  =  3z  ;  3x  +  3y  -  4z  «  12  ;  6x  +  6y  -  dz  =  0, 
and  6x  +  Gy  -  8z  =  24  .-.  z  =  24  ;  y  =  21,  and  x  =  15 

214.  S18  =  {2a  +  (n-l)d}^-  =  {3  +  (12-l)i}6  =  (3+11x3)0 
=  (3+ V)x6=  117 

Sn  of  1$  +  25 ■  +  3/7  =  Sft  of  1  +  2  +  3  +  &c. . . .  +  Sn  of  J  +  I  +  & 
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=  (2  ♦  (n  -  i>ij*  .  (2  + , .  0"  „  •&+«  +  SLiiffl 

J  2  1    12 

n(n  +  1)  3 

=   Y~  +  2  "  2^>n  "  *K»  +  1)  +  4  -  4(1)"} 

^  of  V2  +  3V3  +  §V2  -  YZ^l  "      !_|     = p-  =  3^2  +  2V3 

215.  al'a.2-a.i""at  =  a'2  .-.  a,  -a2  -a3  ■  ■  •  >ap_x  =  *%(*-lfi 
*y*?H^£i*9  =  «ip2  .'.  a,  =.a,p2-f  a/*-^*  «  V"1  .-.  ar  i3 
formed  from  ar_x  by  multiplying  it  by  a2  ...  a1  +  o2  +  a3  +  &c., 
is  a  Geora.  series  having  a,  for  first  term,  and  a2  for  common 

(a,2)n  -  1  n  2n  -  1 

ratio.    Ttan^.^.L^i,.,.^ 

216.  Squaring  each  side  and  transposing,  we  get 
**-20*3  +  94*2  +  60*  +  9  =  0;   extracting  the  square  root  of 
each  side,  we  have  *2  -  10*  -  3  =  0  .-.  *2  -  10*  +  25  =  28 • 
x  -  5  =  +  2^/1  .-.  x  i  5  +  2V7 

217.  Multiplying,  we  have  -  30**  +  46*3  +  7*2-  23*  +  4  =  4 
.-.  *(30*3  -  46*2  -  7*  +  23)  =  0 

.-.  *{30*3  -  30x2  -  16a;2  +  16*  -  23*  +  23]  =  0 

.-.  *{30*2(*  -  1)  -  I6x(*  -  1)  _  23(*  -  1)}  =  0 

.'.  *(*  -  1)(30*2  -  16*  -  23)  =  0  /.  *  =  0.    Also  *  -  1  =  0  .-.  *  =  1 

Also    30*2  -    16*    =    23,    whence    *2  -    -t-x    +    Jfi    =    m 

.'.  x  =  -^(4  +  yf54) 

218.  The  given  series  is  double,  i.  e.  is  equal  to  the  A  series 

1  +  2  +  34-4  +  5  +  &c.,   +  the  G  series  1  -  2  +  4  -  8  +  16  -  &c 

Then  sum  of  A  series  as  follows  ;— 

An 
S4n  =  {2  +  (4n  -  \)}-j  =  (An  +  l)2n 

Wi  =  {2  +  (4n  +  1  -  1)}  ~ —  =  (2n  +  l)(An  +  1) 

*4gf  i  *  {2  +  (An  +  2  -  \)l—$ —  =  (4n  +  3)(2n  +  1) 

^471+8  =  {2  +  (4»  +  3  -  l)}-^2—  =  2(n  +  1)(4»  +  3) 
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Also  suta  of  G  series  as  follows  :— 
(-2V*»-l        lGn-  1         1 

S»  *     ^2Ji     =  -ly  =  7(1  -  is") 

(-2)*«  +  i-l         1 
$*<*  = -^ =  -{1  -  (  -  2)*»  +  i} 

(_2)4n  +  2_1  x 

\n  +  2  =    ^ =   y(l  -  42n  +  1) 

(-2)^^-1  1 

S*n+3  =   ^ =  -{l  -  (  -  2)4*  +  *} 

.-.  of  given  series  S^n  =  2n(4n  +  1)  +  J(l  -  16n) 

S4n+i  =  (2»  -f  l)(4/i  4- 1)  +|{l  -(-  2)4rt  +  1} 
&,4n+2  =  (4n  +  3)(2a  +  1)  +  J(l  -  42n  +  1; 
54n+a  =  2(n  +  l)(4n  +  3)  +  i{  I  -  (-  2)4n+] 
219.  Let  x  =  number  in  width,  and  y  =  number  in  the  lengih  • 
then  xy  =  whole  number  in  the  bunch.     Also,  since  y  >  10  but 
<  20,  y  =  a  number  of  two  digits  .-.  when  x  is  written  to  the  left 
of  y  it  must  occupy  the  third  or  hundreds  place  ,\   lOOx  +  y 
=  the  number  in  scale  of  10. 

Also  since  x  <  10,  it  consists  of  but  one  digit,  therefore  when 
written  to  the  left  of  y,  the  number  will  be  represented  by 
lOy  +  x  which  .-.  =  number  in  scale  of  10 

Again  in  similar  rectangles  the  perimeters  are  as  the  cor- 
responding sides,  and  whole  perimeter  of  first  bunch  =  2(x  +  y\ 
and  of  second  bunch  xy  ...  2(x  +  y)  :  xy  : :  x  :  J~~^  =  width 
of  2nd  bunch,  and  2(x  +  y)  :  xy  ::  y  •  ^~  =  length  of  2nd 
bunch  .\  whole  number  of  matches  in  the  second  bunch 
_        xzy  xy*  x*y* 

=  2(x  +  y)  X  2(x  +  y)  ~  4(*  +  yf 
Then  from  first  condition  lOOx  +  y  ;  xy  ::  a  :  2  (i) 

"        second    "         lOy  +  x  :  xy  ::  a  -  10  :  4  (n) 

"     thM    "     v$w**"** 
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Prom  (ii)  20y+2x  :  xy  ::  a-  10  :  2  .\  20y  +  2x  +  by  :  xy  ::  a  :  2 
.\  20y  +  2x  +  5xy  :  xy  : :   100x  +  y  :  xy 

.-.  20y  +  2x  +  5xy  =  100x  +  y  .-.  5xy  =  98x  -  19y  (iv) 
Also  from  (in)  xhj2  =  16(x  +  y)2  .-.  xy  =  4(x  +  y)  .-.  5xy  =  20(x  +  y) 
Substituting  this  in  (iv),  we  have  20x  +  2y  -  98x  -  I9y,  whence 
2x  =  y. 

Again  substituting  this  in  (hi),  we  have  x2y2  =  I6(x  +  y)2} 
that  is  4x4  =  16(x  +  2x)2  .-.  2x2  =  4  x  (3x)  .*,  2*2  =  12x,  or  x  =  6 
.-.  y  =  12  ;  and  xy  =  6  x  12  =  72  =  number  of  matches  in  the 
bunch. 

220.  Since  the  conditions  giving  the  equations  (i)  and  (n) 
remain  the  same,  these  equations  and  .-.  also  (iv)  which  is  derived 
from  them  independently  of  (m),  remain  the  same. 

.-.  we  have  but  to  solve  in  positive*  integers  the   equation 
5xy  =  98x  -  19y,  remembering  that  x  <  10,  and  y  >  10  but  <  20 
5xy  =  98x  -  19y 
.-.  5xy  +  19y  =  98x 
98x 


.'.  y  = 


5x  +  19 

490x  1862 

98 


y      5x  +  19  5x  +  19 

xt         •  •         .  1862 

Now  since  y  is  an  integer,  5x      ig  is  also  an  integer. 

And  since  x  is  integral,  5x  +  19  must  equal  an  integral  divisor 
of  1862,  and  further  since  x  is  finite,  positive  and  less  than  10, 
5x  +  19  will  be  >  19  but  <  69  and  will  end  in  9  or  4  according 
as  x  is  even  or  odd. 

Now  the  only  divisor  of  1862  fulfilling  these  conditions  is  49 
.-.  5x  +  19  =  49 

.'.  y  =  6 

98x 

.•.  xy  d  72 


They  must  be  positive  from  the  nature  of  the  problem. 
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221.  Let  x  =  rate  per  hour  of  the  express  down  ;   y  =  rate  per 

hour  of  accommodation  down,  and  d  =  distance  from  Stratford 

d  d 

to  Toronto.     Then  —  hours  =  time  down  by  express,  and  — 

d 
b  time  down  by  accommodation.     Also  —  =  cents  per  mile  in 

d  d2 

express    fare,    and  —   x   d  -   —   =   whole    fare    by  express. 

d                                                                d 
x  -  —  =  rate  of  expressing  going  up  .-. -r  =  hours  on  road 

x 

going  back  * 

But  if  the  fares  had  varied  as  the  velocities  ;    then  fare  at 
x  :  fare  at  y  : :  x  :  y  .-.  fare  at  x  -  fare  at  y  :  fare  at  x  ::  x  -  y  :  x 

But  in  this  case,  fare  at  x  -  fare  at  y  =  d  cents,  and  since  fare 

d* 
by  express  to  Toronto  remains  the  same,  d  :  —  ::  x  -y  :  x  (i) 

f  d\  d 

Also  fare  at  x  :  fare  at  (  x J   ::   x  :  x  -  — '  .'.  fare  at 

V  x) 

■»(«-4): 

k-h) 


d\  d 

x  -  fare  at  (  x  -  —  )  ;  fare  at  x  : :  —  :  x 

d\  d 

But    fare    at    x    -    fare    at    I  x  -  —  ]    =    x    -    —    cents 


d      d*        d 

.'.  x :  —  : :  —  :  x  (n) 

xx        x         v  y 

Using  the  formulas  now  found  in  expressing  the  remaining 

•       ,  ,  d         1  /<*V 

statements   in  the   problem,   we  obtain   —  =  —  ( — 1     (in)  ; 

Then  from  (m)  dy  =  2x2  (iv) 

from    (i)  xz  =  d(x  -  y)  =  dx  -  2x2,  by  (iv)  .-.  d  =  3x  (v) 
from  (n)  x\x2  -  d)  =  d3 .-.  by  (v)  x\x2  -  3x)  =  27x3 

/.  x2  -  3x  =  27x  .-.  x  -  3  =  27  .-.  x  =  30  .-.  d  =  3x  =  90  miles 

d2       90  x  90 


=   distance    from    Toronto    to    Stratford :    and    — 

'  x 

cents  =  $2-70  ^  fare  from  Toronto  to  Stratford. 


x  30 


=  270  cen 

1 
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222.  «yy  +  2&(x*  +  9.  (V^+  25  -  1)  -  45V?r+T5  =  5(x2  +  45) 
.-.  (i)  a'V^+T5(x2  +  9)(VF+~25  - 1)  =  5(x2  4-25  4-  9V^+T5  4-  20) 
=  SgV**** raXV*31  +  »5)  4-  9V^+T5  4-20] 
a  5{(V^2T"2"5)(VP+l5)  +  5^  +  25  4-  4V^+"25  4-  20} 
-  B(V^+  25  4-  5)  (V** +  M  4-  4)  (ii) 
But  (V^+T5  4-  5)(VH?+T5  -  5)  =  x2        ] 

And  (V/PTT5  +  4)(V^TT5  -  4)  =  x2  +  9/   •'•  fr0m   (0  and  <« 
(V^+25  4-  5)(V#+1B  -  5)(V^3)(V3!iT26  +  4)(V^+T5  -  4) 
(V^+SSS  -  1)  =  5(V?2+T5  +  5)(V^2+~2'5  4-  4) 
.'.  (V^J+T5  -  5)(Vi2"+25)(V^+T5  -  4)(V**~25  -  1)  -  5  (in) 
.'.  (x2  4-  25  -  5Vx2T"25)(x2  4-  25  -  5fx'*T25  4-  4)  =  5 
.-.  (x2  4-  25  -  ^s?Tuf  4-  4  (x2  4-  25  -  5^TT5)  =  5 
.\  (x2  4-  25  -  5^+2"5)2  4-  4(x2  4-  25  -  V**+J8$  +  4  =  9 
.-.  x2  4-  25  -  5^[x*T25  =  -  5  or  1 
.•'.  (x2  4-  25)  -  fyfitftTs  +  V  ?  I  or  ^ 

.-= 5  ±  V5         5  4  V^9 

...  ^  +  25  =  __i_  or     -y 

.-.  x2  4-  25  =  1(30  +  10V5)  or  1(54  +  10^29) 

Whence  x  =  |(</ ±  10V5  -  70)  or  J(V  +  10V29  -  46' 

Also  V^+25  4-5  =  0,  whence  <Jx*+H)  =  -  5,  or  x2 4-  25  =  25  ,\  x  s  0 

V^2"? 25  4-4  =  0,  whence  V^+25  =  *-  4,  or  x2  4-  25  =  16  .-.  x2  =  -  9, 

or  x  =  +  3^  -  1 

223.  Letx  =  number  of  yards  dug  at  $1-25;  then  100  -  x 
=  number  of  yards  dug  at  $0-75  .-.  l-25x  =  50  =  -75(100 -x). 
Therefore,  we  have  two  independent  equations  containing  only 
one  unknown  quantity,  and  any  solution  obtained  from  one 
equation  is  inconsistent  with  the  other;  consequently  the 
problem  is  impossible. 

224.  Let  x  *  length  of  one  side  of  rectangle  and  y  =  other; 
then  xy  =  area,  and  2(x  4-  y)  =  perimeter  of  the  rectangle..; 
and  xy  =  area  and  4<Jxy  =  perimeter  of  the  square. 
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(i)  .:xy  =  4m^  (i),  and  xy  =  2n(x  +  y)  („).  From  (i)  </xy 
=  4m  .-.  xy  =  16m2  (in),  substitute  this  in  (n),  and  we  get  16m2 
fc  2n(o:  +  y)   ...  8m2  =  n(x  +  y)  (IV)      Squaring  (ly)j  we  have 

64'"4  =  n2(r  +  ^)2 5  multiplying  (in)  by  4n2,  we  have  64mV  =  4n2xy 
:-.  by  subtraction  64m2(m2  -  n2)  =  n\x  -  y)*  ...  j  8m</m^-^ 

=  72(x  -  y)   (V) 

Adding  (iv)  and  (v)  and  reducing,  we  get  x  =  ~(m  +  ^7^) 

Taking  (v)  from  (iv)  and  reducing,  we  get  y  =  ~(m  +  V^-V) 

(ii)  When  the  perimeters  are  equal;  then  taking  x  and  y  as  before, 

we  have  2(x  +  y)  =  perimeter  of  the  square,  and  £^  a  its  area . 

(*  +  yy  4 

4  =  2m(x  +  y)  (i)  ;  xy  =  2rc(x  +  y)  (n).  From  (i)  x  +  y 
=  8m  (m),  substitute  this  in  (ii),  and  xy  =  i6mn  (it) 
Square  (m),  subtract  4  times  (iv)  and  then  take  the 
square  root,  and  we  have  x  -  y  =  ±  sVm^T^i  (v) 
Adding  (m)  and  (v)  and  reducing,  x  =  4(m  ±  ^~Z~^l) 
Subtracting  (v)  from  (in)  and  reducing,  y  P  4(m  }  V'"*^"^) 
225.  Let  x  =  age  of  younger  at  first  trial,  and  y  =  age  of  elder. 
Let  r  =  ratio  of  throw  to  age  at  first  trial,  and  r  =  ratio  of  gain 
of  one  to  age  of  the  other  at  second  throw  .-.  first  throw  of 
younger  =  rx,  and  first  throw  of  elder  =  ry;  gain  of  younger 
■  r,(V  +  1) ;  gain  of  elder  =  r  (x  +  1) ;  second  throw  of  younger 
=  rx  +  rt(xf  +  1) ;    second  throw  of  elder  -  ry  +  r, (x  +   l). 

Also  H.  mean  of  their  ages  at  latter  trial  =  ?^±iHy+i>  < 

x+y+2       ' 

4  mean  of  first  throws  =  r-^~,  and  J.  mean  of  2nd  throws 

_r(x-fy)  +  r,(x  +  y  +  2)  r,(x  +  y  +  2) 

Y^  .-.  difference  of  A.  means  =  — ' 

2 

Longest  throw  =  second  throw  of  the  elder  =  ry  +  r  (x  +  l)  ; 
value  of  ratios  compounded  of  ratio  of  throw  to  age  and  gain 
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to  age  of  other  =  rr} ;    value  of  ratio  formed  by  multiplying 

antecedent  of  this  compound  ratio  by  \  product  of  ages  at 

second  trial  =  \rr{x  +  i)(y  +  l) ;   value  of  the  ratio  of  which 

this  is  the  duplicate  =  l^rr^x  +  l)(y  +  1) ;    value  of  the  ratio 

compounded  of  the  ratio  of  throw  to  age  of  one  with  gain  of  om 

r 

to  age  of  other  =  — 

r 

Then  using  the  values  thus  expressed  in  stating  the  problem, 
we  have  the  four  equations  : — 
ry  -  rx  =  24 ;  or  r(y  -  x)  =  24  (i) 

{ry  +  rt(*  +  1)}  -  {rx  +  r  (y  +  1)}  =  25  ;  or  (r  -  r)(y  -  x)  =  22  (a) 
ry  +  r,(x  +    1)        2(x   +    l)(y   +    1) 
r,(x  +  y  +  2)     =  x  +  y  +  2  »    or   r   =    rf(x  +   1)   (n:) 


r 


Wrrt(x  +   i)(y  +   l)  =,  — ;    or  (x  +   l)(y  +  l)r3  =   4r   (iv) 

Then  (i)  -  (n)  gives  r  (y  -  x)  =  2  (v)  ;  substituting  (m)  in  (ii) 
rx(y  -  x)  =  22  (vi)  ;  dividing  (iv)  by  (v),  we  have  x  =  11 
=  age  of  younger  at  first  throw  (vn).  Substituting  (vn)  in  (m) 
r  =  12r ,  and  in  (v)  r  {y  -  11)  =  2  ;  also  substituting  (in)  in  (iv) 
and  reducing,  r?(y  +  1)  =  4  (vm).  But  rf(y  -  11)  =  2 
.-.  r2(y  -  11)  =  2r  ;  subtracting  this  from  (vm),  we  have 
tor*  =  4  -  2r  .-.  er(»+  r  =  2  .-.  ^  +  §r,  +  T^  =  *  +  T}T  =  £} 
•'•  r,  =  ±  iV  -  iV  =  l-  But  r  =  12r  .-.  r  =  6,  and  since 
r(y- 11)  =  2;  j(y-ll)  =  2  .-.  y  -  11  =  4,  or  y  =  15  =  age  of 
elder  .-.  throws  at  first  trial  =  11  x  6  =  66,  and  15  x  6  =  90  ;  and 
throws  at  second  trial  =  66  +  2(15  +  1)  =  74,  and  90+^(11+1) 
=  96 
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